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Stochastic Gradient Descent (SGD)

•
• Algorithm: 

1.
2.
3. Repeat for T iterations

• SGD with replacement is theoretically well understood

Sampling with replacement

However, in practice we sample without replacement

xt+1 := xt � ↵rfi(xt),↵ is the step size
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Problem : min
x

F (x) := 1
n

Pn
i=1 fi(x)
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At each iteration, sample fi randomly from {f1, . . . , fn}
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1. Repeat K times
1.
2. Repeat n times 

1. Sample fi uniformly at random from I
2. Remove fi from I
3.

Epoch

Known to be faster in practice! [1]

With v/s Without replacement [2]

xt+1 = xt � ↵rfi(xt)
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I = {f1, . . . , fn}
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SGD without replacement (SGDo)



Why should SGDo be faster?

• Example: 
•
• SGDo: Both functions seen in epoch, iterates stay close to 0.
• SGD: With probability 1/2, f1 missed or f2 missed.

• SGDo : Every function is seen once in n iterations.
• SGD : In n iterations, n/e functions missed. 

Variance over an epoch is reduced for SGDo!

Let f1(x) = (x+ 1)2, f2(x) = (x� 1)2. Start at x = 0.
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SGDo – Theoretically elusive

• Until recently, SGDo eluded theoretical analysis
• Why?

•
•

•
•

Can SGDo (provably) do better?

SGD: Easy because E[rfi(xt)] = rF (xt)
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SGDo: Di�cult because E[rfi(xt)] 6= rF (xt)
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Error metric: E[kxT � x⇤k2]
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SGD error = O
�
1
T

�
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Neither upper bound is better than the other!
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⌦
�

n
T 2

�
<latexit sha1_base64="3H9J7NjN6NpHuIYu0Npd0bPw8cI="></latexit><latexit sha1_base64="EPfFL7uvC5XNZOj9kltJ2qh+Iik="></latexit><latexit sha1_base64="EPfFL7uvC5XNZOj9kltJ2qh+Iik="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="AlZ7nNKAw53EaOL3UNpuw+eTjeU=">AAACAHicbZC9SgNBFIXvxv/4F21thgQhNmE3jZaCjZ0KRgPZGGYnd5PB2dll5q4QlvQ2voqNhSI+hZ1v4ySm0MQDA4dzZrhzvyhT0pLvf3mlpeWV1bX1jfLm1vbObmVv68amuRHYEqlKTTviFpXU2CJJCtuZQZ5ECm+j+7NJf/uAxspUX9Mow27CB1rGUnByUa9SDS8SHHAWKoypHsaGi0KPi+u75piFRg6GdNSr1PyGPxVbNMHM1GCmy17lM+ynIk9Qk1Dc2k7gZ9QtuCEpFI7LYW4x4+KeD7DjrOYJ2m4x3WXMDl3SZ3Fq3NHEpunvFwVPrB0lkbuZcBra+W4S/td1copPuoXUWU6oxc+gOFeMUjYBw/rSoCA1coYLI91fmRhyx4McvrKDEMyvvGhumo3AbwRXPqzDAVShDgEcwymcwyW0QMAjPMMrvHlP3ov3/oOr5M247cMfeR/fqJOZGg==</latexit><latexit sha1_base64="buvRZctVPUoqahVPmGp0U5RwU2U="></latexit><latexit sha1_base64="aYIc/keXt0K0kT+akKw7EL9Ad3I="></latexit><latexit sha1_base64="eM7aLkvAQ9Tvc4wx/mDon6W6MuE="></latexit><latexit sha1_base64="EPfFL7uvC5XNZOj9kltJ2qh+Iik="></latexit><latexit sha1_base64="EPfFL7uvC5XNZOj9kltJ2qh+Iik="></latexit><latexit sha1_base64="EPfFL7uvC5XNZOj9kltJ2qh+Iik="></latexit><latexit sha1_base64="EPfFL7uvC5XNZOj9kltJ2qh+Iik="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="AlZ7nNKAw53EaOL3UNpuw+eTjeU=">AAACAHicbZC9SgNBFIXvxv/4F21thgQhNmE3jZaCjZ0KRgPZGGYnd5PB2dll5q4QlvQ2voqNhSI+hZ1v4ySm0MQDA4dzZrhzvyhT0pLvf3mlpeWV1bX1jfLm1vbObmVv68amuRHYEqlKTTviFpXU2CJJCtuZQZ5ECm+j+7NJf/uAxspUX9Mow27CB1rGUnByUa9SDS8SHHAWKoypHsaGi0KPi+u75piFRg6GdNSr1PyGPxVbNMHM1GCmy17lM+ynIk9Qk1Dc2k7gZ9QtuCEpFI7LYW4x4+KeD7DjrOYJ2m4x3WXMDl3SZ3Fq3NHEpunvFwVPrB0lkbuZcBra+W4S/td1copPuoXUWU6oxc+gOFeMUjYBw/rSoCA1coYLI91fmRhyx4McvrKDEMyvvGhumo3AbwRXPqzDAVShDgEcwymcwyW0QMAjPMMrvHlP3ov3/oOr5M247cMfeR/fqJOZGg==</latexit><latexit sha1_base64="buvRZctVPUoqahVPmGp0U5RwU2U="></latexit><latexit sha1_base64="aYIc/keXt0K0kT+akKw7EL9Ad3I="></latexit><latexit sha1_base64="eM7aLkvAQ9Tvc4wx/mDon6W6MuE="></latexit><latexit sha1_base64="EPfFL7uvC5XNZOj9kltJ2qh+Iik="></latexit><latexit sha1_base64="EPfFL7uvC5XNZOj9kltJ2qh+Iik="></latexit><latexit sha1_base64="EPfFL7uvC5XNZOj9kltJ2qh+Iik="></latexit><latexit sha1_base64="EPfFL7uvC5XNZOj9kltJ2qh+Iik="></latexit><latexit sha1_base64="eM7aLkvAQ9Tvc4wx/mDon6W6MuE="></latexit>

Our lower boundSurprisingly, lower bound is different for non-quadratics!



Upper bound



Upper bound - Approach

• x1 = Start of epoch, xn = End of epoch
• Idea [3]:

𝑥! − 𝑥" = 𝛼%
#

∇𝑓$(#) 𝑥# ≈%
#

∇𝑓$(#) 𝑥" = 𝛼𝑛∇𝐹 𝑥"

• Key lemma [4] : E ||𝑥# − 𝑥"||' = 𝑂(𝑖𝛼')
•
• (Tight!)

n steps of gradient descent!

[3]: Jeffery Z HaoChen and Suvrit Sra. Random shuffling beats sgd after finite epochs. 2018
[4]: Prateek Jain, Dheeraj Nagaraj, and Praneeth Netrapalli. Sgd without replacement: Sharper rates for general smooth convex functions. 2019

E[kxi � x1k2] = O(i↵2)
<latexit sha1_base64="ow6FnlNRMZhyIMT8xmWaCmQTW+E="></latexit><latexit sha1_base64="So854qD0si5tkRmeh+5dt0zQpAE="></latexit><latexit sha1_base64="So854qD0si5tkRmeh+5dt0zQpAE="></latexit><latexit sha1_base64="kR8j2H6CRibCFwo3/bYSGys3B0k=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WogiXTjd0IBRHcWcE+oEnDZDpph04ezEykJe0/uPFX3LhQxK0bd/6NSZuFth4YOJxzL3fOcULOpDKMby23srq2vpHfLGxt7+zu6fsHTRlEgtAGCXgg2g6WlDOfNhRTnLZDQbHncNpyhlep33qgQrLAv1fjkFoe7vvMZQSrRLL1M9PDauA48fW0Y05GNjsf2Qiak24FWpe3JWZiHg4w7FZOC7ZeNMrGDHCZoIwUQYa6rX+ZvYBEHvUV4VjKDjJCZcVYKEY4nRbMSNIQkyHu005CfexRacWzTFN4kig96AYieb6CM/X3Row9Kceek0ymCeSil4r/eZ1IuVUrZn4YKeqT+SE34lAFMC0I9pigRPFxQjARLPkrJAMsMFFJjWkJaDHyMmlWysgooztUrFWzOvLgCByDEkDgAtTADaiDBiDgETyDV/CmPWkv2rv2MR/NadnOIfgD7fMHLEacWA==</latexit>

kxi � x1k2 grows as i↵2 instead of i2↵2
<latexit sha1_base64="HJu3EKZUqh700iWyC3UFf2orPcI="></latexit><latexit sha1_base64="vtehmgvKW9+ibfNlf7CzDKgGgWA="></latexit><latexit sha1_base64="vtehmgvKW9+ibfNlf7CzDKgGgWA="></latexit><latexit sha1_base64="kqx7jvTquSqPMklaG7enHKPIg5M="></latexit>

xn � x1 = ↵
P

i rf�(i)(xi)
<latexit sha1_base64="BaEnxBoY2YWZRGgqlgXmNwr453Q="></latexit><latexit sha1_base64="efAvZuLZ/eH5Y9ISSiN0hZITw6k="></latexit><latexit sha1_base64="efAvZuLZ/eH5Y9ISSiN0hZITw6k="></latexit><latexit sha1_base64="s9K/xu0KiVtNgstuJvYmBR/fWvg=">AAACGHicbVA9SwNBEN2L3/Hr1NJmMQhJYbyzMY0QsLFUMB+QC8fcZi9Zsrt37O5JwpGfYeNfsbFQxNbOf+MmptDEBwOP92aYmRelnGnjeV9OYWV1bX1jc6u4vbO7t+8eHDZ1kilCGyThiWpHoClnkjYMM5y2U0VBRJy2ouH11G89UKVZIu/NOKVdAX3JYkbAWCl0z0ehPBuF/lUAPB0ADnQmQoYDCREHHId5oFlfQJlVJuVRyCqhW/Kq3gx4mfhzUkJz3IbuZ9BLSCaoNISD1h3fS003B2UY4XRSDDJNUyBD6NOOpRIE1d189tgEn1qlh+NE2ZIGz9TfEzkIrccisp0CzEAvelPxP6+TmbjWzZlMM0Ml+VkUZxybBE9Twj2mKDF8bAkQxeytmAxAATE2y6INwV98eZk0L6q+V/Xv/FK9No9jEx2jE1RGPrpEdXSDblEDEfSIntErenOenBfn3fn4aS0485kj9AfO5zc9gJ81</latexit>

⇡ ↵
P

i rf�(i)(x1)
<latexit sha1_base64="m962x1RphqOQTVsqNVKsq6iudcs="></latexit><latexit sha1_base64="4V8u+dtk6bJM2HMpvjH0m+AM1AQ=">AAACGHicbVC5TgMxEPVyE64AJY0hQgpN2KUhZSQaKgQSOaRstJp1vImF7bVsL0q0SsM3QMOv0FCAEC0df4NzFFxPGunpvRnNzIsVZ8b6/qc3N7+wuLS8slpYW9/Y3Cpu7zRMmmlC6yTlqW7FYChnktYts5y2lKYgYk6b8c3Z2G/eUm1YKq/tUNGOgJ5kCSNgnRQVj0NQSqcDHAJXfcChyUTEcCgh5oCTKA8N6wkos6NReRAFR1Gx5Ff8CfBfEsxIqbZ/cXf/2GhdRsWPsJuSTFBpCQdj2oGvbCcHbRnhdFQIM0MVkBvo0bajEgQ1nXzy2AgfOqWLk1S7khZP1O8TOQhjhiJ2nQJs3/z2xuJ/XjuzSbWTM6kySyWZLkoyjm2KxynhLtOUWD50BIhm7lZM+qCBWJdlwYUQ/H75L2mcVAK/ElwFpVoVTbGC9tABKqMAnaIaOkeXqI4IekBP6AW9eo/es/fmvU9b57zZzC76Ae/jC6F3omk=</latexit><latexit sha1_base64="4V8u+dtk6bJM2HMpvjH0m+AM1AQ=">AAACGHicbVC5TgMxEPVyE64AJY0hQgpN2KUhZSQaKgQSOaRstJp1vImF7bVsL0q0SsM3QMOv0FCAEC0df4NzFFxPGunpvRnNzIsVZ8b6/qc3N7+wuLS8slpYW9/Y3Cpu7zRMmmlC6yTlqW7FYChnktYts5y2lKYgYk6b8c3Z2G/eUm1YKq/tUNGOgJ5kCSNgnRQVj0NQSqcDHAJXfcChyUTEcCgh5oCTKA8N6wkos6NReRAFR1Gx5Ff8CfBfEsxIqbZ/cXf/2GhdRsWPsJuSTFBpCQdj2oGvbCcHbRnhdFQIM0MVkBvo0bajEgQ1nXzy2AgfOqWLk1S7khZP1O8TOQhjhiJ2nQJs3/z2xuJ/XjuzSbWTM6kySyWZLkoyjm2KxynhLtOUWD50BIhm7lZM+qCBWJdlwYUQ/H75L2mcVAK/ElwFpVoVTbGC9tABKqMAnaIaOkeXqI4IekBP6AW9eo/es/fmvU9b57zZzC76Ae/jC6F3omk=</latexit><latexit sha1_base64="Bnw3nw1AyzqMjaxzERVkFMfmGc4=">AAACGHicbVA9TwJBEN3zE/ELtbTZSEygwTsbKUlsLDERJOHIZW7Zg427e5vdPQO58DNs/Cs2FhpjS+e/cUEKBV8yyct7M5mZFyvOjPX9L29tfWNza7uwU9zd2z84LB0dt02aaUJbJOWp7sRgKGeStiyznHaUpiBiTu/jh+uZf/9ItWGpvLNjRXsCBpIljIB1UlS6CEEpnY5wCFwNAYcmExHDoYSYA06iPDRsIKDCqpPKKAqqUans1/w58CoJFqSMFmhGpWnYT0kmqLSEgzHdwFe2l4O2jHA6KYaZoQrIAwxo11EJgppePn9sgs+d0sdJql1Ji+fq74kchDFjEbtOAXZolr2Z+J/XzWxS7+VMqsxSSX4WJRnHNsWzlHCfaUosHzsCRDN3KyZD0ECsy7LoQgiWX14l7cta4NeC26DcqC/iKKBTdIYqKEBXqIFuUBO1EEFP6AW9oXfv2Xv1PrzPn9Y1bzFzgv7Am34Dh5CfXA==</latexit>

= ↵nrF (x1)
<latexit sha1_base64="w5kMtf5mgOX/Eh3CjCe4n9TihKI=">AAACAXicbVDLSgNBEOz1GeNr1UvAy2AQ4iXsejEXISCIxwjmAUkIvZNJMmR2dpmZFWOIF3/FiwdFvPoX3gQ/xsnjoIkFDUVVN91dQSy4Np735Swtr6yurac20ptb2zu77t5+RUeJoqxMIxGpWoCaCS5Z2XAjWC1WDMNAsGrQvxj71VumNI/kjRnErBliV/IOp2is1HIz56SBIu4hkaQhMRBILnN3Lf+k5Wa9vDcBWST+jGSLmftvsCi13M9GO6JJyKShArWu+15smkNUhlPBRulGolmMtI9dVrdUYsh0czj5YESOrdImnUjZkoZM1N8TQwy1HoSB7QzR9PS8Nxb/8+qJ6RSaQy7jxDBJp4s6iSAmIuM4SJsrRo0YWIJUcXsroT1USI0NLW1D8OdfXiSV07zv5f1rP1sswBQpOIQjyIEPZ1CEKyhBGSg8wBO8wKvz6Dw7b877tHXJmc0cwB84Hz/9xZbC</latexit><latexit sha1_base64="dL19A0xdTE9kYoO2ob6c+ou/HW8=">AAACAXicbVDLSgNBEJz1mcTXqpeAl8EgxEvY9WIuQlAQjxHMA5Kw9E4myZDZ2WVmVoxLRPBXvHhQJFf/wpvgxzh5HDSxoKGo6qa7y484U9pxvqyl5ZXVtfVUOrOxubW9Y+/uVVUYS0IrJOShrPugKGeCVjTTnNYjSSHwOa35/YuxX7ulUrFQ3OhBRFsBdAXrMALaSJ6dPcNN4FEPsMBNAT4HfJm/89xjz845BWcCvEjcGcmVsvff6cfRedmzP5vtkMQBFZpwUKrhOpFuJSA1I5wOM81Y0QhIH7q0YaiAgKpWMvlgiI+M0sadUJoSGk/U3xMJBEoNAt90BqB7at4bi/95jVh3iq2EiSjWVJDpok7MsQ7xOA7cZpISzQeGAJHM3IpJDyQQbULLmBDc+ZcXSfWk4DoF99rNlYpoihQ6QIcoj1x0ikroCpVRBRH0gJ7RK3qznqwX690aTVuXrNnMPvoD6+MH+zGYPw==</latexit><latexit sha1_base64="dL19A0xdTE9kYoO2ob6c+ou/HW8=">AAACAXicbVDLSgNBEJz1mcTXqpeAl8EgxEvY9WIuQlAQjxHMA5Kw9E4myZDZ2WVmVoxLRPBXvHhQJFf/wpvgxzh5HDSxoKGo6qa7y484U9pxvqyl5ZXVtfVUOrOxubW9Y+/uVVUYS0IrJOShrPugKGeCVjTTnNYjSSHwOa35/YuxX7ulUrFQ3OhBRFsBdAXrMALaSJ6dPcNN4FEPsMBNAT4HfJm/89xjz845BWcCvEjcGcmVsvff6cfRedmzP5vtkMQBFZpwUKrhOpFuJSA1I5wOM81Y0QhIH7q0YaiAgKpWMvlgiI+M0sadUJoSGk/U3xMJBEoNAt90BqB7at4bi/95jVh3iq2EiSjWVJDpok7MsQ7xOA7cZpISzQeGAJHM3IpJDyQQbULLmBDc+ZcXSfWk4DoF99rNlYpoihQ6QIcoj1x0ikroCpVRBRH0gJ7RK3qznqwX690aTVuXrNnMPvoD6+MH+zGYPw==</latexit><latexit sha1_base64="K+U7tQWu1FSKiA7KntqZP51Krg8=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFqJeSeLEXoSCIxwr2A5oQJttNu3SzCbsbsZR68a948aCIV/+FN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbRVWVtfWN4qbpa3tnd09e/+gpZJMEtokCU9kJwRFORO0qZnmtJNKCnHIaTscXk399j2ViiXiTo9S6sfQFyxiBLSRAvvoEnvA0wFggT0BIQd8XXkI3LPALjtVZwa8TNyclFGORmB/eb2EZDEVmnBQqus6qfbHIDUjnE5KXqZoCmQIfdo1VEBMlT+efTDBp0bp4SiRpoTGM/X3xBhipUZxaDpj0AO16E3F/7xupqOaP2YizTQVZL4oyjjWCZ7GgXtMUqL5yBAgkplbMRmABKJNaCUTgrv48jJpnVddp+reuuV6LY+jiI7RCaogF12gOrpBDdREBD2iZ/SK3qwn68V6tz7mrQUrnzlEf2B9/gC4v5UU</latexit>



Iterate coupling

Expected gradient is biased!

Expected gradient is approximately unbiased

[4]: Prateek Jain, Dheeraj Nagaraj, and Praneeth Netrapalli. Sgd without replacement: Sharper rates for general smooth convex functions. 2019

• Same coupling as [4]

• Assume n = 5: {f1 , f2 , f3 , f4 , f5 }

x1
<latexit sha1_base64="hU9lIzUMPU+1y9fY8ZOBAgrokXI=">AAAB6nicbZDLSgMxFIbPWC+13qou3QSL4KpM3Oiy4MZlRXuBtpRMeqYNzWSGJCOWoY/gxoUibn0Qn8GF4NNoello6w+Bj/8/h5xzgkQKY33/y1vJra6tb+Q3C1vbO7t7xf2DuolTzbHGYxnrZsAMSqGwZoWV2Ew0siiQ2AiGl5O8cYfaiFjd2lGCnYj1lQgFZ9ZZN/dd2i2W/LI/FVkGOodSJff5/Q4A1W7xo92LeRqhslwyY1rUT2wnY9oKLnFcaKcGE8aHrI8th4pFaDrZdNQxOXFOj4Sxdk9ZMnV/d2QsMmYUBa4yYnZgFrOJ+V/WSm140cmESlKLis8+ClNJbEwme5Oe0MitHDlgXAs3K+EDphm37joFdwS6uPIy1M/K1C/Ta1qq+DBTHo7gGE6BwjlU4AqqUAMOfXiAJ3j2pPfovXivs9IVb95zCH/kvf0A23eQYw==</latexit><latexit sha1_base64="tKmnOhlmkRX0QAhN9M1NIsWkGJQ=">AAAB6nicbZC7SgNBFIbPGi8x3qJiZbMYBKuwY6NlwMYyorlAsoTZydlkyOzsMjMrhiWPYGOhiK0v4itYCFY+ik4uhSb+MPDx/+cw55wgEVwbz/t0lnLLK6tr+fXCxubW9k5xd6+u41QxrLFYxKoZUI2CS6wZbgQ2E4U0CgQ2gsHFOG/cotI8ljdmmKAf0Z7kIWfUWOv6rkM6xZJX9iZyF4HMoFTJfXy/HXxhtVN8b3djlkYoDRNU6xbxEuNnVBnOBI4K7VRjQtmA9rBlUdIItZ9NRh25x9bpumGs7JPGnbi/OzIaaT2MAlsZUdPX89nY/C9rpSY89zMuk9SgZNOPwlS4JnbHe7tdrpAZMbRAmeJ2Vpf1qaLM2OsU7BHI/MqLUD8tE69Mrkip4sFUeTiEIzgBAmdQgUuoQg0Y9OAeHuHJEc6D8+y8TEuXnFnPPvyR8/oDqYORvQ==</latexit><latexit sha1_base64="tKmnOhlmkRX0QAhN9M1NIsWkGJQ=">AAAB6nicbZC7SgNBFIbPGi8x3qJiZbMYBKuwY6NlwMYyorlAsoTZydlkyOzsMjMrhiWPYGOhiK0v4itYCFY+ik4uhSb+MPDx/+cw55wgEVwbz/t0lnLLK6tr+fXCxubW9k5xd6+u41QxrLFYxKoZUI2CS6wZbgQ2E4U0CgQ2gsHFOG/cotI8ljdmmKAf0Z7kIWfUWOv6rkM6xZJX9iZyF4HMoFTJfXy/HXxhtVN8b3djlkYoDRNU6xbxEuNnVBnOBI4K7VRjQtmA9rBlUdIItZ9NRh25x9bpumGs7JPGnbi/OzIaaT2MAlsZUdPX89nY/C9rpSY89zMuk9SgZNOPwlS4JnbHe7tdrpAZMbRAmeJ2Vpf1qaLM2OsU7BHI/MqLUD8tE69Mrkip4sFUeTiEIzgBAmdQgUuoQg0Y9OAeHuHJEc6D8+y8TEuXnFnPPvyR8/oDqYORvQ==</latexit><latexit sha1_base64="40IlArGvoEpoZcPz7T28ohAl/vA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzGxIrc2WpLYWGIUMIEL2Vv2YMPe3mV3zkgu/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXpkpa9P1vr7S2vrG5Vd6u7Ozu7R9UD4/aNskMFy2eqMQ8hMwKJbVooUQlHlIjWBwq0QnH1zO/8yiMlYm+x0kqgpgNtYwkZ+iku6c+7Vdrft2fg6wSWpAaFGj2q1+9QcKzWGjkilnbpX6KQc4MSq7EtNLLrEgZH7Oh6DqqWSxskM9PnZIzpwxIlBhXGslc/T2Rs9jaSRy6zpjhyC57M/E/r5thdBXkUqcZCs0Xi6JMEUzI7G8ykEZwVBNHGDfS3Ur4iBnG0aVTcSHQ5ZdXSfuiTv06vaW1hl/EUYYTOIVzoHAJDbiBJrSAwxCe4RXePOW9eO/ex6K15BUzx/AH3ucPBVaNiw==</latexit>

rf3
<latexit sha1_base64="bVdcC6X5ncZLruN6ANlaRVNu2tc=">AAAB8XicdZDLSgMxFIbPeG3rrerSTbAIroZMSy/uCm5cVrAXbEvJpJk2NJMZkoxQhq59ATculOLWt3Hn25i2Cir6Q+Dj/88h5xw/FlwbjN+dtfWNza3tTDa3s7u3f5A/PGrpKFGUNWkkItXxiWaCS9Y03AjWiRUjoS9Y259cLvL2HVOaR/LGTGPWD8lI8oBTYqx125PEFwQFg9IgX8BuqVKuVisIu5VS8aJUtlAs4poFz8VLFerZ++EcABqD/FtvGNEkZNJQQbTuejg2/ZQow6lgs1wv0SwmdEJGrGtRkpDpfrqceIbOrDNEQaTskwYt3e8dKQm1noa+rQyJGevf2cL8K+smJqj1Uy7jxDBJVx8FiUAmQov10ZArRo2YWiBUcTsromOiCDX2SDl7hK9N0f/QKroedr1rr1DHsFIGTuAUzsGDKtThChrQBAoSHuAJnh3tPDpz52VVuuZ89hzDDzmvH67kkmE=</latexit><latexit sha1_base64="WhLBfJ3U176yY+7cJJVpoM63pXs=">AAAB8XicdZDLSgMxFIYz9dbWW9Wlm2ARXMiQ6dCLu4IblxXsBduhZNJMG5rJDElGKEM3bnwBNy4UcSu+jDufRtNWQUV/CHz8/znknOPHnCmN0JuVWVpeWV3L5vLrG5tb24Wd3ZaKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fHpLG9fUalYJC70JKZeiIeCBYxgbazLnsA+xzDou/1CEdlupVytViCyK27pxC0bKJVQzYBjo7mK9dzN4OX9+rjRL7z2BhFJQio04ViproNi7aVYakY4neZ7iaIxJmM8pF2DAodUeel84ik8NM4ABpE0T2g4d793pDhUahL6pjLEeqR+ZzPzr6yb6KDmpUzEiaaCLD4KEg51BGfrwwGTlGg+MYCJZGZWSEZYYqLNkfLmCF+bwv+hVbIdZDvnTrGOwEJZsA8OwBFwQBXUwRlogCYgQIBbcA8eLGXdWY/W06I0Y3327IEfsp4/AP5rlBs=</latexit><latexit sha1_base64="WhLBfJ3U176yY+7cJJVpoM63pXs=">AAAB8XicdZDLSgMxFIYz9dbWW9Wlm2ARXMiQ6dCLu4IblxXsBduhZNJMG5rJDElGKEM3bnwBNy4UcSu+jDufRtNWQUV/CHz8/znknOPHnCmN0JuVWVpeWV3L5vLrG5tb24Wd3ZaKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fHpLG9fUalYJC70JKZeiIeCBYxgbazLnsA+xzDou/1CEdlupVytViCyK27pxC0bKJVQzYBjo7mK9dzN4OX9+rjRL7z2BhFJQio04ViproNi7aVYakY4neZ7iaIxJmM8pF2DAodUeel84ik8NM4ABpE0T2g4d793pDhUahL6pjLEeqR+ZzPzr6yb6KDmpUzEiaaCLD4KEg51BGfrwwGTlGg+MYCJZGZWSEZYYqLNkfLmCF+bwv+hVbIdZDvnTrGOwEJZsA8OwBFwQBXUwRlogCYgQIBbcA8eLGXdWY/W06I0Y3327IEfsp4/AP5rlBs=</latexit><latexit sha1_base64="Z4D1AjxlyKvNOpS2KoJHzv4SLe4=">AAAB8XicdVDJSgNBEK1xjXGLevTSGARPQ8+ELN4CXjxGMAsmQ+jp9CRNenqG7h4hhPyFFw+KePVvvPk3dhZBRR8UPN6roqpemAquDcYfztr6xubWdm4nv7u3f3BYODpu6SRTlDVpIhLVCYlmgkvWNNwI1kkVI3EoWDscX8399j1Tmify1kxSFsRkKHnEKTFWuutJEgqCon6pXyhit1QpV6sVhN1Kyb8slS3xfVyzxHPxAkVYodEvvPcGCc1iJg0VROuuh1MTTIkynAo2y/cyzVJCx2TIupZKEjMdTBcXz9C5VQYoSpQtadBC/T4xJbHWkzi0nTExI/3bm4t/ed3MRLVgymWaGSbpclGUCWQSNH8fDbhi1IiJJYQqbm9FdEQUocaGlLchfH2K/ict3/Ww6914xTpexZGDUziDC/CgCnW4hgY0gYKEB3iCZ0c7j86L87psXXNWMyfwA87bJzdZkI0=</latexit> rf5

<latexit sha1_base64="FmrzzGBxHwCcs3mHXjSUxBwT3HU=">AAAB8XicdVDLSgMxFL3js62vqks3wSK4Kkkf2O4KblxWsA9sS8mkmTY0kxmSjFBK1/6AGxdKcevfuPNvTFsFFT1w4XDOvdx7jx9LYSzG797a+sbm1nYqndnZ3ds/yB4eNU2UaMYbLJKRbvvUcCkUb1hhJW/HmtPQl7zljy8XfuuOayMidWMnMe+FdKhEIBi1TrrtKupLioJ+uZ/N4XwV40KlgHC+hMuEEEdIqVglRUTyeIlcLX0/mANAvZ996w4iloRcWSapMR2CY9ubUm0Fk3yW6SaGx5SN6ZB3HFU05KY3XV48Q2dOGaAg0q6URUv1+8SUhsZMQt91htSOzG9vIf7ldRIbVHpToeLEcsVWi4JEIhuhxftoIDRnVk4coUwLdytiI6opsy6kjAvh61P0P2kW8sQlc01yNQwrpOAETuEcCFxADa6gDg1goOABnuDZM96jN/deVq1r3ufMMfyA9/oBiQmSRw==</latexit><latexit sha1_base64="m6uuBourYdS4Z/Is3BnQeQoddyM=">AAAB8XicdVDLSgMxFM3UV1tfVZdugkVwISXpA9tdwY3LCvaB7VAyaaYNzWSGJCOUoRs3/oAbF4q4FX/GnV+jaaugogcuHM65l3vv8SLBtUHozUktLa+srqUz2fWNza3t3M5uS4exoqxJQxGqjkc0E1yypuFGsE6kGAk8wdre+HTmt6+Y0jyUF2YSMTcgQ8l9Tomx0mVPEk8Q6Pcr/VweFWoIFatFiAplVMEYW4LLpRouQVxAc+TrmZvBy/v1caOfe+0NQhoHTBoqiNZdjCLjJkQZTgWbZnuxZhGhYzJkXUslCZh2k/nFU3holQH0Q2VLGjhXv08kJNB6Eni2MyBmpH97M/Evrxsbv+omXEaxYZIuFvmxgCaEs/fhgCtGjZhYQqji9lZIR0QRamxIWRvC16fwf9IqFrBN5hzn6wgskAb74AAcAQxOQB2cgQZoAgokuAX34MHRzp3z6DwtWlPO58we+AHn+QPYkJQB</latexit><latexit sha1_base64="m6uuBourYdS4Z/Is3BnQeQoddyM=">AAAB8XicdVDLSgMxFM3UV1tfVZdugkVwISXpA9tdwY3LCvaB7VAyaaYNzWSGJCOUoRs3/oAbF4q4FX/GnV+jaaugogcuHM65l3vv8SLBtUHozUktLa+srqUz2fWNza3t3M5uS4exoqxJQxGqjkc0E1yypuFGsE6kGAk8wdre+HTmt6+Y0jyUF2YSMTcgQ8l9Tomx0mVPEk8Q6Pcr/VweFWoIFatFiAplVMEYW4LLpRouQVxAc+TrmZvBy/v1caOfe+0NQhoHTBoqiNZdjCLjJkQZTgWbZnuxZhGhYzJkXUslCZh2k/nFU3holQH0Q2VLGjhXv08kJNB6Eni2MyBmpH97M/Evrxsbv+omXEaxYZIuFvmxgCaEs/fhgCtGjZhYQqji9lZIR0QRamxIWRvC16fwf9IqFrBN5hzn6wgskAb74AAcAQxOQB2cgQZoAgokuAX34MHRzp3z6DwtWlPO58we+AHn+QPYkJQB</latexit><latexit sha1_base64="nNW1DOvB6GgzhHAZfIoGCio2iK8=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXJekD213BjcsK9oHtUO6kmTY0kxmSjFBK/8KNC0Xc+jfu/BvTh6CiBy4czrmXe+8JEimMJeTDW1vf2Nzazuxkd/f2Dw5zR8ctE6ea8SaLZaw7ARguheJNK6zknURziALJ28H4au6377k2Ila3dpJwP4KhEqFgYJ1011MQSMBhv9LP5UmhRkixWsSkUCYVSqkjtFyq0RKmBbJAHq3Q6Ofee4OYpRFXlkkwpktJYv0paCuY5LNsLzU8ATaGIe86qiDixp8uLp7hc6cMcBhrV8rihfp9YgqRMZMocJ0R2JH57c3Fv7xuasOqPxUqSS1XbLkoTCW2MZ6/jwdCc2blxBFgWrhbMRuBBmZdSFkXwten+H/SKhaoS+aG5utkFUcGnaIzdIEoukR1dI0aqIkYUugBPaFnz3iP3ov3umxd81YzJ+gHvLdPEX6Qcw==</latexit>

rf3
<latexit sha1_base64="bVdcC6X5ncZLruN6ANlaRVNu2tc=">AAAB8XicdZDLSgMxFIbPeG3rrerSTbAIroZMSy/uCm5cVrAXbEvJpJk2NJMZkoxQhq59ATculOLWt3Hn25i2Cir6Q+Dj/88h5xw/FlwbjN+dtfWNza3tTDa3s7u3f5A/PGrpKFGUNWkkItXxiWaCS9Y03AjWiRUjoS9Y259cLvL2HVOaR/LGTGPWD8lI8oBTYqx125PEFwQFg9IgX8BuqVKuVisIu5VS8aJUtlAs4poFz8VLFerZ++EcABqD/FtvGNEkZNJQQbTuejg2/ZQow6lgs1wv0SwmdEJGrGtRkpDpfrqceIbOrDNEQaTskwYt3e8dKQm1noa+rQyJGevf2cL8K+smJqj1Uy7jxDBJVx8FiUAmQov10ZArRo2YWiBUcTsromOiCDX2SDl7hK9N0f/QKroedr1rr1DHsFIGTuAUzsGDKtThChrQBAoSHuAJnh3tPDpz52VVuuZ89hzDDzmvH67kkmE=</latexit><latexit sha1_base64="WhLBfJ3U176yY+7cJJVpoM63pXs=">AAAB8XicdZDLSgMxFIYz9dbWW9Wlm2ARXMiQ6dCLu4IblxXsBduhZNJMG5rJDElGKEM3bnwBNy4UcSu+jDufRtNWQUV/CHz8/znknOPHnCmN0JuVWVpeWV3L5vLrG5tb24Wd3ZaKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fHpLG9fUalYJC70JKZeiIeCBYxgbazLnsA+xzDou/1CEdlupVytViCyK27pxC0bKJVQzYBjo7mK9dzN4OX9+rjRL7z2BhFJQio04ViproNi7aVYakY4neZ7iaIxJmM8pF2DAodUeel84ik8NM4ABpE0T2g4d793pDhUahL6pjLEeqR+ZzPzr6yb6KDmpUzEiaaCLD4KEg51BGfrwwGTlGg+MYCJZGZWSEZYYqLNkfLmCF+bwv+hVbIdZDvnTrGOwEJZsA8OwBFwQBXUwRlogCYgQIBbcA8eLGXdWY/W06I0Y3327IEfsp4/AP5rlBs=</latexit><latexit sha1_base64="WhLBfJ3U176yY+7cJJVpoM63pXs=">AAAB8XicdZDLSgMxFIYz9dbWW9Wlm2ARXMiQ6dCLu4IblxXsBduhZNJMG5rJDElGKEM3bnwBNy4UcSu+jDufRtNWQUV/CHz8/znknOPHnCmN0JuVWVpeWV3L5vLrG5tb24Wd3ZaKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fHpLG9fUalYJC70JKZeiIeCBYxgbazLnsA+xzDou/1CEdlupVytViCyK27pxC0bKJVQzYBjo7mK9dzN4OX9+rjRL7z2BhFJQio04ViproNi7aVYakY4neZ7iaIxJmM8pF2DAodUeel84ik8NM4ABpE0T2g4d793pDhUahL6pjLEeqR+ZzPzr6yb6KDmpUzEiaaCLD4KEg51BGfrwwGTlGg+MYCJZGZWSEZYYqLNkfLmCF+bwv+hVbIdZDvnTrGOwEJZsA8OwBFwQBXUwRlogCYgQIBbcA8eLGXdWY/W06I0Y3327IEfsp4/AP5rlBs=</latexit><latexit sha1_base64="Z4D1AjxlyKvNOpS2KoJHzv4SLe4=">AAAB8XicdVDJSgNBEK1xjXGLevTSGARPQ8+ELN4CXjxGMAsmQ+jp9CRNenqG7h4hhPyFFw+KePVvvPk3dhZBRR8UPN6roqpemAquDcYfztr6xubWdm4nv7u3f3BYODpu6SRTlDVpIhLVCYlmgkvWNNwI1kkVI3EoWDscX8399j1Tmify1kxSFsRkKHnEKTFWuutJEgqCon6pXyhit1QpV6sVhN1Kyb8slS3xfVyzxHPxAkVYodEvvPcGCc1iJg0VROuuh1MTTIkynAo2y/cyzVJCx2TIupZKEjMdTBcXz9C5VQYoSpQtadBC/T4xJbHWkzi0nTExI/3bm4t/ed3MRLVgymWaGSbpclGUCWQSNH8fDbhi1IiJJYQqbm9FdEQUocaGlLchfH2K/ict3/Ww6914xTpexZGDUziDC/CgCnW4hgY0gYKEB3iCZ0c7j86L87psXXNWMyfwA87bJzdZkI0=</latexit>

rf4
<latexit sha1_base64="bslIi/MsCq8XuN6ykcwSk4DzE0w=">AAAB8XicbVA9SwNBEJ2LX0n8ilraLAbB6tgTxdgFbCwjmA9MjrC3t5cs2ds7dveEcKT2D9hYKMHWf2Pnv3GTWGjig4HHezPMmwlSwbXB+MsprK1vbG4VS+Xtnd29/crBYUsnmaKsSRORqE5ANBNcsqbhRrBOqhiJA8Hawehm5rcfmdI8kfdmnDI/JgPJI06JsdJDT5JAEBT1L/qVKnava5feRQ1hF8+BvGVSrZeewikANPqVz16Y0Cxm0lBBtO56ODV+TpThVLBJuZdplhI6IgPWtVSSmGk/nyeeoFOrhChKlC1p0Fz9PZGTWOtxHNjOmJihXvZm4n9eNzNRzc+5TDPDJF0sijKBTIJm56OQK0aNGFtCqOI2K6JDogg19kll+4SVk1dJ69z1sOvdedU6hgWKcAwncAYeXEEdbqEBTaAg4Rle4c3Rzoszdd4XrQXnZ+YI/sD5+AZusJI0</latexit><latexit sha1_base64="tPZKkP/xON1to4uOx4smWlPE7UM=">AAAB8XicbVA9SwNBEN2LX0n8ilraLAbBQo47iRi7gI1lBPOByRHm9vaSJXt7x+6eEI40Nv4BGwtFbMU/Y+ev0U1ioYkPBh7vzTBvxk84U9pxPq3c0vLK6lq+UFzf2NzaLu3sNlWcSkIbJOaxbPugKGeCNjTTnLYTSSHyOW35w4uJ37qlUrFYXOtRQr0I+oKFjIA20k1XgM8Bh71Kr1R27PPqqVupYsd2psDuPCnXCvfB+9fdcb1X+ugGMUkjKjThoFTHdRLtZSA1I5yOi91U0QTIEPq0Y6iAiCovmyYe40OjBDiMpSmh8VT9PZFBpNQo8k1nBHqg5r2J+J/XSXVY9TImklRTQWaLwpRjHePJ+ThgkhLNR4YAkcxkxWQAEog2TyqaJyycvEiaJ7br2O6VW645aIY82kcH6Ai56AzV0CWqowYiSKAH9ISeLWU9Wi/W66w1Z/3M7KE/sN6+Ab43k+4=</latexit><latexit sha1_base64="tPZKkP/xON1to4uOx4smWlPE7UM=">AAAB8XicbVA9SwNBEN2LX0n8ilraLAbBQo47iRi7gI1lBPOByRHm9vaSJXt7x+6eEI40Nv4BGwtFbMU/Y+ev0U1ioYkPBh7vzTBvxk84U9pxPq3c0vLK6lq+UFzf2NzaLu3sNlWcSkIbJOaxbPugKGeCNjTTnLYTSSHyOW35w4uJ37qlUrFYXOtRQr0I+oKFjIA20k1XgM8Bh71Kr1R27PPqqVupYsd2psDuPCnXCvfB+9fdcb1X+ugGMUkjKjThoFTHdRLtZSA1I5yOi91U0QTIEPq0Y6iAiCovmyYe40OjBDiMpSmh8VT9PZFBpNQo8k1nBHqg5r2J+J/XSXVY9TImklRTQWaLwpRjHePJ+ThgkhLNR4YAkcxkxWQAEog2TyqaJyycvEiaJ7br2O6VW645aIY82kcH6Ai56AzV0CWqowYiSKAH9ISeLWU9Wi/W66w1Z/3M7KE/sN6+Ab43k+4=</latexit><latexit sha1_base64="c6et+rsDGehnULb4QQgXHHwn3Q4=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgadkVxXgLePEYwTwwWULvZDYZMju7zMwKYclfePGgiFf/xpt/4+Rx0MSChqKqm+6uMBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCoqZNMUdagiUhUO0TNBJesYbgRrJ0qhnEoWCsc3U791hNTmifywYxTFsQ4kDziFI2VHrsSQ4Ek6l32yhXPvale+ZdV4rneDMRfJhVYoN4rf3X7Cc1iJg0VqHXH91IT5KgMp4JNSt1MsxTpCAesY6nEmOkgn108IWdW6ZMoUbakITP190SOsdbjOLSdMZqhXvam4n9eJzNRNci5TDPDJJ0vijJBTEKm75M+V4waMbYEqeL2VkKHqJAaG1LJhrDy8ippXri+5/r3fqXmLeIowgmcwjn4cA01uIM6NICChGd4hTdHOy/Ou/Mxby04i5lj+APn8wf3FpBg</latexit>

rf4
<latexit sha1_base64="bslIi/MsCq8XuN6ykcwSk4DzE0w=">AAAB8XicbVA9SwNBEJ2LX0n8ilraLAbB6tgTxdgFbCwjmA9MjrC3t5cs2ds7dveEcKT2D9hYKMHWf2Pnv3GTWGjig4HHezPMmwlSwbXB+MsprK1vbG4VS+Xtnd29/crBYUsnmaKsSRORqE5ANBNcsqbhRrBOqhiJA8Hawehm5rcfmdI8kfdmnDI/JgPJI06JsdJDT5JAEBT1L/qVKnava5feRQ1hF8+BvGVSrZeewikANPqVz16Y0Cxm0lBBtO56ODV+TpThVLBJuZdplhI6IgPWtVSSmGk/nyeeoFOrhChKlC1p0Fz9PZGTWOtxHNjOmJihXvZm4n9eNzNRzc+5TDPDJF0sijKBTIJm56OQK0aNGFtCqOI2K6JDogg19kll+4SVk1dJ69z1sOvdedU6hgWKcAwncAYeXEEdbqEBTaAg4Rle4c3Rzoszdd4XrQXnZ+YI/sD5+AZusJI0</latexit><latexit sha1_base64="tPZKkP/xON1to4uOx4smWlPE7UM=">AAAB8XicbVA9SwNBEN2LX0n8ilraLAbBQo47iRi7gI1lBPOByRHm9vaSJXt7x+6eEI40Nv4BGwtFbMU/Y+ev0U1ioYkPBh7vzTBvxk84U9pxPq3c0vLK6lq+UFzf2NzaLu3sNlWcSkIbJOaxbPugKGeCNjTTnLYTSSHyOW35w4uJ37qlUrFYXOtRQr0I+oKFjIA20k1XgM8Bh71Kr1R27PPqqVupYsd2psDuPCnXCvfB+9fdcb1X+ugGMUkjKjThoFTHdRLtZSA1I5yOi91U0QTIEPq0Y6iAiCovmyYe40OjBDiMpSmh8VT9PZFBpNQo8k1nBHqg5r2J+J/XSXVY9TImklRTQWaLwpRjHePJ+ThgkhLNR4YAkcxkxWQAEog2TyqaJyycvEiaJ7br2O6VW645aIY82kcH6Ai56AzV0CWqowYiSKAH9ISeLWU9Wi/W66w1Z/3M7KE/sN6+Ab43k+4=</latexit><latexit sha1_base64="tPZKkP/xON1to4uOx4smWlPE7UM=">AAAB8XicbVA9SwNBEN2LX0n8ilraLAbBQo47iRi7gI1lBPOByRHm9vaSJXt7x+6eEI40Nv4BGwtFbMU/Y+ev0U1ioYkPBh7vzTBvxk84U9pxPq3c0vLK6lq+UFzf2NzaLu3sNlWcSkIbJOaxbPugKGeCNjTTnLYTSSHyOW35w4uJ37qlUrFYXOtRQr0I+oKFjIA20k1XgM8Bh71Kr1R27PPqqVupYsd2psDuPCnXCvfB+9fdcb1X+ugGMUkjKjThoFTHdRLtZSA1I5yOi91U0QTIEPq0Y6iAiCovmyYe40OjBDiMpSmh8VT9PZFBpNQo8k1nBHqg5r2J+J/XSXVY9TImklRTQWaLwpRjHePJ+ThgkhLNR4YAkcxkxWQAEog2TyqaJyycvEiaJ7br2O6VW645aIY82kcH6Ai56AzV0CWqowYiSKAH9ISeLWU9Wi/W66w1Z/3M7KE/sN6+Ab43k+4=</latexit><latexit sha1_base64="c6et+rsDGehnULb4QQgXHHwn3Q4=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgadkVxXgLePEYwTwwWULvZDYZMju7zMwKYclfePGgiFf/xpt/4+Rx0MSChqKqm+6uMBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCoqZNMUdagiUhUO0TNBJesYbgRrJ0qhnEoWCsc3U791hNTmifywYxTFsQ4kDziFI2VHrsSQ4Ek6l32yhXPvale+ZdV4rneDMRfJhVYoN4rf3X7Cc1iJg0VqHXH91IT5KgMp4JNSt1MsxTpCAesY6nEmOkgn108IWdW6ZMoUbakITP190SOsdbjOLSdMZqhXvam4n9eJzNRNci5TDPDJJ0vijJBTEKm75M+V4waMbYEqeL2VkKHqJAaG1LJhrDy8ippXri+5/r3fqXmLeIowgmcwjn4cA01uIM6NICChGd4hTdHOy/Ou/Mxby04i5lj+APn8wf3FpBg</latexit> rf5

<latexit sha1_base64="FmrzzGBxHwCcs3mHXjSUxBwT3HU=">AAAB8XicdVDLSgMxFL3js62vqks3wSK4Kkkf2O4KblxWsA9sS8mkmTY0kxmSjFBK1/6AGxdKcevfuPNvTFsFFT1w4XDOvdx7jx9LYSzG797a+sbm1nYqndnZ3ds/yB4eNU2UaMYbLJKRbvvUcCkUb1hhJW/HmtPQl7zljy8XfuuOayMidWMnMe+FdKhEIBi1TrrtKupLioJ+uZ/N4XwV40KlgHC+hMuEEEdIqVglRUTyeIlcLX0/mANAvZ996w4iloRcWSapMR2CY9ubUm0Fk3yW6SaGx5SN6ZB3HFU05KY3XV48Q2dOGaAg0q6URUv1+8SUhsZMQt91htSOzG9vIf7ldRIbVHpToeLEcsVWi4JEIhuhxftoIDRnVk4coUwLdytiI6opsy6kjAvh61P0P2kW8sQlc01yNQwrpOAETuEcCFxADa6gDg1goOABnuDZM96jN/deVq1r3ufMMfyA9/oBiQmSRw==</latexit><latexit sha1_base64="m6uuBourYdS4Z/Is3BnQeQoddyM=">AAAB8XicdVDLSgMxFM3UV1tfVZdugkVwISXpA9tdwY3LCvaB7VAyaaYNzWSGJCOUoRs3/oAbF4q4FX/GnV+jaaugogcuHM65l3vv8SLBtUHozUktLa+srqUz2fWNza3t3M5uS4exoqxJQxGqjkc0E1yypuFGsE6kGAk8wdre+HTmt6+Y0jyUF2YSMTcgQ8l9Tomx0mVPEk8Q6Pcr/VweFWoIFatFiAplVMEYW4LLpRouQVxAc+TrmZvBy/v1caOfe+0NQhoHTBoqiNZdjCLjJkQZTgWbZnuxZhGhYzJkXUslCZh2k/nFU3holQH0Q2VLGjhXv08kJNB6Eni2MyBmpH97M/Evrxsbv+omXEaxYZIuFvmxgCaEs/fhgCtGjZhYQqji9lZIR0QRamxIWRvC16fwf9IqFrBN5hzn6wgskAb74AAcAQxOQB2cgQZoAgokuAX34MHRzp3z6DwtWlPO58we+AHn+QPYkJQB</latexit><latexit sha1_base64="m6uuBourYdS4Z/Is3BnQeQoddyM=">AAAB8XicdVDLSgMxFM3UV1tfVZdugkVwISXpA9tdwY3LCvaB7VAyaaYNzWSGJCOUoRs3/oAbF4q4FX/GnV+jaaugogcuHM65l3vv8SLBtUHozUktLa+srqUz2fWNza3t3M5uS4exoqxJQxGqjkc0E1yypuFGsE6kGAk8wdre+HTmt6+Y0jyUF2YSMTcgQ8l9Tomx0mVPEk8Q6Pcr/VweFWoIFatFiAplVMEYW4LLpRouQVxAc+TrmZvBy/v1caOfe+0NQhoHTBoqiNZdjCLjJkQZTgWbZnuxZhGhYzJkXUslCZh2k/nFU3holQH0Q2VLGjhXv08kJNB6Eni2MyBmpH97M/Evrxsbv+omXEaxYZIuFvmxgCaEs/fhgCtGjZhYQqji9lZIR0QRamxIWRvC16fwf9IqFrBN5hzn6wgskAb74AAcAQxOQB2cgQZoAgokuAX34MHRzp3z6DwtWlPO58we+AHn+QPYkJQB</latexit><latexit sha1_base64="nNW1DOvB6GgzhHAZfIoGCio2iK8=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXJekD213BjcsK9oHtUO6kmTY0kxmSjFBK/8KNC0Xc+jfu/BvTh6CiBy4czrmXe+8JEimMJeTDW1vf2Nzazuxkd/f2Dw5zR8ctE6ea8SaLZaw7ARguheJNK6zknURziALJ28H4au6377k2Ila3dpJwP4KhEqFgYJ1011MQSMBhv9LP5UmhRkixWsSkUCYVSqkjtFyq0RKmBbJAHq3Q6Ofee4OYpRFXlkkwpktJYv0paCuY5LNsLzU8ATaGIe86qiDixp8uLp7hc6cMcBhrV8rihfp9YgqRMZMocJ0R2JH57c3Fv7xuasOqPxUqSS1XbLkoTCW2MZ6/jwdCc2blxBFgWrhbMRuBBmZdSFkXwten+H/SKhaoS+aG5utkFUcGnaIzdIEoukR1dI0aqIkYUugBPaFnz3iP3ov3umxd81YzJ+gHvLdPEX6Qcw==</latexit>

rf2
<latexit sha1_base64="O71XxrES1HvcC7IVccrYqbJ5a+Q=">AAAB8XicdZDLSgMxFIbPeG3rrerSTbAIrkqmIm13BTcuK9gLtkPJpJk2NJMZkoxQhq59ATculOLWt3Hn25hpK6joD4Gf7z+HnHP8WHBtMP5w1tY3Nre2c/nCzu7e/kHx8Kito0RR1qKRiFTXJ5oJLlnLcCNYN1aMhL5gHX9yleWde6Y0j+StmcbMC8lI8oBTYiy660viC4KCQWVQLOFyvXZ5UXcRLuOFMlPBuFpD7oqUGvmH4RwAmoPie38Y0SRk0lBBtO65ODZeSpThVLBZoZ9oFhM6ISPWs1aSkGkvXUw8Q2eWDFEQKfukQQv6vSMlodbT0LeVITFj/TvL4F9ZLzFBzUu5jBPDJF1+FCQCmQhl66MhV4waMbWGUMXtrIiOiSLU2CMV7BG+NkX/m3al7OKye+OWGhiWysEJnMI5uFCFBlxDE1pAQcIjPMOLo50nZ+68LkvXnFXPMfyQ8/YJgimSQg==</latexit><latexit sha1_base64="5QPjwHo1yNUcMIdKtrCtx5h1//o=">AAAB8XicdZDLSgMxFIYz9dbWW9Wlm2ARXMiQqUjbXcGNywr2gu1QMplMG5rJDElGKEM3bnwBNy4UcSu+jDufRjNtBRX9IfDz/eeQc44Xc6Y0Qu9Wbml5ZXUtXyiub2xubZd2dtsqSiShLRLxSHY9rChngrY005x2Y0lx6HHa8cZnWd65plKxSFzqSUzdEA8FCxjB2qCrvsAexzAYVAalMrLrtdOTugORjWbKTAWhag06C1JuFG7914+b4+ag9Nb3I5KEVGjCsVI9B8XaTbHUjHA6LfYTRWNMxnhIe8YKHFLlprOJp/DQEB8GkTRPaDij3ztSHCo1CT1TGWI9Ur+zDP6V9RId1NyUiTjRVJD5R0HCoY5gtj70maRE84kxmEhmZoVkhCUm2hypaI7wtSn837QrtoNs58IpNxCYKw/2wQE4Ag6oggY4B03QAgQIcAcewKOlrHvryXqel+asRc8e+CHr5RPRsJP8</latexit><latexit sha1_base64="5QPjwHo1yNUcMIdKtrCtx5h1//o=">AAAB8XicdZDLSgMxFIYz9dbWW9Wlm2ARXMiQqUjbXcGNywr2gu1QMplMG5rJDElGKEM3bnwBNy4UcSu+jDufRjNtBRX9IfDz/eeQc44Xc6Y0Qu9Wbml5ZXUtXyiub2xubZd2dtsqSiShLRLxSHY9rChngrY005x2Y0lx6HHa8cZnWd65plKxSFzqSUzdEA8FCxjB2qCrvsAexzAYVAalMrLrtdOTugORjWbKTAWhag06C1JuFG7914+b4+ag9Nb3I5KEVGjCsVI9B8XaTbHUjHA6LfYTRWNMxnhIe8YKHFLlprOJp/DQEB8GkTRPaDij3ztSHCo1CT1TGWI9Ur+zDP6V9RId1NyUiTjRVJD5R0HCoY5gtj70maRE84kxmEhmZoVkhCUm2hypaI7wtSn837QrtoNs58IpNxCYKw/2wQE4Ag6oggY4B03QAgQIcAcewKOlrHvryXqel+asRc8e+CHr5RPRsJP8</latexit><latexit sha1_base64="Fz/zsKoRuuXYBt3wY20mXw5hetg=">AAAB8XicdVBNSwMxEJ2tX7V+VT16CRbB05KtSNtbwYvHCvYD26Vk02wbms0uSVYopf/CiwdFvPpvvPlvzLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6VXmd++Z0jyWt2aWMD8iY8lDTomx0t1AkkAQFA6rw3IFu4365UXDQ9jFS2SkinGtjrxcqUCO1rD8PhjFNI2YNFQQrfseTow/J8pwKtiiNEg1SwidkjHrWypJxLQ/X168QGdWGaEwVrakQUv1+8ScRFrPosB2RsRM9G8vE//y+qkJ6/6cyyQ1TNLVojAVyMQoex+NuGLUiJklhCpub0V0QhShxoZUsiF8fYr+J52q62HXu/EqTZzHUYQTOIVz8KAGTbiGFrSBgoQHeIJnRzuPzovzumotOPnMMfyA8/YJCp6Qbg==</latexit>

rf1
<latexit sha1_base64="rTahWIFFj4vpux9DzMKcFttQUmw=">AAAB8XicbZC7SgNBFIbPxluMt6ilzWAQrMKOjZYBG8sI5oLJEs5OZpMhs7PLzKwQltS+gI2FEmx9Gzvfxsml0MQfBj7+/xzmnBOmUhjr+99eYWNza3unuFva2z84PCofnzRNkmnGGyyRiW6HaLgUijessJK3U80xDiVvhaPbWd564tqIRD3YccqDGAdKRIKhddZjV2EokUQ92itX/Ko/F1kHuoRKbfe5PwWAeq/81e0nLIu5skyiMR3qpzbIUVvBJJ+UupnhKbIRDnjHocKYmyCfTzwhF87pkyjR7ilL5u7vjhxjY8Zx6CpjtEOzms3M/7JOZqObIBcqzSxXbPFRlEliEzJbn/SF5szKsQNkWrhZCRuiRmbdkUruCHR15XVoXlWpX6X3tFLzYaEinME5XAKFa6jBHdShAQwUvMAbvHvGe/Wm3seitOAte07hj7zPHzTJkg0=</latexit><latexit sha1_base64="4+p9tVQPevYSvBbGHQTtGyWSgds=">AAAB8XicbZC7SgNBFIbPxlsSb1FLm8EgWEjYtdEyYGMZwVwwCeHs7GwyZHZ2mZkVwpLGxhewsVDEVnwZO59GJ5dCE38Y+Pj/c5hzjp8Iro3rfjm5ldW19Y18obi5tb2zW9rbb+g4VZTVaSxi1fJRM8ElqxtuBGslimHkC9b0h5eTvHnHlOaxvDGjhHUj7EsecorGWrcdib5AEva8XqnsVtypyDJ4cyhXCw/Bx/f9aa1X+uwEMU0jJg0VqHXbcxPTzVAZTgUbFzupZgnSIfZZ26LEiOluNp14TI6tE5AwVvZJQ6bu744MI61HkW8rIzQDvZhNzP+ydmrCi27GZZIaJunsozAVxMRksj4JuGLUiJEFpIrbWQkdoEJq7JGK9gje4srL0DireG7Fu/bKVRdmysMhHMEJeHAOVbiCGtSBgoRHeIYXRztPzqvzNivNOfOeA/gj5/0HhFCTxw==</latexit><latexit sha1_base64="4+p9tVQPevYSvBbGHQTtGyWSgds=">AAAB8XicbZC7SgNBFIbPxlsSb1FLm8EgWEjYtdEyYGMZwVwwCeHs7GwyZHZ2mZkVwpLGxhewsVDEVnwZO59GJ5dCE38Y+Pj/c5hzjp8Iro3rfjm5ldW19Y18obi5tb2zW9rbb+g4VZTVaSxi1fJRM8ElqxtuBGslimHkC9b0h5eTvHnHlOaxvDGjhHUj7EsecorGWrcdib5AEva8XqnsVtypyDJ4cyhXCw/Bx/f9aa1X+uwEMU0jJg0VqHXbcxPTzVAZTgUbFzupZgnSIfZZ26LEiOluNp14TI6tE5AwVvZJQ6bu744MI61HkW8rIzQDvZhNzP+ydmrCi27GZZIaJunsozAVxMRksj4JuGLUiJEFpIrbWQkdoEJq7JGK9gje4srL0DireG7Fu/bKVRdmysMhHMEJeHAOVbiCGtSBgoRHeIYXRztPzqvzNivNOfOeA/gj5/0HhFCTxw==</latexit><latexit sha1_base64="8eg7QxhxKCaLa//mqL4PcEPoWhA=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFW5ttAzYWEYwH5gcYW6zlyzZ2zt294Rw5F/YWChi67+x89+4Sa7QxAcDj/dmmJkXplIY6/vfXmljc2t7p7xb2ds/ODyqHp+0TZJpxlsskYnuhmi4FIq3rLCSd1PNMQ4l74ST27nfeeLaiEQ92GnKgxhHSkSCoXXSY19hKJFEAzqo1vy6vwBZJ7QgNSjQHFS/+sOEZTFXlkk0pkf91AY5aiuY5LNKPzM8RTbBEe85qjDmJsgXF8/IhVOGJEq0K2XJQv09kWNszDQOXWeMdmxWvbn4n9fLbHQT5EKlmeWKLRdFmSQ2IfP3yVBozqycOoJMC3crYWPUyKwLqeJCoKsvr5P2VZ36dXpPaw2/iKMMZ3AOl0DhGhpwB01oAQMFz/AKb57xXrx372PZWvKKmVP4A+/zB70vkDk=</latexit>

rf1
<latexit sha1_base64="rTahWIFFj4vpux9DzMKcFttQUmw=">AAAB8XicbZC7SgNBFIbPxluMt6ilzWAQrMKOjZYBG8sI5oLJEs5OZpMhs7PLzKwQltS+gI2FEmx9Gzvfxsml0MQfBj7+/xzmnBOmUhjr+99eYWNza3unuFva2z84PCofnzRNkmnGGyyRiW6HaLgUijessJK3U80xDiVvhaPbWd564tqIRD3YccqDGAdKRIKhddZjV2EokUQ92itX/Ko/F1kHuoRKbfe5PwWAeq/81e0nLIu5skyiMR3qpzbIUVvBJJ+UupnhKbIRDnjHocKYmyCfTzwhF87pkyjR7ilL5u7vjhxjY8Zx6CpjtEOzms3M/7JOZqObIBcqzSxXbPFRlEliEzJbn/SF5szKsQNkWrhZCRuiRmbdkUruCHR15XVoXlWpX6X3tFLzYaEinME5XAKFa6jBHdShAQwUvMAbvHvGe/Wm3seitOAte07hj7zPHzTJkg0=</latexit><latexit sha1_base64="4+p9tVQPevYSvBbGHQTtGyWSgds=">AAAB8XicbZC7SgNBFIbPxlsSb1FLm8EgWEjYtdEyYGMZwVwwCeHs7GwyZHZ2mZkVwpLGxhewsVDEVnwZO59GJ5dCE38Y+Pj/c5hzjp8Iro3rfjm5ldW19Y18obi5tb2zW9rbb+g4VZTVaSxi1fJRM8ElqxtuBGslimHkC9b0h5eTvHnHlOaxvDGjhHUj7EsecorGWrcdib5AEva8XqnsVtypyDJ4cyhXCw/Bx/f9aa1X+uwEMU0jJg0VqHXbcxPTzVAZTgUbFzupZgnSIfZZ26LEiOluNp14TI6tE5AwVvZJQ6bu744MI61HkW8rIzQDvZhNzP+ydmrCi27GZZIaJunsozAVxMRksj4JuGLUiJEFpIrbWQkdoEJq7JGK9gje4srL0DireG7Fu/bKVRdmysMhHMEJeHAOVbiCGtSBgoRHeIYXRztPzqvzNivNOfOeA/gj5/0HhFCTxw==</latexit><latexit sha1_base64="4+p9tVQPevYSvBbGHQTtGyWSgds=">AAAB8XicbZC7SgNBFIbPxlsSb1FLm8EgWEjYtdEyYGMZwVwwCeHs7GwyZHZ2mZkVwpLGxhewsVDEVnwZO59GJ5dCE38Y+Pj/c5hzjp8Iro3rfjm5ldW19Y18obi5tb2zW9rbb+g4VZTVaSxi1fJRM8ElqxtuBGslimHkC9b0h5eTvHnHlOaxvDGjhHUj7EsecorGWrcdib5AEva8XqnsVtypyDJ4cyhXCw/Bx/f9aa1X+uwEMU0jJg0VqHXbcxPTzVAZTgUbFzupZgnSIfZZ26LEiOluNp14TI6tE5AwVvZJQ6bu744MI61HkW8rIzQDvZhNzP+ydmrCi27GZZIaJunsozAVxMRksj4JuGLUiJEFpIrbWQkdoEJq7JGK9gje4srL0DireG7Fu/bKVRdmysMhHMEJeHAOVbiCGtSBgoRHeIYXRztPzqvzNivNOfOeA/gj5/0HhFCTxw==</latexit><latexit sha1_base64="8eg7QxhxKCaLa//mqL4PcEPoWhA=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFW5ttAzYWEYwH5gcYW6zlyzZ2zt294Rw5F/YWChi67+x89+4Sa7QxAcDj/dmmJkXplIY6/vfXmljc2t7p7xb2ds/ODyqHp+0TZJpxlsskYnuhmi4FIq3rLCSd1PNMQ4l74ST27nfeeLaiEQ92GnKgxhHSkSCoXXSY19hKJFEAzqo1vy6vwBZJ7QgNSjQHFS/+sOEZTFXlkk0pkf91AY5aiuY5LNKPzM8RTbBEe85qjDmJsgXF8/IhVOGJEq0K2XJQv09kWNszDQOXWeMdmxWvbn4n9fLbHQT5EKlmeWKLRdFmSQ2IfP3yVBozqycOoJMC3crYWPUyKwLqeJCoKsvr5P2VZ36dXpPaw2/iKMMZ3AOl0DhGhpwB01oAQMFz/AKb57xXrx372PZWvKKmVP4A+/zB70vkDk=</latexit>



Lower bound



Lower bound - Function

•
• Need non-Lipschitz Hessian : Piece-wise quadratic!

F x =
1
n

&
!"#

$
%

f& x +&
!"#

$
%

f' x

where, f& x = )x
% + x x ≥ 0
Rx% + x x < 0

and f' x = )x
% − x x ≥ 0
Rx% − x x < 0

• Hessian discontinuous at 0, minimizer at 0.

[3]: Jeffery Z HaoChen and Suvrit Sra. Random shuffling beats sgd after finite epochs. 2018

F (x) =
1

n

0

@
n/2X

i=1

fa(x) +

n/2X

i=1

fb(x)

1

A

<latexit sha1_base64="uXsAmFQl76d40yKOkgBCm8Fgl04="></latexit><latexit sha1_base64="uXsAmFQl76d40yKOkgBCm8Fgl04="></latexit><latexit sha1_base64="uXsAmFQl76d40yKOkgBCm8Fgl04="></latexit><latexit sha1_base64="uXsAmFQl76d40yKOkgBCm8Fgl04="></latexit>

where, fa(x) =

(
x2 + x x � 0

Rx2 + x x < 0
<latexit sha1_base64="MQKihgtUtfMMQ4JQV24eKnKeSYw="></latexit><latexit sha1_base64="MQKihgtUtfMMQ4JQV24eKnKeSYw="></latexit><latexit sha1_base64="MQKihgtUtfMMQ4JQV24eKnKeSYw="></latexit><latexit sha1_base64="MQKihgtUtfMMQ4JQV24eKnKeSYw="></latexit>

and, fb(x) =

(
x2 � x x � 0

Rx2 � x x < 0
<latexit sha1_base64="SmzCZGqQS5jn9RbDU3jM39gZj0I="></latexit><latexit sha1_base64="SmzCZGqQS5jn9RbDU3jM39gZj0I="></latexit><latexit sha1_base64="SmzCZGqQS5jn9RbDU3jM39gZj0I="></latexit><latexit sha1_base64="SmzCZGqQS5jn9RbDU3jM39gZj0I="></latexit>

If F has Lipschitz Hessian, Error = O

⇣
n3

T 3 +
1
T 2

⌘
[3]

<latexit sha1_base64="Tn6dgNK7Db1Lz7nIlJu0MYwInY4="></latexit><latexit sha1_base64="Tn6dgNK7Db1Lz7nIlJu0MYwInY4="></latexit><latexit sha1_base64="Tn6dgNK7Db1Lz7nIlJu0MYwInY4="></latexit><latexit sha1_base64="Tn6dgNK7Db1Lz7nIlJu0MYwInY4="></latexit>



rfa(x) =

(
x � 0

x < 0
<latexit sha1_base64="Od1Qas2bnXEvIblYUXsgfzitCUY="></latexit><latexit sha1_base64="Od1Qas2bnXEvIblYUXsgfzitCUY="></latexit><latexit sha1_base64="Od1Qas2bnXEvIblYUXsgfzitCUY="></latexit><latexit sha1_base64="Od1Qas2bnXEvIblYUXsgfzitCUY="></latexit>

Proof sketch

• Consider the function gradients

• When x is small, the gradient is dominated by the gradients of linear terms
• These are Rademacher variables (but not independent)
•

2x + 1
2Rx + 1

2x − 1
2Rx − 1

rfb(x) =

(
x � 0

x < 0
<latexit sha1_base64="4i2tqHSPLVcd2qDNVRyeEp41e5Q="></latexit><latexit sha1_base64="4i2tqHSPLVcd2qDNVRyeEp41e5Q="></latexit><latexit sha1_base64="4i2tqHSPLVcd2qDNVRyeEp41e5Q="></latexit><latexit sha1_base64="4i2tqHSPLVcd2qDNVRyeEp41e5Q="></latexit>

For i  n
4 , |xi| � C↵

p
i

<latexit sha1_base64="3u8MRuhVHK9bmjS8LAJYZ0eX51w="></latexit><latexit sha1_base64="3u8MRuhVHK9bmjS8LAJYZ0eX51w="></latexit><latexit sha1_base64="3u8MRuhVHK9bmjS8LAJYZ0eX51w="></latexit><latexit sha1_base64="3u8MRuhVHK9bmjS8LAJYZ0eX51w="></latexit>



Proof sketch

•
• The sum of gradients from linear terms = 0
• The sum of gradients from quadratic terms

rfa(x) =

(
x � 0

x < 0
<latexit sha1_base64="Od1Qas2bnXEvIblYUXsgfzitCUY="></latexit><latexit sha1_base64="Od1Qas2bnXEvIblYUXsgfzitCUY="></latexit><latexit sha1_base64="Od1Qas2bnXEvIblYUXsgfzitCUY="></latexit><latexit sha1_base64="Od1Qas2bnXEvIblYUXsgfzitCUY="></latexit>

2x + 1
2Rx + 1

2x − 1
2Rx − 1

rfb(x) =

(
x � 0

x < 0
<latexit sha1_base64="4i2tqHSPLVcd2qDNVRyeEp41e5Q="></latexit><latexit sha1_base64="4i2tqHSPLVcd2qDNVRyeEp41e5Q="></latexit><latexit sha1_base64="4i2tqHSPLVcd2qDNVRyeEp41e5Q="></latexit><latexit sha1_base64="4i2tqHSPLVcd2qDNVRyeEp41e5Q="></latexit>

xn � x1 = ↵
Pn

i=1 rf�(i)(xi)
<latexit sha1_base64="pqRsmjQ1bCbIVEsC7Ogaj8T7ksM="></latexit><latexit sha1_base64="wC3WZWkYM5O0msGFAgm+wdJIWD8="></latexit><latexit sha1_base64="wC3WZWkYM5O0msGFAgm+wdJIWD8="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="aNtiJdP4klTTa9Jb9ZsW2Gb+iW0=">AAACFHicbZBLSwMxFIXv+Kz1Vd26CRahXVhmXKibguDGZQWrQqcOd9JMG0wyQ5KRlqH/xI1/xY0LRcSd/8a0duHrQODjnISbe+JMcGN9/8Obm19YXFourZRX19Y3Nitba5cmzTVlbZqKVF/HaJjgirUtt4JdZ5qhjAW7im9PJ/nVHdOGp+rCjjLWldhXPOEUrbOiyuEwUvvDKGiGKLIBhiaXUcGbwfhGhQpjgSSJitDwvsQar48JqQ0jTupRpeo3/KnIXwhmUIWZWlHlPeylNJdMWSrQmE7gZ7ZboLacCjYuh7lhGdJb7LOOQ4WSmW4x3W9M9pzTI0mq3VGWTN3vLwqUxoxk7G5KtAPzO5uY/2Wd3CbH3YKrLLdM0a9BSS6ITcmkLNLjmlErRg6Qau7+SugANVLrKi27EoLfK/+Fy4NG4DeCcx9KsAO7UIMAjuAEzqAFbaBwD4/wDC/eg/fkvX7VNefNetuGH/LePgFn1KBQ</latexit><latexit sha1_base64="aNtiJdP4klTTa9Jb9ZsW2Gb+iW0=">AAACFHicbZBLSwMxFIXv+Kz1Vd26CRahXVhmXKibguDGZQWrQqcOd9JMG0wyQ5KRlqH/xI1/xY0LRcSd/8a0duHrQODjnISbe+JMcGN9/8Obm19YXFourZRX19Y3Nitba5cmzTVlbZqKVF/HaJjgirUtt4JdZ5qhjAW7im9PJ/nVHdOGp+rCjjLWldhXPOEUrbOiyuEwUvvDKGiGKLIBhiaXUcGbwfhGhQpjgSSJitDwvsQar48JqQ0jTupRpeo3/KnIXwhmUIWZWlHlPeylNJdMWSrQmE7gZ7ZboLacCjYuh7lhGdJb7LOOQ4WSmW4x3W9M9pzTI0mq3VGWTN3vLwqUxoxk7G5KtAPzO5uY/2Wd3CbH3YKrLLdM0a9BSS6ITcmkLNLjmlErRg6Qau7+SugANVLrKi27EoLfK/+Fy4NG4DeCcx9KsAO7UIMAjuAEzqAFbaBwD4/wDC/eg/fkvX7VNefNetuGH/LePgFn1KBQ</latexit><latexit sha1_base64="ibe79HSNFfauURKhBAY3h3lbczg="></latexit><latexit sha1_base64="AKUykt1XTaNONDgDhxs25aVnhUw=">AAACH3icbVDLSgMxFM34rPVVdekmWIS6sExcaDeC4MZlBdsKnTrcSTNtMMkMSUZahv6JG3/FjQtFxF3/xvSx8HXgwuGce7n3nigV3FjfH3sLi0vLK6uFteL6xubWdmlnt2mSTFPWoIlI9G0EhgmuWMNyK9htqhnISLBWdH858VsPTBueqBs7TFlHQk/xmFOwTgpLp4NQHQ9Cch6ASPsQmEyGOT8nozsVKIgE4DjMA8N7Eir8aIRxZRByfBSWyn7VnwL/JWROymiOelj6DLoJzSRTlgowpk381HZy0JZTwUbFIDMsBXoPPdZ2VIFkppNP/xvhQ6d0cZxoV8riqfp9IgdpzFBGrlOC7Zvf3kT8z2tnNq51cq7SzDJFZ4viTGCb4ElYuMs1o1YMHQGqubsV0z5ooNZFWnQhkN8v/yXNkyrxq+SalC9q8zgKaB8doAoi6AxdoCtURw1E0SN6Rq/ozXvyXrx372PWuuDNZ/bQD3jjL1Q/oc0=</latexit><latexit sha1_base64="wC3WZWkYM5O0msGFAgm+wdJIWD8="></latexit><latexit sha1_base64="wC3WZWkYM5O0msGFAgm+wdJIWD8="></latexit><latexit sha1_base64="wC3WZWkYM5O0msGFAgm+wdJIWD8="></latexit><latexit sha1_base64="wC3WZWkYM5O0msGFAgm+wdJIWD8="></latexit><latexit sha1_base64="AKUykt1XTaNONDgDhxs25aVnhUw=">AAACH3icbVDLSgMxFM34rPVVdekmWIS6sExcaDeC4MZlBdsKnTrcSTNtMMkMSUZahv6JG3/FjQtFxF3/xvSx8HXgwuGce7n3nigV3FjfH3sLi0vLK6uFteL6xubWdmlnt2mSTFPWoIlI9G0EhgmuWMNyK9htqhnISLBWdH858VsPTBueqBs7TFlHQk/xmFOwTgpLp4NQHQ9Cch6ASPsQmEyGOT8nozsVKIgE4DjMA8N7Eir8aIRxZRByfBSWyn7VnwL/JWROymiOelj6DLoJzSRTlgowpk381HZy0JZTwUbFIDMsBXoPPdZ2VIFkppNP/xvhQ6d0cZxoV8riqfp9IgdpzFBGrlOC7Zvf3kT8z2tnNq51cq7SzDJFZ4viTGCb4ElYuMs1o1YMHQGqubsV0z5ooNZFWnQhkN8v/yXNkyrxq+SalC9q8zgKaB8doAoi6AxdoCtURw1E0SN6Rq/ozXvyXrx372PWuuDNZ/bQD3jjL1Q/oc0=</latexit>

X

xi<0
<latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit><latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit><latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VmSddpJnIqoPNIfkVFuEH2jJZP4=">AAAB6HicbZBLSwMxFIXv1FetVatbN8EiuCoZN7pwIbhxWcG2QmcYMmmmDU0yQx5iGfo33LhQxF/kzn9j+lho64HAxzkJ9+akheDGYvwdVDY2t7Z3qru1vfr+wWHjqN41udOUdWgucv2YEsMEV6xjuRXssdCMyFSwXjq+neW9J6YNz9WDnRQslmSoeMYpsd6KIuNkUj4n/BpPk0YTt/BcaB3CJTRhqXbS+IoGOXWSKUsFMaYf4sLGJdGWU8GmtcgZVhA6JkPW96iIZCYu5ztP0Zl3BijLtT/Korn7+0VJpDETmfqbktiRWc1m5n9Z39nsKi65Kpxlii4GZU4gm6NZAWjANaNWTDwQqrnfFdER0YRaX1PNlxCufnkduhetELfCewxVOIFTOIcQLuEG7qANHaBQwAu8wXvggtfgY1FXJVj2dgx/FHz+AL0KkEg=</latexit><latexit sha1_base64="VmSddpJnIqoPNIfkVFuEH2jJZP4=">AAAB6HicbZBLSwMxFIXv1FetVatbN8EiuCoZN7pwIbhxWcG2QmcYMmmmDU0yQx5iGfo33LhQxF/kzn9j+lho64HAxzkJ9+akheDGYvwdVDY2t7Z3qru1vfr+wWHjqN41udOUdWgucv2YEsMEV6xjuRXssdCMyFSwXjq+neW9J6YNz9WDnRQslmSoeMYpsd6KIuNkUj4n/BpPk0YTt/BcaB3CJTRhqXbS+IoGOXWSKUsFMaYf4sLGJdGWU8GmtcgZVhA6JkPW96iIZCYu5ztP0Zl3BijLtT/Korn7+0VJpDETmfqbktiRWc1m5n9Z39nsKi65Kpxlii4GZU4gm6NZAWjANaNWTDwQqrnfFdER0YRaX1PNlxCufnkduhetELfCewxVOIFTOIcQLuEG7qANHaBQwAu8wXvggtfgY1FXJVj2dgx/FHz+AL0KkEg=</latexit><latexit sha1_base64="Z38XTcs8k8aFZlgJ0FhgA/w97O0=">AAAB83icbVC7SgNBFL0bXzG+opY2i0GwCrM2prAI2FhGMA9IlmV2MpsMmZld5iGGJb9hY6GIrT9j5984SbbQxAMXDufcy733xBln2iD07ZU2Nre2d8q7lb39g8Oj6vFJR6dWEdomKU9VL8aaciZp2zDDaS9TFIuY0248uZ373UeqNEvlg5lmNBR4JFnCCDZOGgy0FVH+FLEbNIuqNVRHC/jrJChIDQq0ourXYJgSK6g0hGOt+wHKTJhjZRjhdFYZWE0zTCZ4RPuOSiyoDvPFzTP/wilDP0mVK2n8hfp7IsdC66mIXafAZqxXvbn4n9e3JmmEOZOZNVSS5aLEct+k/jwAf8gUJYZPHcFEMXerT8ZYYWJcTBUXQrD68jrpXNUDVA/uUa3ZKOIowxmcwyUEcA1NuIMWtIFABs/wCm+e9V68d+9j2VryiplT+APv8wf+wpGY</latexit><latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit><latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit><latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit><latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit><latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VmSddpJnIqoPNIfkVFuEH2jJZP4=">AAAB6HicbZBLSwMxFIXv1FetVatbN8EiuCoZN7pwIbhxWcG2QmcYMmmmDU0yQx5iGfo33LhQxF/kzn9j+lho64HAxzkJ9+akheDGYvwdVDY2t7Z3qru1vfr+wWHjqN41udOUdWgucv2YEsMEV6xjuRXssdCMyFSwXjq+neW9J6YNz9WDnRQslmSoeMYpsd6KIuNkUj4n/BpPk0YTt/BcaB3CJTRhqXbS+IoGOXWSKUsFMaYf4sLGJdGWU8GmtcgZVhA6JkPW96iIZCYu5ztP0Zl3BijLtT/Korn7+0VJpDETmfqbktiRWc1m5n9Z39nsKi65Kpxlii4GZU4gm6NZAWjANaNWTDwQqrnfFdER0YRaX1PNlxCufnkduhetELfCewxVOIFTOIcQLuEG7qANHaBQwAu8wXvggtfgY1FXJVj2dgx/FHz+AL0KkEg=</latexit><latexit sha1_base64="VmSddpJnIqoPNIfkVFuEH2jJZP4=">AAAB6HicbZBLSwMxFIXv1FetVatbN8EiuCoZN7pwIbhxWcG2QmcYMmmmDU0yQx5iGfo33LhQxF/kzn9j+lho64HAxzkJ9+akheDGYvwdVDY2t7Z3qru1vfr+wWHjqN41udOUdWgucv2YEsMEV6xjuRXssdCMyFSwXjq+neW9J6YNz9WDnRQslmSoeMYpsd6KIuNkUj4n/BpPk0YTt/BcaB3CJTRhqXbS+IoGOXWSKUsFMaYf4sLGJdGWU8GmtcgZVhA6JkPW96iIZCYu5ztP0Zl3BijLtT/Korn7+0VJpDETmfqbktiRWc1m5n9Z39nsKi65Kpxlii4GZU4gm6NZAWjANaNWTDwQqrnfFdER0YRaX1PNlxCufnkduhetELfCewxVOIFTOIcQLuEG7qANHaBQwAu8wXvggtfgY1FXJVj2dgx/FHz+AL0KkEg=</latexit><latexit sha1_base64="Z38XTcs8k8aFZlgJ0FhgA/w97O0=">AAAB83icbVC7SgNBFL0bXzG+opY2i0GwCrM2prAI2FhGMA9IlmV2MpsMmZld5iGGJb9hY6GIrT9j5984SbbQxAMXDufcy733xBln2iD07ZU2Nre2d8q7lb39g8Oj6vFJR6dWEdomKU9VL8aaciZp2zDDaS9TFIuY0248uZ373UeqNEvlg5lmNBR4JFnCCDZOGgy0FVH+FLEbNIuqNVRHC/jrJChIDQq0ourXYJgSK6g0hGOt+wHKTJhjZRjhdFYZWE0zTCZ4RPuOSiyoDvPFzTP/wilDP0mVK2n8hfp7IsdC66mIXafAZqxXvbn4n9e3JmmEOZOZNVSS5aLEct+k/jwAf8gUJYZPHcFEMXerT8ZYYWJcTBUXQrD68jrpXNUDVA/uUa3ZKOIowxmcwyUEcA1NuIMWtIFABs/wCm+e9V68d+9j2VryiplT+APv8wf+wpGY</latexit><latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit><latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit><latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit><latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit><latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit><latexit sha1_base64="vVRZ8mRNWV13Ovzo42xIJqc1ajo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzMFDwIvHCOYB2WWZnUySITOzyzzEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kowzbXz/21tb39jc2i7tlHf39g8OK0fHbZ1aRWiLpDxV3QRrypmkLcMMp91MUSwSTjvJ+Hbmdx6p0iyVD2aS0UjgoWQDRrBxUhhqK+L8KWY3/jSuVP2aPwdaJUFBqlCgGVe+wn5KrKDSEI617gV+ZqIcK8MIp9NyaDXNMBnjIe05KrGgOsrnN0/RuVP6aJAqV9Kgufp7IsdC64lIXKfAZqSXvZn4n9ezZlCPciYza6gki0UDy5FJ0SwA1GeKEsMnjmCimLsVkRFWmBgXU9mFECy/vEral7XArwX3V9VGvYijBKdwBhcQwDU04A6a0AICGTzDK7x51nvx3r2PReuaV8ycwB94nz8AEZGc</latexit>

𝛼Rxi +
X

xi�0
<latexit sha1_base64="50mNsqgKCkaZ+04s7PPjI0dVaZw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBZBEEoigj0WvHisYFuhDWGznbRLdzdxd1Msof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMi1LOtPG8b6e0tr6xuVXeruzs7u0fuIdHbZ1kikKLJjxRDxHRwJmElmGGw0OqgIiIQyca3cz8zhiUZom8N5MUAkEGksWMEmOl0HUvejoTYf4Ust4AHr1p6Fa9mjcHXiV+QaqoQDN0v3r9hGYCpKGcaN31vdQEOVGGUQ7TSi/TkBI6IgPoWiqJAB3k88un+MwqfRwnypY0eK7+nsiJ0HoiItspiBnqZW8m/ud1MxPXg5zJNDMg6WJRnHFsEjyLAfeZAmr4xBJCFbO3YjokilBjw6rYEPzll1dJ+7LmezX/7qraqBdxlNEJOkXnyEfXqIFuURO1EEVj9Ixe0ZuTOy/Ou/OxaC05xcwx+gPn8wdxDZN9</latexit><latexit sha1_base64="50mNsqgKCkaZ+04s7PPjI0dVaZw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBZBEEoigj0WvHisYFuhDWGznbRLdzdxd1Msof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMi1LOtPG8b6e0tr6xuVXeruzs7u0fuIdHbZ1kikKLJjxRDxHRwJmElmGGw0OqgIiIQyca3cz8zhiUZom8N5MUAkEGksWMEmOl0HUvejoTYf4Ust4AHr1p6Fa9mjcHXiV+QaqoQDN0v3r9hGYCpKGcaN31vdQEOVGGUQ7TSi/TkBI6IgPoWiqJAB3k88un+MwqfRwnypY0eK7+nsiJ0HoiItspiBnqZW8m/ud1MxPXg5zJNDMg6WJRnHFsEjyLAfeZAmr4xBJCFbO3YjokilBjw6rYEPzll1dJ+7LmezX/7qraqBdxlNEJOkXnyEfXqIFuURO1EEVj9Ixe0ZuTOy/Ou/OxaC05xcwx+gPn8wdxDZN9</latexit><latexit sha1_base64="50mNsqgKCkaZ+04s7PPjI0dVaZw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBZBEEoigj0WvHisYFuhDWGznbRLdzdxd1Msof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMi1LOtPG8b6e0tr6xuVXeruzs7u0fuIdHbZ1kikKLJjxRDxHRwJmElmGGw0OqgIiIQyca3cz8zhiUZom8N5MUAkEGksWMEmOl0HUvejoTYf4Ust4AHr1p6Fa9mjcHXiV+QaqoQDN0v3r9hGYCpKGcaN31vdQEOVGGUQ7TSi/TkBI6IgPoWiqJAB3k88un+MwqfRwnypY0eK7+nsiJ0HoiItspiBnqZW8m/ud1MxPXg5zJNDMg6WJRnHFsEjyLAfeZAmr4xBJCFbO3YjokilBjw6rYEPzll1dJ+7LmezX/7qraqBdxlNEJOkXnyEfXqIFuURO1EEVj9Ixe0ZuTOy/Ou/OxaC05xcwx+gPn8wdxDZN9</latexit><latexit sha1_base64="50mNsqgKCkaZ+04s7PPjI0dVaZw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBZBEEoigj0WvHisYFuhDWGznbRLdzdxd1Msof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMi1LOtPG8b6e0tr6xuVXeruzs7u0fuIdHbZ1kikKLJjxRDxHRwJmElmGGw0OqgIiIQyca3cz8zhiUZom8N5MUAkEGksWMEmOl0HUvejoTYf4Ust4AHr1p6Fa9mjcHXiV+QaqoQDN0v3r9hGYCpKGcaN31vdQEOVGGUQ7TSi/TkBI6IgPoWiqJAB3k88un+MwqfRwnypY0eK7+nsiJ0HoiItspiBnqZW8m/ud1MxPXg5zJNDMg6WJRnHFsEjyLAfeZAmr4xBJCFbO3YjokilBjw6rYEPzll1dJ+7LmezX/7qraqBdxlNEJOkXnyEfXqIFuURO1EEVj9Ixe0ZuTOy/Ou/OxaC05xcwx+gPn8wdxDZN9</latexit>

𝛼xi ⇡
X

xi�0
<latexit sha1_base64="OmUN7o15gBwrSbQz2UYW17u/s0s=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIthlwY3LCvYBTQiT6aQdOo84M5GW0I2/4saFIm79DHf+jdM2C209cOFwzr3ce0+cMqqN5307pbX1jc2t8nZlZ3dv/8A9PGprmSlMWlgyqbox0oRRQVqGGka6qSKIx4x04tHNzO88EqWpFPdmkpKQo4GgCcXIWClyTwKUpkqOYaAzHuXjiAYD8uBNI7fq1bw54CrxC1IFBZqR+xX0Jc44EQYzpHXP91IT5kgZihmZVoJMkxThERqQnqUCcaLDfP7AFJ5bpQ8TqWwJA+fq74kcca0nPLadHJmhXvZm4n9eLzNJPcypSDNDBF4sSjIGjYSzNGCfKoINm1iCsKL2VoiHSCFsbGYVG4K//PIqaV/WfK/m311VG/UijjI4BWfgAvjgGjTALWiCFsBgCp7BK3hznpwX5935WLSWnGLmGPyB8/kDGM+Wrg==</latexit><latexit sha1_base64="OmUN7o15gBwrSbQz2UYW17u/s0s=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIthlwY3LCvYBTQiT6aQdOo84M5GW0I2/4saFIm79DHf+jdM2C209cOFwzr3ce0+cMqqN5307pbX1jc2t8nZlZ3dv/8A9PGprmSlMWlgyqbox0oRRQVqGGka6qSKIx4x04tHNzO88EqWpFPdmkpKQo4GgCcXIWClyTwKUpkqOYaAzHuXjiAYD8uBNI7fq1bw54CrxC1IFBZqR+xX0Jc44EQYzpHXP91IT5kgZihmZVoJMkxThERqQnqUCcaLDfP7AFJ5bpQ8TqWwJA+fq74kcca0nPLadHJmhXvZm4n9eLzNJPcypSDNDBF4sSjIGjYSzNGCfKoINm1iCsKL2VoiHSCFsbGYVG4K//PIqaV/WfK/m311VG/UijjI4BWfgAvjgGjTALWiCFsBgCp7BK3hznpwX5935WLSWnGLmGPyB8/kDGM+Wrg==</latexit><latexit sha1_base64="OmUN7o15gBwrSbQz2UYW17u/s0s=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIthlwY3LCvYBTQiT6aQdOo84M5GW0I2/4saFIm79DHf+jdM2C209cOFwzr3ce0+cMqqN5307pbX1jc2t8nZlZ3dv/8A9PGprmSlMWlgyqbox0oRRQVqGGka6qSKIx4x04tHNzO88EqWpFPdmkpKQo4GgCcXIWClyTwKUpkqOYaAzHuXjiAYD8uBNI7fq1bw54CrxC1IFBZqR+xX0Jc44EQYzpHXP91IT5kgZihmZVoJMkxThERqQnqUCcaLDfP7AFJ5bpQ8TqWwJA+fq74kcca0nPLadHJmhXvZm4n9eLzNJPcypSDNDBF4sSjIGjYSzNGCfKoINm1iCsKL2VoiHSCFsbGYVG4K//PIqaV/WfK/m311VG/UijjI4BWfgAvjgGjTALWiCFsBgCp7BK3hznpwX5935WLSWnGLmGPyB8/kDGM+Wrg==</latexit><latexit sha1_base64="OmUN7o15gBwrSbQz2UYW17u/s0s=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIthlwY3LCvYBTQiT6aQdOo84M5GW0I2/4saFIm79DHf+jdM2C209cOFwzr3ce0+cMqqN5307pbX1jc2t8nZlZ3dv/8A9PGprmSlMWlgyqbox0oRRQVqGGka6qSKIx4x04tHNzO88EqWpFPdmkpKQo4GgCcXIWClyTwKUpkqOYaAzHuXjiAYD8uBNI7fq1bw54CrxC1IFBZqR+xX0Jc44EQYzpHXP91IT5kgZihmZVoJMkxThERqQnqUCcaLDfP7AFJ5bpQ8TqWwJA+fq74kcca0nPLadHJmhXvZm4n9eLzNJPcypSDNDBF4sSjIGjYSzNGCfKoINm1iCsKL2VoiHSCFsbGYVG4K//PIqaV/WfK/m311VG/UijjI4BWfgAvjgGjTALWiCFsBgCp7BK3hznpwX5935WLSWnGLmGPyB8/kDGM+Wrg==</latexit>

𝛼Rxi

Plug the value from previous slide 
and recurse  for K epochs

(assume R >> 1)



Conclusion
• In this work, we close the gap in convergence rates of SGDo.
• We discovered an interesting phenomenon :

SGDo converges faster for strongly convex quadratics than
general strongly convex smooth functions.

Future Work
• Do there exist “optimal” permutations? Distribution of convergence rates for permutations.
• Can these analyses be extended to algorithms that compress gradients?
• Can we analyze convergence for “system-friendly” shuffling schemes?


