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The missing data issue

• What to do?

Option 1: Remove entries with missing values  information loss, not sustainable=)
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Option 2: Impute with reasonable guesses 

2d 3d 6d 10d

Example with 25% missing rate:

With 1% missing rate: 5d: 95% rows kept              300d: 5% rows kept

• Big data is plagued with missing values



Outline

1.   Missing data and Optimal Transport 

2.   Non-parametric imputation with OT 

3.   Fitting parametric imputation models with OT



How to impute?
- Mean imputation 

- Regression (conditional expectation) 

• Assuming a joint model: 
- EM + Gaussian distribution: Amelia (Honacker et al., 2011) 

- Low-rank models: Softimpute (Mazumder et al., 2010) 

- VAE and GAN: MIWAE (Mattei & Frellsen, 2019), GAIN (Yoon et al., 2018) 
- …

• Using a conditional model: 

- With logistic, multinomial, Poisson regressions:  R’s mice (Van Buuren, 2011)

Deforms joint and marginal distributions

This work:

Parametric assumption not necessary

Preserves distributions

Preserves distributions



Imputing to preserve batch distributions

• What divergence should we use ?

Wishlist

- Handles disjoint supports 

- Differentiable 

- Affordable computing times
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• Contribution: distribution(X(imp)) ' distribution(X(obs))
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Parametric assumption not necessary

Two batches from the same dataset should have similar distributions.  
Measure this with a divergence:



Optimal Transport

MXY = [kXi � Y jk2]ij 2 Rn⇥m
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• Find the most efficient way of transporting distributions, according to a ground cost

• Defines a distance for probability distributions



Optimal Transport
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• Find the most efficient way of transporting distributions, according to a ground cost

• Defines a distance for probability distributions

Handles disjoint supports



Optimal Transport

MXY = [kXi � Y jk2]ij 2 Rn⇥m
<latexit sha1_base64="sN4uQxbigkNRN020MxmdIWGsF/M="></latexit><latexit sha1_base64="sN4uQxbigkNRN020MxmdIWGsF/M="></latexit><latexit sha1_base64="sN4uQxbigkNRN020MxmdIWGsF/M="></latexit>

� =
1

m

mX

j=1

�Y j

<latexit sha1_base64="CzTNMW9kWaA2BeU/wtQCdgFVe/Q="></latexit><latexit sha1_base64="CzTNMW9kWaA2BeU/wtQCdgFVe/Q="></latexit><latexit sha1_base64="CzTNMW9kWaA2BeU/wtQCdgFVe/Q="></latexit>

↵ =
1

n

nX

i=1

�Xi

<latexit sha1_base64="wutbu5ma+MXn/ZeXsQCQjPVE6Og="></latexit><latexit sha1_base64="wutbu5ma+MXn/ZeXsQCQjPVE6Og="></latexit><latexit sha1_base64="wutbu5ma+MXn/ZeXsQCQjPVE6Og="></latexit>

Not differentiable

Costly: O(n3 log n)
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• Find the most efficient way of transporting distributions, according to a ground cost

• Defines a distance for probability distributions

Handles disjoint supports



Regularized Optimal Transport
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↵ =
1

n

nX

i=1

�Xi

<latexit sha1_base64="wutbu5ma+MXn/ZeXsQCQjPVE6Og="></latexit><latexit sha1_base64="wutbu5ma+MXn/ZeXsQCQjPVE6Og="></latexit><latexit sha1_base64="wutbu5ma+MXn/ZeXsQCQjPVE6Og="></latexit>

S"(↵,�)
def
= OT"(↵,�)�

1

2
(OT"(↵,↵) +OT"(�,�))

<latexit sha1_base64="e9bOKzkfzTkxCP91/qzPy7XLHi4="></latexit><latexit sha1_base64="e9bOKzkfzTkxCP91/qzPy7XLHi4="></latexit><latexit sha1_base64="e9bOKzkfzTkxCP91/qzPy7XLHi4="></latexit>

OT"(↵,�)
def
= min

P2Rn⇥m
+

P = /n, PT = /m

hP,MXY i+ "
X

ij

pij log pij

<latexit sha1_base64="4unQlFvzRUqXUdJTU68FXTK9Mn8="></latexit><latexit sha1_base64="4unQlFvzRUqXUdJTU68FXTK9Mn8="></latexit><latexit sha1_base64="4unQlFvzRUqXUdJTU68FXTK9Mn8="></latexit>

• Sinkhorn divergence:

(Cuturi, 2013)



Regularized Optimal Transport

MXY = [kXi � Y jk2]ij 2 Rn⇥m
<latexit sha1_base64="sN4uQxbigkNRN020MxmdIWGsF/M="></latexit><latexit sha1_base64="sN4uQxbigkNRN020MxmdIWGsF/M="></latexit><latexit sha1_base64="sN4uQxbigkNRN020MxmdIWGsF/M="></latexit>

� =
1

m

mX

j=1

�Y j

<latexit sha1_base64="CzTNMW9kWaA2BeU/wtQCdgFVe/Q="></latexit><latexit sha1_base64="CzTNMW9kWaA2BeU/wtQCdgFVe/Q="></latexit><latexit sha1_base64="CzTNMW9kWaA2BeU/wtQCdgFVe/Q="></latexit>

↵ =
1

n

nX

i=1

�Xi

<latexit sha1_base64="wutbu5ma+MXn/ZeXsQCQjPVE6Og="></latexit><latexit sha1_base64="wutbu5ma+MXn/ZeXsQCQjPVE6Og="></latexit><latexit sha1_base64="wutbu5ma+MXn/ZeXsQCQjPVE6Og="></latexit>

S"(↵,�)
def
= OT"(↵,�)�

1

2
(OT"(↵,↵) +OT"(�,�))

<latexit sha1_base64="e9bOKzkfzTkxCP91/qzPy7XLHi4="></latexit><latexit sha1_base64="e9bOKzkfzTkxCP91/qzPy7XLHi4="></latexit><latexit sha1_base64="e9bOKzkfzTkxCP91/qzPy7XLHi4="></latexit>

OT"(↵,�)
def
= min

P2Rn⇥m
+

P = /n, PT = /m

hP,MXY i+ "
X

ij

pij log pij

<latexit sha1_base64="4unQlFvzRUqXUdJTU68FXTK9Mn8="></latexit><latexit sha1_base64="4unQlFvzRUqXUdJTU68FXTK9Mn8="></latexit><latexit sha1_base64="4unQlFvzRUqXUdJTU68FXTK9Mn8="></latexit>

• Sinkhorn divergence:

Handles disjoint supports

Differentiable

Fast computation with  
Sinkhorn’s algorithm

(Cuturi, 2013)



Imputation Algorithm
• Input:

• Initial imputations: (column mean of observed values + noise)x(imp)
ij = x(obs)

:j + " if mij = 1
<latexit sha1_base64="275QwYfKOwL8E6YFBoi50yO7uO4="></latexit><latexit sha1_base64="275QwYfKOwL8E6YFBoi50yO7uO4="></latexit><latexit sha1_base64="275QwYfKOwL8E6YFBoi50yO7uO4="></latexit>

for t = 1, 2..., T
<latexit sha1_base64="QLAB3J5VfvCcCAbYNkuD24RIVHw=">AAACAnicbVDLSgNBEJz1GeNr1aMeBoPgISy7QdCLEPTiMUJekCxhdtKbDJl9MNMbEpZcxI8Rb9Gr/+DZv3ETc9DEOlV3VUN1ebEUGm37y1hb39jc2s7t5Hf39g8OzaPjuo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHiD+5neGILSIgqrOI7BDVgvFL7gDLNVxzxrI4zQ81M/UnRCkd5Sp0hLlmUVabVjFmzLnoOuEmdBCmSBSsf8bHcjngQQIpdM65Zjx+imTKHgEib5dqIhZnzAetDqDkWsQxaAdtPR/JEJvZilwD7Q+fzbnrJA63HgZZ6AYV8va7Plf1orQf/GTUUYJwghzyyZ5ieSYkRnfdCuUMBRjjPCuBJZUMr7TDGOWWv5rAFn+d9VUi9Zjm05j1eF8t2iixw5JefkkjjkmpTJA6mQGuHkibyQKXkzno1XY2q8/1jXjMXNCfkD4+MblL6U7Q==</latexit><latexit sha1_base64="QLAB3J5VfvCcCAbYNkuD24RIVHw=">AAACAnicbVDLSgNBEJz1GeNr1aMeBoPgISy7QdCLEPTiMUJekCxhdtKbDJl9MNMbEpZcxI8Rb9Gr/+DZv3ETc9DEOlV3VUN1ebEUGm37y1hb39jc2s7t5Hf39g8OzaPjuo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHiD+5neGILSIgqrOI7BDVgvFL7gDLNVxzxrI4zQ81M/UnRCkd5Sp0hLlmUVabVjFmzLnoOuEmdBCmSBSsf8bHcjngQQIpdM65Zjx+imTKHgEib5dqIhZnzAetDqDkWsQxaAdtPR/JEJvZilwD7Q+fzbnrJA63HgZZ6AYV8va7Plf1orQf/GTUUYJwghzyyZ5ieSYkRnfdCuUMBRjjPCuBJZUMr7TDGOWWv5rAFn+d9VUi9Zjm05j1eF8t2iixw5JefkkjjkmpTJA6mQGuHkibyQKXkzno1XY2q8/1jXjMXNCfkD4+MblL6U7Q==</latexit><latexit sha1_base64="QLAB3J5VfvCcCAbYNkuD24RIVHw=">AAACAnicbVDLSgNBEJz1GeNr1aMeBoPgISy7QdCLEPTiMUJekCxhdtKbDJl9MNMbEpZcxI8Rb9Gr/+DZv3ETc9DEOlV3VUN1ebEUGm37y1hb39jc2s7t5Hf39g8OzaPjuo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHiD+5neGILSIgqrOI7BDVgvFL7gDLNVxzxrI4zQ81M/UnRCkd5Sp0hLlmUVabVjFmzLnoOuEmdBCmSBSsf8bHcjngQQIpdM65Zjx+imTKHgEib5dqIhZnzAetDqDkWsQxaAdtPR/JEJvZilwD7Q+fzbnrJA63HgZZ6AYV8va7Plf1orQf/GTUUYJwghzyyZ5ieSYkRnfdCuUMBRjjPCuBJZUMr7TDGOWWv5rAFn+d9VUi9Zjm05j1eF8t2iixw5JefkkjjkmpTJA6mQGuHkibyQKXkzno1XY2q8/1jXjMXNCfkD4+MblL6U7Q==</latexit>

•  

Sample batch with no missing values: X(obs)
i1,...,iK

<latexit sha1_base64="Usgbbny920ViT4Pjd4zQwC9PRew=">AAACCHicbVDLSsNAFJ34rPUVdelmaBEqlJCIoMuiG8FNBfuANobJdNIOnWTCzKRYQvbix4i76tYfcO3fOKlZaOtZnXvPuXDu8WNGpbLtL2NldW19Y7O0Vd7e2d3bNw8O25InApMW5oyLro8kYTQiLUUVI91YEBT6jHT88XWudyZESMqjezWNiRuiYUQDipHSK8+s9EOkRn6QdrOHtMZ9eZp5KfWcOrQsqw6pd5t5ZtW27DngMnEKUgUFmp752R9wnIQkUpghKXuOHSs3RUJRzEhW7ieSxAiP0ZD0BhMaywiFRLrp4/ydDJ4EXEA1InA+/7anKJRyGvrak8eWi1q+/E/rJSq4dFMaxYkiEdYWrQUJg4rDvBU4oIJgxaaaICyoDgrxCAmEle6urBtwFv9dJu0zy7Et5+682rgquiiBY1ABNeCAC9AAN6AJWgCDJ/ACZuDNeDZejZnx/mNdMYqbI/AHxsc3zYuYhQ==</latexit><latexit sha1_base64="Usgbbny920ViT4Pjd4zQwC9PRew=">AAACCHicbVDLSsNAFJ34rPUVdelmaBEqlJCIoMuiG8FNBfuANobJdNIOnWTCzKRYQvbix4i76tYfcO3fOKlZaOtZnXvPuXDu8WNGpbLtL2NldW19Y7O0Vd7e2d3bNw8O25InApMW5oyLro8kYTQiLUUVI91YEBT6jHT88XWudyZESMqjezWNiRuiYUQDipHSK8+s9EOkRn6QdrOHtMZ9eZp5KfWcOrQsqw6pd5t5ZtW27DngMnEKUgUFmp752R9wnIQkUpghKXuOHSs3RUJRzEhW7ieSxAiP0ZD0BhMaywiFRLrp4/ydDJ4EXEA1InA+/7anKJRyGvrak8eWi1q+/E/rJSq4dFMaxYkiEdYWrQUJg4rDvBU4oIJgxaaaICyoDgrxCAmEle6urBtwFv9dJu0zy7Et5+682rgquiiBY1ABNeCAC9AAN6AJWgCDJ/ACZuDNeDZejZnx/mNdMYqbI/AHxsc3zYuYhQ==</latexit><latexit sha1_base64="Usgbbny920ViT4Pjd4zQwC9PRew=">AAACCHicbVDLSsNAFJ34rPUVdelmaBEqlJCIoMuiG8FNBfuANobJdNIOnWTCzKRYQvbix4i76tYfcO3fOKlZaOtZnXvPuXDu8WNGpbLtL2NldW19Y7O0Vd7e2d3bNw8O25InApMW5oyLro8kYTQiLUUVI91YEBT6jHT88XWudyZESMqjezWNiRuiYUQDipHSK8+s9EOkRn6QdrOHtMZ9eZp5KfWcOrQsqw6pd5t5ZtW27DngMnEKUgUFmp752R9wnIQkUpghKXuOHSs3RUJRzEhW7ieSxAiP0ZD0BhMaywiFRLrp4/ydDJ4EXEA1InA+/7anKJRyGvrak8eWi1q+/E/rJSq4dFMaxYkiEdYWrQUJg4rDvBU4oIJgxaaaICyoDgrxCAmEle6urBtwFv9dJu0zy7Et5+682rgquiiBY1ABNeCAC9AAN6AJWgCDJ/ACZuDNeDZejZnx/mNdMYqbI/AHxsc3zYuYhQ==</latexit>

Sample batch with missing values: X(imp)
j1,...,jK

<latexit sha1_base64="m6jWlyPjK0lbKKr5sNym3hgIC48=">AAACCXicbZDLSsNAGIUn9VbrrerSzWARKpSQiKDLohvBTQV7gTaGyXTSTjtJhplJsYQ8gPgw4q669QFc+zZOahbaelZn/vMN/P/xOKNSWdaXUVhZXVvfKG6WtrZ3dvfK+wctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXvj6yxvT4iQNArv1ZQTJ0CDkPoUI6VHbrnSC5Aaen7SSR+SKg34aeomI9euQdM0a3Dk3qYlTVmmNRdcNnZuKiBXwy1/9voRjgMSKsyQlF3b4spJkFAUM5KWerEkHOExGpBuf0K5DFFApJM8zu9J4YkfCaiGBM7fv/EEBVJOA08z2d5yMcuG/2XdWPmXTkJDHisSYo3ozI8ZVBHMaoF9KghWbKoNwoLqRSEeIoGw0uVlDdiL9y6b1plpW6Z9d16pX+VdFMEROAZVYIMLUAc3oAGaAIMn8AJm4M14Nl6NmfH+gxaM/M8h+CPj4xsTr5id</latexit><latexit sha1_base64="m6jWlyPjK0lbKKr5sNym3hgIC48=">AAACCXicbZDLSsNAGIUn9VbrrerSzWARKpSQiKDLohvBTQV7gTaGyXTSTjtJhplJsYQ8gPgw4q669QFc+zZOahbaelZn/vMN/P/xOKNSWdaXUVhZXVvfKG6WtrZ3dvfK+wctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXvj6yxvT4iQNArv1ZQTJ0CDkPoUI6VHbrnSC5Aaen7SSR+SKg34aeomI9euQdM0a3Dk3qYlTVmmNRdcNnZuKiBXwy1/9voRjgMSKsyQlF3b4spJkFAUM5KWerEkHOExGpBuf0K5DFFApJM8zu9J4YkfCaiGBM7fv/EEBVJOA08z2d5yMcuG/2XdWPmXTkJDHisSYo3ozI8ZVBHMaoF9KghWbKoNwoLqRSEeIoGw0uVlDdiL9y6b1plpW6Z9d16pX+VdFMEROAZVYIMLUAc3oAGaAIMn8AJm4M14Nl6NmfH+gxaM/M8h+CPj4xsTr5id</latexit><latexit sha1_base64="m6jWlyPjK0lbKKr5sNym3hgIC48=">AAACCXicbZDLSsNAGIUn9VbrrerSzWARKpSQiKDLohvBTQV7gTaGyXTSTjtJhplJsYQ8gPgw4q669QFc+zZOahbaelZn/vMN/P/xOKNSWdaXUVhZXVvfKG6WtrZ3dvfK+wctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXvj6yxvT4iQNArv1ZQTJ0CDkPoUI6VHbrnSC5Aaen7SSR+SKg34aeomI9euQdM0a3Dk3qYlTVmmNRdcNnZuKiBXwy1/9voRjgMSKsyQlF3b4spJkFAUM5KWerEkHOExGpBuf0K5DFFApJM8zu9J4YkfCaiGBM7fv/EEBVJOA08z2d5yMcuG/2XdWPmXTkJDHisSYo3ozI8ZVBHMaoF9KghWbKoNwoLqRSEeIoGw0uVlDdiL9y6b1plpW6Z9d16pX+VdFMEROAZVYIMLUAc3oAGaAIMn8AJm4M14Nl6NmfH+gxaM/M8h+CPj4xsTr5id</latexit>

S"

⇣ ���
⌘

<latexit sha1_base64="/UzE65jcPU3hD4VqaVWabqpFooc="></latexit><latexit sha1_base64="/UzE65jcPU3hD4VqaVWabqpFooc="></latexit><latexit sha1_base64="/UzE65jcPU3hD4VqaVWabqpFooc="></latexit>

Compute Sinkhorn batch loss: 

X(imp)  X(imp) � ⌘rX(imp)S"

⇣ ���
⌘

<latexit sha1_base64="z+sl9kaENViUnkBLas0AGLRkKhY="></latexit><latexit sha1_base64="z+sl9kaENViUnkBLas0AGLRkKhY="></latexit><latexit sha1_base64="z+sl9kaENViUnkBLas0AGLRkKhY="></latexit>

Update imputations:

X̂ = (1�M)�X(obs) +M�X(imp)
<latexit sha1_base64="fm0/34Hnzc/TWR2SYZVdXMz3S7Q="></latexit><latexit sha1_base64="fm0/34Hnzc/TWR2SYZVdXMz3S7Q="></latexit><latexit sha1_base64="fm0/34Hnzc/TWR2SYZVdXMz3S7Q="></latexit>

• Output:

(mij = 1 () xij missing)
<latexit sha1_base64="heLLOp3lOm1h7mqdxFLRb6WFJWc=">AAACDnicbVDLTgJBEJzFF+IL9ehlIjHBC9k1JnoxIXrxiIk8EiBkduiFkZndzUwvgWz2F4wfY7yhV2+e/RuXx0HBOlVXVSfd5YZSGLTtbyuztr6xuZXdzu3s7u0f5A+PaiaINIcqD2SgGy4zIIUPVRQooRFqYMqVUHcHd1O/PgRtROA/4jiEtmI9X3iCM0ylTr5YVJ1YPCX0hjq0JTyPjuZzC2GEMVXCGOH3kvNOvmCX7BnoKnEWpEAWqHTyX61uwCMFPnLJjGk6dojtmGkUXEKSa0UGQsYHrAfN7lCExmcKTDsezZ5K6JkXaIp9oLP5dzxmypixctOMYtg3y95U/M9rRuhdt2PhhxGCz9NI6nmRpBjQaTe0KzRwlOOUMK5FeijlfaYZx7TBXNqAs/zvKqldlBy75DxcFsq3iy6y5ISckiJxyBUpk3tSIVXCyTN5JRPybr1Yb9bE+phHM9Zi55j8gfX5AyAYm48=</latexit><latexit sha1_base64="heLLOp3lOm1h7mqdxFLRb6WFJWc=">AAACDnicbVDLTgJBEJzFF+IL9ehlIjHBC9k1JnoxIXrxiIk8EiBkduiFkZndzUwvgWz2F4wfY7yhV2+e/RuXx0HBOlVXVSfd5YZSGLTtbyuztr6xuZXdzu3s7u0f5A+PaiaINIcqD2SgGy4zIIUPVRQooRFqYMqVUHcHd1O/PgRtROA/4jiEtmI9X3iCM0ylTr5YVJ1YPCX0hjq0JTyPjuZzC2GEMVXCGOH3kvNOvmCX7BnoKnEWpEAWqHTyX61uwCMFPnLJjGk6dojtmGkUXEKSa0UGQsYHrAfN7lCExmcKTDsezZ5K6JkXaIp9oLP5dzxmypixctOMYtg3y95U/M9rRuhdt2PhhxGCz9NI6nmRpBjQaTe0KzRwlOOUMK5FeijlfaYZx7TBXNqAs/zvKqldlBy75DxcFsq3iy6y5ISckiJxyBUpk3tSIVXCyTN5JRPybr1Yb9bE+phHM9Zi55j8gfX5AyAYm48=</latexit><latexit sha1_base64="heLLOp3lOm1h7mqdxFLRb6WFJWc=">AAACDnicbVDLTgJBEJzFF+IL9ehlIjHBC9k1JnoxIXrxiIk8EiBkduiFkZndzUwvgWz2F4wfY7yhV2+e/RuXx0HBOlVXVSfd5YZSGLTtbyuztr6xuZXdzu3s7u0f5A+PaiaINIcqD2SgGy4zIIUPVRQooRFqYMqVUHcHd1O/PgRtROA/4jiEtmI9X3iCM0ylTr5YVJ1YPCX0hjq0JTyPjuZzC2GEMVXCGOH3kvNOvmCX7BnoKnEWpEAWqHTyX61uwCMFPnLJjGk6dojtmGkUXEKSa0UGQsYHrAfN7lCExmcKTDsezZ5K6JkXaIp9oLP5dzxmypixctOMYtg3y95U/M9rRuhdt2PhhxGCz9NI6nmRpBjQaTe0KzRwlOOUMK5FeijlfaYZx7TBXNqAs/zvKqldlBy75DxcFsq3iy6y5ISckiJxyBUpk3tSIVXCyTN5JRPybr1Yb9bE+phHM9Zi55j8gfX5AyAYm48=</latexit>

X = (1�M)�X(obs) +M�NA
<latexit sha1_base64="fcLQsmpahu58Dhkw0FtSEC852U8="></latexit><latexit sha1_base64="fcLQsmpahu58Dhkw0FtSEC852U8="></latexit><latexit sha1_base64="fcLQsmpahu58Dhkw0FtSEC852U8="></latexit>

M 2 {0, 1}n⇥d
<latexit sha1_base64="/8sny1EYQ4IX4hWD2QYdkiBHlCU=">AAACCXicbVDLSsNAFJ34rPVVdelmsAgupCQi6LLoxo1QwT6giWUyuWmHTiZhZlIsIR8gfoy4q279ANf+jZPahbae1bn3nMu99/gJZ0rb9pe1tLyyurZe2ihvbm3v7Fb29lsqTiWFJo15LDs+UcCZgKZmmkMnkUAin0PbH14XensEUrFY3OtxAl5E+oKFjBJtWr1K1Y2IHvhhdptjlwnsZvYpdtz8IROuZhEoHOTGZdfsKfAicWakimZo9CqfbhDTNAKhKSdKdR070V5GpGaUQ152UwUJoUPSh24wYokSxGzyssfpPzk+DmOJ9QDwtP5tz0ik1Djyjae4W81rRfM/rZvq8NLLmEhSDYIai9HClGMd4yIWHDAJVPOxIYRKZg7FdEAkodqEVzYJOPP/LpLWWc2xa87debV+NcuihA7RETpBDrpAdXSDGqiJKHpCL2iC3qxn69WaWO8/1iVrNnOA/sD6+Aajdpmq</latexit><latexit sha1_base64="/8sny1EYQ4IX4hWD2QYdkiBHlCU=">AAACCXicbVDLSsNAFJ34rPVVdelmsAgupCQi6LLoxo1QwT6giWUyuWmHTiZhZlIsIR8gfoy4q279ANf+jZPahbae1bn3nMu99/gJZ0rb9pe1tLyyurZe2ihvbm3v7Fb29lsqTiWFJo15LDs+UcCZgKZmmkMnkUAin0PbH14XensEUrFY3OtxAl5E+oKFjBJtWr1K1Y2IHvhhdptjlwnsZvYpdtz8IROuZhEoHOTGZdfsKfAicWakimZo9CqfbhDTNAKhKSdKdR070V5GpGaUQ152UwUJoUPSh24wYokSxGzyssfpPzk+DmOJ9QDwtP5tz0ik1Djyjae4W81rRfM/rZvq8NLLmEhSDYIai9HClGMd4yIWHDAJVPOxIYRKZg7FdEAkodqEVzYJOPP/LpLWWc2xa87debV+NcuihA7RETpBDrpAdXSDGqiJKHpCL2iC3qxn69WaWO8/1iVrNnOA/sD6+Aajdpmq</latexit><latexit sha1_base64="/8sny1EYQ4IX4hWD2QYdkiBHlCU=">AAACCXicbVDLSsNAFJ34rPVVdelmsAgupCQi6LLoxo1QwT6giWUyuWmHTiZhZlIsIR8gfoy4q279ANf+jZPahbae1bn3nMu99/gJZ0rb9pe1tLyyurZe2ihvbm3v7Fb29lsqTiWFJo15LDs+UcCZgKZmmkMnkUAin0PbH14XensEUrFY3OtxAl5E+oKFjBJtWr1K1Y2IHvhhdptjlwnsZvYpdtz8IROuZhEoHOTGZdfsKfAicWakimZo9CqfbhDTNAKhKSdKdR070V5GpGaUQ152UwUJoUPSh24wYokSxGzyssfpPzk+DmOJ9QDwtP5tz0ik1Djyjae4W81rRfM/rZvq8NLLmEhSDYIai9HClGMd4yIWHDAJVPOxIYRKZg7FdEAkodqEVzYJOPP/LpLWWc2xa87debV+NcuihA7RETpBDrpAdXSDGqiJKHpCL2iC3qxn69WaWO8/1iVrNnOA/sD6+Aajdpmq</latexit>

,



Observed values vs dimension

• But 2 sampled batches should still have similar distributions.

D
⇣ ���

⌘
' 0

<latexit sha1_base64="VO1mLBF92YQNa7OwU/gUinlAbDI="></latexit><latexit sha1_base64="VO1mLBF92YQNa7OwU/gUinlAbDI="></latexit><latexit sha1_base64="VO1mLBF92YQNa7OwU/gUinlAbDI="></latexit>

• Problem: as dimension increases, almost all entries have NAs.

Example with 25% missing rate:

2d 3d 6d 10d



Imputation Algorithm
X = (1�M)�X(obs) +M�NA

<latexit sha1_base64="fcLQsmpahu58Dhkw0FtSEC852U8="></latexit><latexit sha1_base64="fcLQsmpahu58Dhkw0FtSEC852U8="></latexit><latexit sha1_base64="fcLQsmpahu58Dhkw0FtSEC852U8="></latexit>

• Input:

• Initial imputations: (column mean of observed values + noise)x(imp)
ij = x(obs)

:j + " if mij = 1
<latexit sha1_base64="275QwYfKOwL8E6YFBoi50yO7uO4="></latexit><latexit sha1_base64="275QwYfKOwL8E6YFBoi50yO7uO4="></latexit><latexit sha1_base64="275QwYfKOwL8E6YFBoi50yO7uO4="></latexit>

for t = 1, 2..., T
<latexit sha1_base64="QLAB3J5VfvCcCAbYNkuD24RIVHw=">AAACAnicbVDLSgNBEJz1GeNr1aMeBoPgISy7QdCLEPTiMUJekCxhdtKbDJl9MNMbEpZcxI8Rb9Gr/+DZv3ETc9DEOlV3VUN1ebEUGm37y1hb39jc2s7t5Hf39g8OzaPjuo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHiD+5neGILSIgqrOI7BDVgvFL7gDLNVxzxrI4zQ81M/UnRCkd5Sp0hLlmUVabVjFmzLnoOuEmdBCmSBSsf8bHcjngQQIpdM65Zjx+imTKHgEib5dqIhZnzAetDqDkWsQxaAdtPR/JEJvZilwD7Q+fzbnrJA63HgZZ6AYV8va7Plf1orQf/GTUUYJwghzyyZ5ieSYkRnfdCuUMBRjjPCuBJZUMr7TDGOWWv5rAFn+d9VUi9Zjm05j1eF8t2iixw5JefkkjjkmpTJA6mQGuHkibyQKXkzno1XY2q8/1jXjMXNCfkD4+MblL6U7Q==</latexit><latexit sha1_base64="QLAB3J5VfvCcCAbYNkuD24RIVHw=">AAACAnicbVDLSgNBEJz1GeNr1aMeBoPgISy7QdCLEPTiMUJekCxhdtKbDJl9MNMbEpZcxI8Rb9Gr/+DZv3ETc9DEOlV3VUN1ebEUGm37y1hb39jc2s7t5Hf39g8OzaPjuo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHiD+5neGILSIgqrOI7BDVgvFL7gDLNVxzxrI4zQ81M/UnRCkd5Sp0hLlmUVabVjFmzLnoOuEmdBCmSBSsf8bHcjngQQIpdM65Zjx+imTKHgEib5dqIhZnzAetDqDkWsQxaAdtPR/JEJvZilwD7Q+fzbnrJA63HgZZ6AYV8va7Plf1orQf/GTUUYJwghzyyZ5ieSYkRnfdCuUMBRjjPCuBJZUMr7TDGOWWv5rAFn+d9VUi9Zjm05j1eF8t2iixw5JefkkjjkmpTJA6mQGuHkibyQKXkzno1XY2q8/1jXjMXNCfkD4+MblL6U7Q==</latexit><latexit sha1_base64="QLAB3J5VfvCcCAbYNkuD24RIVHw=">AAACAnicbVDLSgNBEJz1GeNr1aMeBoPgISy7QdCLEPTiMUJekCxhdtKbDJl9MNMbEpZcxI8Rb9Gr/+DZv3ETc9DEOlV3VUN1ebEUGm37y1hb39jc2s7t5Hf39g8OzaPjuo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHiD+5neGILSIgqrOI7BDVgvFL7gDLNVxzxrI4zQ81M/UnRCkd5Sp0hLlmUVabVjFmzLnoOuEmdBCmSBSsf8bHcjngQQIpdM65Zjx+imTKHgEib5dqIhZnzAetDqDkWsQxaAdtPR/JEJvZilwD7Q+fzbnrJA63HgZZ6AYV8va7Plf1orQf/GTUUYJwghzyyZ5ieSYkRnfdCuUMBRjjPCuBJZUMr7TDGOWWv5rAFn+d9VUi9Zjm05j1eF8t2iixw5JefkkjjkmpTJA6mQGuHkibyQKXkzno1XY2q8/1jXjMXNCfkD4+MblL6U7Q==</latexit>

•  

X̂ = (1�M)�X(obs) +M�X(imp)
<latexit sha1_base64="fm0/34Hnzc/TWR2SYZVdXMz3S7Q="></latexit><latexit sha1_base64="fm0/34Hnzc/TWR2SYZVdXMz3S7Q="></latexit><latexit sha1_base64="fm0/34Hnzc/TWR2SYZVdXMz3S7Q="></latexit>

• Output:

Compute Sinkhorn batch loss: S"

⇣ ���
⌘

<latexit sha1_base64="uxG5FbYQr7oNWCXC3hI250OJZb4="></latexit><latexit sha1_base64="uxG5FbYQr7oNWCXC3hI250OJZb4="></latexit><latexit sha1_base64="uxG5FbYQr7oNWCXC3hI250OJZb4="></latexit>

Update imputations: X(imp)  X(imp) � ⌘rX(imp)S"

⇣ ���
⌘

<latexit sha1_base64="eytFb9t+VsPeN+S3K1DWLBrpzqU="></latexit><latexit sha1_base64="eytFb9t+VsPeN+S3K1DWLBrpzqU="></latexit><latexit sha1_base64="eytFb9t+VsPeN+S3K1DWLBrpzqU="></latexit>

Sample 2 batches: X̂i1,...,iK
<latexit sha1_base64="0M51O1OOBUIsRWjEkbXcKz9Mwgw=">AAACBnicbVDLSsNAFJ34rPUVdelmsAguSkhE0GXRjeCmgn1AE8JkOmmGTh7M3BRLyFb8GHFX3foHrv0bk5qFtp7VufecC+ceLxFcgWl+aSura+sbm7Wt+vbO7t6+fnDYVXEqKevQWMSy7xHFBI9YBzgI1k8kI6EnWM8b35R6b8Kk4nH0ANOEOSEZRdznlECxcnVsBwQyOyQQeH7Wz3M3467VxIZhNDF373JXb5iGOQdeJlZFGqhC29U/7WFM05BFQAVRamCZCTgZkcCpYHndThVLCB2TERsMJzxREQmZcrLH+TM5PvVjiSFgeD7/tmckVGoaeoWnzKsWtXL5nzZIwb9yMh4lKbCIFpZC81OBIcZlJ3jIJaMgpgUhVPIiKKYBkYRC0Vy9aMBa/HeZdM8NyzSs+4tG67rqooaO0Qk6Qxa6RC10i9qogyh6Qi9oht60Z+1Vm2nvP9YVrbo5Qn+gfXwD6b+YFw==</latexit><latexit sha1_base64="0M51O1OOBUIsRWjEkbXcKz9Mwgw=">AAACBnicbVDLSsNAFJ34rPUVdelmsAguSkhE0GXRjeCmgn1AE8JkOmmGTh7M3BRLyFb8GHFX3foHrv0bk5qFtp7VufecC+ceLxFcgWl+aSura+sbm7Wt+vbO7t6+fnDYVXEqKevQWMSy7xHFBI9YBzgI1k8kI6EnWM8b35R6b8Kk4nH0ANOEOSEZRdznlECxcnVsBwQyOyQQeH7Wz3M3467VxIZhNDF373JXb5iGOQdeJlZFGqhC29U/7WFM05BFQAVRamCZCTgZkcCpYHndThVLCB2TERsMJzxREQmZcrLH+TM5PvVjiSFgeD7/tmckVGoaeoWnzKsWtXL5nzZIwb9yMh4lKbCIFpZC81OBIcZlJ3jIJaMgpgUhVPIiKKYBkYRC0Vy9aMBa/HeZdM8NyzSs+4tG67rqooaO0Qk6Qxa6RC10i9qogyh6Qi9oht60Z+1Vm2nvP9YVrbo5Qn+gfXwD6b+YFw==</latexit><latexit sha1_base64="0M51O1OOBUIsRWjEkbXcKz9Mwgw=">AAACBnicbVDLSsNAFJ34rPUVdelmsAguSkhE0GXRjeCmgn1AE8JkOmmGTh7M3BRLyFb8GHFX3foHrv0bk5qFtp7VufecC+ceLxFcgWl+aSura+sbm7Wt+vbO7t6+fnDYVXEqKevQWMSy7xHFBI9YBzgI1k8kI6EnWM8b35R6b8Kk4nH0ANOEOSEZRdznlECxcnVsBwQyOyQQeH7Wz3M3467VxIZhNDF373JXb5iGOQdeJlZFGqhC29U/7WFM05BFQAVRamCZCTgZkcCpYHndThVLCB2TERsMJzxREQmZcrLH+TM5PvVjiSFgeD7/tmckVGoaeoWnzKsWtXL5nzZIwb9yMh4lKbCIFpZC81OBIcZlJ3jIJaMgpgUhVPIiKKYBkYRC0Vy9aMBa/HeZdM8NyzSs+4tG67rqooaO0Qk6Qxa6RC10i9qogyh6Qi9oht60Z+1Vm2nvP9YVrbo5Qn+gfXwD6b+YFw==</latexit>

X̂j1,...,jK
<latexit sha1_base64="Ub2/RDrFRpUkuS9+KYEEb3LP1DQ=">AAACBnicbVDLSsNAFL3xWesr6tLNYBFclJCIoMuiG8FNBfuAJoTJdNJOO3kwMymWkK34MeKuuvUPXPs3JjULbT2rc+85F849XsyZVKb5pa2srq1vbFa2qts7u3v7+sFhW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa88U2hdyZUSBaFD2oaUyfAg5D5jGCVr1wd2UOsUjvAauj5aTfL3HTkWnVkGEYdjdy7zNVrpmHOgZaJVZIalGi6+qfdj0gS0FARjqXsWWasnBQLxQinWdVOJI0xGeMB7fUnLJYhDqh00sf5Mxk69SOB1JCi+fzbnuJAymng5Z4ir1zUiuV/Wi9R/pWTsjBOFA1Jbsk1P+FIRajoBPWZoETxaU4wESwPisgQC0xU3lw1b8Ba/HeZtM8NyzSs+4ta47rsogLHcAJnYMElNOAWmtACAk/wAjN40561V22mvf9YV7Ty5gj+QPv4BuzRmBk=</latexit><latexit sha1_base64="Ub2/RDrFRpUkuS9+KYEEb3LP1DQ=">AAACBnicbVDLSsNAFL3xWesr6tLNYBFclJCIoMuiG8FNBfuAJoTJdNJOO3kwMymWkK34MeKuuvUPXPs3JjULbT2rc+85F849XsyZVKb5pa2srq1vbFa2qts7u3v7+sFhW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa88U2hdyZUSBaFD2oaUyfAg5D5jGCVr1wd2UOsUjvAauj5aTfL3HTkWnVkGEYdjdy7zNVrpmHOgZaJVZIalGi6+qfdj0gS0FARjqXsWWasnBQLxQinWdVOJI0xGeMB7fUnLJYhDqh00sf5Mxk69SOB1JCi+fzbnuJAymng5Z4ir1zUiuV/Wi9R/pWTsjBOFA1Jbsk1P+FIRajoBPWZoETxaU4wESwPisgQC0xU3lw1b8Ba/HeZtM8NyzSs+4ta47rsogLHcAJnYMElNOAWmtACAk/wAjN40561V22mvf9YV7Ty5gj+QPv4BuzRmBk=</latexit><latexit sha1_base64="Ub2/RDrFRpUkuS9+KYEEb3LP1DQ=">AAACBnicbVDLSsNAFL3xWesr6tLNYBFclJCIoMuiG8FNBfuAJoTJdNJOO3kwMymWkK34MeKuuvUPXPs3JjULbT2rc+85F849XsyZVKb5pa2srq1vbFa2qts7u3v7+sFhW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa88U2hdyZUSBaFD2oaUyfAg5D5jGCVr1wd2UOsUjvAauj5aTfL3HTkWnVkGEYdjdy7zNVrpmHOgZaJVZIalGi6+qfdj0gS0FARjqXsWWasnBQLxQinWdVOJI0xGeMB7fUnLJYhDqh00sf5Mxk69SOB1JCi+fzbnuJAymng5Z4ir1zUiuV/Wi9R/pWTsjBOFA1Jbsk1P+FIRajoBPWZoETxaU4wESwPisgQC0xU3lw1b8Ba/HeZtM8NyzSs+4ta47rsogLHcAJnYMElNOAWmtACAk/wAjN40561V22mvf9YV7Ty5gj+QPv4BuzRmBk=</latexit>

and

X̂ (1�M)�X(obs) +M�X(imp)
<latexit sha1_base64="Pud55PcJeo2rU113x5Jbjw+4Ajo="></latexit><latexit sha1_base64="Pud55PcJeo2rU113x5Jbjw+4Ajo="></latexit><latexit sha1_base64="Pud55PcJeo2rU113x5Jbjw+4Ajo="></latexit>

Mix observations and imputations:

M 2 {0, 1}n⇥d
<latexit sha1_base64="/8sny1EYQ4IX4hWD2QYdkiBHlCU=">AAACCXicbVDLSsNAFJ34rPVVdelmsAgupCQi6LLoxo1QwT6giWUyuWmHTiZhZlIsIR8gfoy4q279ANf+jZPahbae1bn3nMu99/gJZ0rb9pe1tLyyurZe2ihvbm3v7Fb29lsqTiWFJo15LDs+UcCZgKZmmkMnkUAin0PbH14XensEUrFY3OtxAl5E+oKFjBJtWr1K1Y2IHvhhdptjlwnsZvYpdtz8IROuZhEoHOTGZdfsKfAicWakimZo9CqfbhDTNAKhKSdKdR070V5GpGaUQ152UwUJoUPSh24wYokSxGzyssfpPzk+DmOJ9QDwtP5tz0ik1Djyjae4W81rRfM/rZvq8NLLmEhSDYIai9HClGMd4yIWHDAJVPOxIYRKZg7FdEAkodqEVzYJOPP/LpLWWc2xa87debV+NcuihA7RETpBDrpAdXSDGqiJKHpCL2iC3qxn69WaWO8/1iVrNnOA/sD6+Aajdpmq</latexit><latexit sha1_base64="/8sny1EYQ4IX4hWD2QYdkiBHlCU=">AAACCXicbVDLSsNAFJ34rPVVdelmsAgupCQi6LLoxo1QwT6giWUyuWmHTiZhZlIsIR8gfoy4q279ANf+jZPahbae1bn3nMu99/gJZ0rb9pe1tLyyurZe2ihvbm3v7Fb29lsqTiWFJo15LDs+UcCZgKZmmkMnkUAin0PbH14XensEUrFY3OtxAl5E+oKFjBJtWr1K1Y2IHvhhdptjlwnsZvYpdtz8IROuZhEoHOTGZdfsKfAicWakimZo9CqfbhDTNAKhKSdKdR070V5GpGaUQ152UwUJoUPSh24wYokSxGzyssfpPzk+DmOJ9QDwtP5tz0ik1Djyjae4W81rRfM/rZvq8NLLmEhSDYIai9HClGMd4yIWHDAJVPOxIYRKZg7FdEAkodqEVzYJOPP/LpLWWc2xa87debV+NcuihA7RETpBDrpAdXSDGqiJKHpCL2iC3qxn69WaWO8/1iVrNnOA/sD6+Aajdpmq</latexit><latexit sha1_base64="/8sny1EYQ4IX4hWD2QYdkiBHlCU=">AAACCXicbVDLSsNAFJ34rPVVdelmsAgupCQi6LLoxo1QwT6giWUyuWmHTiZhZlIsIR8gfoy4q279ANf+jZPahbae1bn3nMu99/gJZ0rb9pe1tLyyurZe2ihvbm3v7Fb29lsqTiWFJo15LDs+UcCZgKZmmkMnkUAin0PbH14XensEUrFY3OtxAl5E+oKFjBJtWr1K1Y2IHvhhdptjlwnsZvYpdtz8IROuZhEoHOTGZdfsKfAicWakimZo9CqfbhDTNAKhKSdKdR070V5GpGaUQ152UwUJoUPSh24wYokSxGzyssfpPzk+DmOJ9QDwtP5tz0ik1Djyjae4W81rRfM/rZvq8NLLmEhSDYIai9HClGMd4yIWHDAJVPOxIYRKZg7FdEAkodqEVzYJOPP/LpLWWc2xa87debV+NcuihA7RETpBDrpAdXSDGqiJKHpCL2iC3qxn69WaWO8/1iVrNnOA/sD6+Aajdpmq</latexit>

,
(mij = 1 () xij missing)

<latexit sha1_base64="heLLOp3lOm1h7mqdxFLRb6WFJWc=">AAACDnicbVDLTgJBEJzFF+IL9ehlIjHBC9k1JnoxIXrxiIk8EiBkduiFkZndzUwvgWz2F4wfY7yhV2+e/RuXx0HBOlVXVSfd5YZSGLTtbyuztr6xuZXdzu3s7u0f5A+PaiaINIcqD2SgGy4zIIUPVRQooRFqYMqVUHcHd1O/PgRtROA/4jiEtmI9X3iCM0ylTr5YVJ1YPCX0hjq0JTyPjuZzC2GEMVXCGOH3kvNOvmCX7BnoKnEWpEAWqHTyX61uwCMFPnLJjGk6dojtmGkUXEKSa0UGQsYHrAfN7lCExmcKTDsezZ5K6JkXaIp9oLP5dzxmypixctOMYtg3y95U/M9rRuhdt2PhhxGCz9NI6nmRpBjQaTe0KzRwlOOUMK5FeijlfaYZx7TBXNqAs/zvKqldlBy75DxcFsq3iy6y5ISckiJxyBUpk3tSIVXCyTN5JRPybr1Yb9bE+phHM9Zi55j8gfX5AyAYm48=</latexit><latexit sha1_base64="heLLOp3lOm1h7mqdxFLRb6WFJWc=">AAACDnicbVDLTgJBEJzFF+IL9ehlIjHBC9k1JnoxIXrxiIk8EiBkduiFkZndzUwvgWz2F4wfY7yhV2+e/RuXx0HBOlVXVSfd5YZSGLTtbyuztr6xuZXdzu3s7u0f5A+PaiaINIcqD2SgGy4zIIUPVRQooRFqYMqVUHcHd1O/PgRtROA/4jiEtmI9X3iCM0ylTr5YVJ1YPCX0hjq0JTyPjuZzC2GEMVXCGOH3kvNOvmCX7BnoKnEWpEAWqHTyX61uwCMFPnLJjGk6dojtmGkUXEKSa0UGQsYHrAfN7lCExmcKTDsezZ5K6JkXaIp9oLP5dzxmypixctOMYtg3y95U/M9rRuhdt2PhhxGCz9NI6nmRpBjQaTe0KzRwlOOUMK5FeijlfaYZx7TBXNqAs/zvKqldlBy75DxcFsq3iy6y5ISckiJxyBUpk3tSIVXCyTN5JRPybr1Yb9bE+phHM9Zi55j8gfX5AyAYm48=</latexit><latexit sha1_base64="heLLOp3lOm1h7mqdxFLRb6WFJWc=">AAACDnicbVDLTgJBEJzFF+IL9ehlIjHBC9k1JnoxIXrxiIk8EiBkduiFkZndzUwvgWz2F4wfY7yhV2+e/RuXx0HBOlVXVSfd5YZSGLTtbyuztr6xuZXdzu3s7u0f5A+PaiaINIcqD2SgGy4zIIUPVRQooRFqYMqVUHcHd1O/PgRtROA/4jiEtmI9X3iCM0ylTr5YVJ1YPCX0hjq0JTyPjuZzC2GEMVXCGOH3kvNOvmCX7BnoKnEWpEAWqHTyX61uwCMFPnLJjGk6dojtmGkUXEKSa0UGQsYHrAfN7lCExmcKTDsezZ5K6JkXaIp9oLP5dzxmypixctOMYtg3y95U/M9rRuhdt2PhhxGCz9NI6nmRpBjQaTe0KzRwlOOUMK5FeijlfaYZx7TBXNqAs/zvKqldlBy75DxcFsq3iy6y5ISckiJxyBUpk3tSIVXCyTN5JRPybr1Yb9bE+phHM9Zi55j8gfX5AyAYm48=</latexit>



What if we want a parametric 
model?



OT as an imputation criterion

S"

⇣ ���
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<latexit sha1_base64="uxG5FbYQr7oNWCXC3hI250OJZb4="></latexit><latexit sha1_base64="uxG5FbYQr7oNWCXC3hI250OJZb4="></latexit><latexit sha1_base64="uxG5FbYQr7oNWCXC3hI250OJZb4="></latexit>

Sinkhorn batch loss 

Imputer( · , ✓)
<latexit sha1_base64="kpjtpbxcp6pa2XlD77wYe0JtrTQ=">AAACIXicbVDLSgMxFM3UV62vUZdugkWoIGWmKApuim50V8E+oFNKJr1tQ5OZIckUy9CPET9GXFndiT9jpnZhW+/q5JwT7j3HjzhT2nG+rMzK6tr6RnYzt7W9s7tn7x/UVBhLClUa8lA2fKKAswCqmmkOjUgCET6Huj+4TfX6EKRiYfCoRxG0BOkFrMso0YZq29eeILovRXIvoliDHBe8vooIhaRYugAx9mgn1PPUGfZ0HzQ5bdt5p+hMBy8DdwbyaDaVtv3udUIaCwg05USpputEupUQqRnlMM55sQKzaEB60OwMWaQCIkC1kqdpzjE+6YYSm914+v5rT4hQaiR840nzqEUtJf/TmrHuXrUSFqThA2osRuvGHOsQp3XhDpNANR8ZQKhk5lBM+0QSarpSOdOAu5h3GdRKRdcpug/n+fLNrIssOkLHqIBcdInK6A5VUBVR9Ixe0QR9WC/WmzWxPn+tGWv25xDNjfX9A0fbpCc=</latexit><latexit sha1_base64="kpjtpbxcp6pa2XlD77wYe0JtrTQ=">AAACIXicbVDLSgMxFM3UV62vUZdugkWoIGWmKApuim50V8E+oFNKJr1tQ5OZIckUy9CPET9GXFndiT9jpnZhW+/q5JwT7j3HjzhT2nG+rMzK6tr6RnYzt7W9s7tn7x/UVBhLClUa8lA2fKKAswCqmmkOjUgCET6Huj+4TfX6EKRiYfCoRxG0BOkFrMso0YZq29eeILovRXIvoliDHBe8vooIhaRYugAx9mgn1PPUGfZ0HzQ5bdt5p+hMBy8DdwbyaDaVtv3udUIaCwg05USpputEupUQqRnlMM55sQKzaEB60OwMWaQCIkC1kqdpzjE+6YYSm914+v5rT4hQaiR840nzqEUtJf/TmrHuXrUSFqThA2osRuvGHOsQp3XhDpNANR8ZQKhk5lBM+0QSarpSOdOAu5h3GdRKRdcpug/n+fLNrIssOkLHqIBcdInK6A5VUBVR9Ixe0QR9WC/WmzWxPn+tGWv25xDNjfX9A0fbpCc=</latexit><latexit sha1_base64="kpjtpbxcp6pa2XlD77wYe0JtrTQ=">AAACIXicbVDLSgMxFM3UV62vUZdugkWoIGWmKApuim50V8E+oFNKJr1tQ5OZIckUy9CPET9GXFndiT9jpnZhW+/q5JwT7j3HjzhT2nG+rMzK6tr6RnYzt7W9s7tn7x/UVBhLClUa8lA2fKKAswCqmmkOjUgCET6Huj+4TfX6EKRiYfCoRxG0BOkFrMso0YZq29eeILovRXIvoliDHBe8vooIhaRYugAx9mgn1PPUGfZ0HzQ5bdt5p+hMBy8DdwbyaDaVtv3udUIaCwg05USpputEupUQqRnlMM55sQKzaEB60OwMWaQCIkC1kqdpzjE+6YYSm914+v5rT4hQaiR840nzqEUtJf/TmrHuXrUSFqThA2osRuvGHOsQp3XhDpNANR8ZQKhk5lBM+0QSarpSOdOAu5h3GdRKRdcpug/n+fLNrIssOkLHqIBcdInK6A5VUBVR9Ixe0QR9WC/WmzWxPn+tGWv25xDNjfX9A0fbpCc=</latexit>

+M�
<latexit sha1_base64="BjP+Jup28zz6roJ0qDm4uq7Dipc=">AAAB+HicbVDLSsNAFJ34rPUV69LNYBEEoSQi6LLoxo1QwT6gCWUyvWmHTjJhZlJaQ39F3FW3/ohr/8ZJzUJbz+rce86Fc0+QcKa043xZa+sbm1vbpZ3y7t7+waF9VGkpkUoKTSq4kJ2AKOAshqZmmkMnkUCigEM7GN3lensMUjERP+lpAn5EBjELGSXarHp25QJ7EdHDIMweZtgTfaF7dtWpOQvgVeIWpIoKNHr2p9cXNI0g1pQTpbquk2g/I1IzymFW9lIFCaEjMoBuf8wSFZMIlJ9NFvFn+CwUEush4MX8256RSKlpFBhPHlIta/nyP62b6vDGz1icpBpiaixGC1OOtcB5C7jPJFDNp4YQKpkJiumQSEK16apsGnCX/10lrcua69Tcx6tq/bboooRO0Ck6Ry66RnV0jxqoiSiaoBc0R2/Ws/Vqza33H+uaVdwcoz+wPr4BW6OS5w==</latexit><latexit sha1_base64="BjP+Jup28zz6roJ0qDm4uq7Dipc=">AAAB+HicbVDLSsNAFJ34rPUV69LNYBEEoSQi6LLoxo1QwT6gCWUyvWmHTjJhZlJaQ39F3FW3/ohr/8ZJzUJbz+rce86Fc0+QcKa043xZa+sbm1vbpZ3y7t7+waF9VGkpkUoKTSq4kJ2AKOAshqZmmkMnkUCigEM7GN3lensMUjERP+lpAn5EBjELGSXarHp25QJ7EdHDIMweZtgTfaF7dtWpOQvgVeIWpIoKNHr2p9cXNI0g1pQTpbquk2g/I1IzymFW9lIFCaEjMoBuf8wSFZMIlJ9NFvFn+CwUEush4MX8256RSKlpFBhPHlIta/nyP62b6vDGz1icpBpiaixGC1OOtcB5C7jPJFDNp4YQKpkJiumQSEK16apsGnCX/10lrcua69Tcx6tq/bboooRO0Ck6Ry66RnV0jxqoiSiaoBc0R2/Ws/Vqza33H+uaVdwcoz+wPr4BW6OS5w==</latexit><latexit sha1_base64="BjP+Jup28zz6roJ0qDm4uq7Dipc=">AAAB+HicbVDLSsNAFJ34rPUV69LNYBEEoSQi6LLoxo1QwT6gCWUyvWmHTjJhZlJaQ39F3FW3/ohr/8ZJzUJbz+rce86Fc0+QcKa043xZa+sbm1vbpZ3y7t7+waF9VGkpkUoKTSq4kJ2AKOAshqZmmkMnkUCigEM7GN3lensMUjERP+lpAn5EBjELGSXarHp25QJ7EdHDIMweZtgTfaF7dtWpOQvgVeIWpIoKNHr2p9cXNI0g1pQTpbquk2g/I1IzymFW9lIFCaEjMoBuf8wSFZMIlJ9NFvFn+CwUEush4MX8256RSKlpFBhPHlIta/nyP62b6vDGz1icpBpiaixGC1OOtcB5C7jPJFDNp4YQKpkJiumQSEK16apsGnCX/10lrcua69Tcx6tq/bboooRO0Ck6Ry66RnV0jxqoiSiaoBc0R2/Ws/Vqza33H+uaVdwcoz+wPr4BW6OS5w==</latexit>

(1�M)�
<latexit sha1_base64="P5+bILJz/a/IxwCSgd719CyJJ0I=">AAAB+3icbVDLSsNAFJ34rPUVFVduBotQF5ZEBF0W3bgRKtgHNKFMJpN26CQTZm6KJeRjxF1163e49m9Mahbaelbn3nMunHu8WHANlvVlrKyurW9sVraq2zu7e/vmwWFHy0RR1qZSSNXziGaCR6wNHATrxYqR0BOs643vCr07YUpzGT3BNGZuSIYRDzglkK8G5nHdvnBCAiMvSB+yc+xIX0J1YNashjUHXiZ2SWqoRGtgfjq+pEnIIqCCaN23rRjclCjgVLCs6iSaxYSOyZD1/QmPdURCpt30ef5Bhs8CqTCMGJ7Pv+0pCbWehl7uKWLqRa1Y/qf1Ewhu3JRHcQIsorkl14JEYJC4KAL7XDEKYpoTQhXPg2I6IopQyOsqGrAX/10mncuGbTXsx6ta87bsooJO0CmqIxtdoya6Ry3URhSl6AXN0JuRGa/GzHj/sa4Y5c0R+gPj4xuBFZNz</latexit><latexit sha1_base64="P5+bILJz/a/IxwCSgd719CyJJ0I=">AAAB+3icbVDLSsNAFJ34rPUVFVduBotQF5ZEBF0W3bgRKtgHNKFMJpN26CQTZm6KJeRjxF1163e49m9Mahbaelbn3nMunHu8WHANlvVlrKyurW9sVraq2zu7e/vmwWFHy0RR1qZSSNXziGaCR6wNHATrxYqR0BOs643vCr07YUpzGT3BNGZuSIYRDzglkK8G5nHdvnBCAiMvSB+yc+xIX0J1YNashjUHXiZ2SWqoRGtgfjq+pEnIIqCCaN23rRjclCjgVLCs6iSaxYSOyZD1/QmPdURCpt30ef5Bhs8CqTCMGJ7Pv+0pCbWehl7uKWLqRa1Y/qf1Ewhu3JRHcQIsorkl14JEYJC4KAL7XDEKYpoTQhXPg2I6IopQyOsqGrAX/10mncuGbTXsx6ta87bsooJO0CmqIxtdoya6Ry3URhSl6AXN0JuRGa/GzHj/sa4Y5c0R+gPj4xuBFZNz</latexit><latexit sha1_base64="P5+bILJz/a/IxwCSgd719CyJJ0I=">AAAB+3icbVDLSsNAFJ34rPUVFVduBotQF5ZEBF0W3bgRKtgHNKFMJpN26CQTZm6KJeRjxF1163e49m9Mahbaelbn3nMunHu8WHANlvVlrKyurW9sVraq2zu7e/vmwWFHy0RR1qZSSNXziGaCR6wNHATrxYqR0BOs643vCr07YUpzGT3BNGZuSIYRDzglkK8G5nHdvnBCAiMvSB+yc+xIX0J1YNashjUHXiZ2SWqoRGtgfjq+pEnIIqCCaN23rRjclCjgVLCs6iSaxYSOyZD1/QmPdURCpt30ef5Bhs8CqTCMGJ7Pv+0pCbWehl7uKWLqRa1Y/qf1Ewhu3JRHcQIsorkl14JEYJC4KAL7XDEKYpoTQhXPg2I6IopQyOsqGrAX/10mncuGbTXsx6ta87bsooJO0CmqIxtdoya6Ry3URhSl6AXN0JuRGa/GzHj/sa4Y5c0R+gPj4xuBFZNz</latexit>

X(imp)
<latexit sha1_base64="3RH1A9kxvAJloO6EcTEfdYU9Zro=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw0zYzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbqkwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm9xlentKpWJh8KjnEe0LPAqYzwjWZjWwyz2B9djzk076lFSZiC7SgV1xas4SaJ24OalAjsbA/uwNQxILGmjCsVJd14l0P8FSM8JpWurFikaYTPCIdodTFqkAC6r6yWwZP0XnfiiRHlO0nH/bEyyUmgvPeLKYalXLlv9p3Vj7N/2EBVGsaUCMxWh+zJEOUdYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28d95Ni</latexit><latexit sha1_base64="3RH1A9kxvAJloO6EcTEfdYU9Zro=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw0zYzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbqkwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm9xlentKpWJh8KjnEe0LPAqYzwjWZjWwyz2B9djzk076lFSZiC7SgV1xas4SaJ24OalAjsbA/uwNQxILGmjCsVJd14l0P8FSM8JpWurFikaYTPCIdodTFqkAC6r6yWwZP0XnfiiRHlO0nH/bEyyUmgvPeLKYalXLlv9p3Vj7N/2EBVGsaUCMxWh+zJEOUdYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28d95Ni</latexit><latexit sha1_base64="3RH1A9kxvAJloO6EcTEfdYU9Zro=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw0zYzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbqkwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm9xlentKpWJh8KjnEe0LPAqYzwjWZjWwyz2B9djzk076lFSZiC7SgV1xas4SaJ24OalAjsbA/uwNQxILGmjCsVJd14l0P8FSM8JpWurFikaYTPCIdodTFqkAC6r6yWwZP0XnfiiRHlO0nH/bEyyUmgvPeLKYalXLlv9p3Vj7N/2EBVGsaUCMxWh+zJEOUdYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28d95Ni</latexit>X(obs)

<latexit sha1_base64="7f5yZfIwz0bmstUMDqGLQFSgauE=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw7TQzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbikRS0KbRHAhOx5WlLOQNjXTnHYiSXHgcdr2JneZ3p5SqZgIH/U8ov0Aj0LmM4K1WQ3sci/Aeuz5SSd9SqrCUxfpwK44NWcJtE7cnFQgR2Ngf/aGgsQBDTXhWKmu60S6n2CpGeE0LfViRSNMJnhEu8Mpi1SIA6r6yWwZP0XnvpBIjylazr/tCQ6Umgee8WQx1aqWLf/TurH2b/oJC6NY05AYi9H8mCMtUNYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28a8pNg</latexit><latexit sha1_base64="7f5yZfIwz0bmstUMDqGLQFSgauE=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw7TQzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbikRS0KbRHAhOx5WlLOQNjXTnHYiSXHgcdr2JneZ3p5SqZgIH/U8ov0Aj0LmM4K1WQ3sci/Aeuz5SSd9SqrCUxfpwK44NWcJtE7cnFQgR2Ngf/aGgsQBDTXhWKmu60S6n2CpGeE0LfViRSNMJnhEu8Mpi1SIA6r6yWwZP0XnvpBIjylazr/tCQ6Umgee8WQx1aqWLf/TurH2b/oJC6NY05AYi9H8mCMtUNYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28a8pNg</latexit><latexit sha1_base64="7f5yZfIwz0bmstUMDqGLQFSgauE=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw7TQzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbikRS0KbRHAhOx5WlLOQNjXTnHYiSXHgcdr2JneZ3p5SqZgIH/U8ov0Aj0LmM4K1WQ3sci/Aeuz5SSd9SqrCUxfpwK44NWcJtE7cnFQgR2Ngf/aGgsQBDTXhWKmu60S6n2CpGeE0LfViRSNMJnhEu8Mpi1SIA6r6yWwZP0XnvpBIjylazr/tCQ6Umgee8WQx1aqWLf/TurH2b/oJC6NY05AYi9H8mCMtUNYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28a8pNg</latexit>

X(imp)
<latexit sha1_base64="3RH1A9kxvAJloO6EcTEfdYU9Zro=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw0zYzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbqkwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm9xlentKpWJh8KjnEe0LPAqYzwjWZjWwyz2B9djzk076lFSZiC7SgV1xas4SaJ24OalAjsbA/uwNQxILGmjCsVJd14l0P8FSM8JpWurFikaYTPCIdodTFqkAC6r6yWwZP0XnfiiRHlO0nH/bEyyUmgvPeLKYalXLlv9p3Vj7N/2EBVGsaUCMxWh+zJEOUdYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28d95Ni</latexit><latexit sha1_base64="3RH1A9kxvAJloO6EcTEfdYU9Zro=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw0zYzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbqkwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm9xlentKpWJh8KjnEe0LPAqYzwjWZjWwyz2B9djzk076lFSZiC7SgV1xas4SaJ24OalAjsbA/uwNQxILGmjCsVJd14l0P8FSM8JpWurFikaYTPCIdodTFqkAC6r6yWwZP0XnfiiRHlO0nH/bEyyUmgvPeLKYalXLlv9p3Vj7N/2EBVGsaUCMxWh+zJEOUdYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28d95Ni</latexit><latexit sha1_base64="3RH1A9kxvAJloO6EcTEfdYU9Zro=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw0zYzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbqkwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm9xlentKpWJh8KjnEe0LPAqYzwjWZjWwyz2B9djzk076lFSZiC7SgV1xas4SaJ24OalAjsbA/uwNQxILGmjCsVJd14l0P8FSM8JpWurFikaYTPCIdodTFqkAC6r6yWwZP0XnfiiRHlO0nH/bEyyUmgvPeLKYalXLlv9p3Vj7N/2EBVGsaUCMxWh+zJEOUdYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28d95Ni</latexit>

for t = 1, 2..., T
<latexit sha1_base64="QLAB3J5VfvCcCAbYNkuD24RIVHw=">AAACAnicbVDLSgNBEJz1GeNr1aMeBoPgISy7QdCLEPTiMUJekCxhdtKbDJl9MNMbEpZcxI8Rb9Gr/+DZv3ETc9DEOlV3VUN1ebEUGm37y1hb39jc2s7t5Hf39g8OzaPjuo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHiD+5neGILSIgqrOI7BDVgvFL7gDLNVxzxrI4zQ81M/UnRCkd5Sp0hLlmUVabVjFmzLnoOuEmdBCmSBSsf8bHcjngQQIpdM65Zjx+imTKHgEib5dqIhZnzAetDqDkWsQxaAdtPR/JEJvZilwD7Q+fzbnrJA63HgZZ6AYV8va7Plf1orQf/GTUUYJwghzyyZ5ieSYkRnfdCuUMBRjjPCuBJZUMr7TDGOWWv5rAFn+d9VUi9Zjm05j1eF8t2iixw5JefkkjjkmpTJA6mQGuHkibyQKXkzno1XY2q8/1jXjMXNCfkD4+MblL6U7Q==</latexit><latexit sha1_base64="QLAB3J5VfvCcCAbYNkuD24RIVHw=">AAACAnicbVDLSgNBEJz1GeNr1aMeBoPgISy7QdCLEPTiMUJekCxhdtKbDJl9MNMbEpZcxI8Rb9Gr/+DZv3ETc9DEOlV3VUN1ebEUGm37y1hb39jc2s7t5Hf39g8OzaPjuo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHiD+5neGILSIgqrOI7BDVgvFL7gDLNVxzxrI4zQ81M/UnRCkd5Sp0hLlmUVabVjFmzLnoOuEmdBCmSBSsf8bHcjngQQIpdM65Zjx+imTKHgEib5dqIhZnzAetDqDkWsQxaAdtPR/JEJvZilwD7Q+fzbnrJA63HgZZ6AYV8va7Plf1orQf/GTUUYJwghzyyZ5ieSYkRnfdCuUMBRjjPCuBJZUMr7TDGOWWv5rAFn+d9VUi9Zjm05j1eF8t2iixw5JefkkjjkmpTJA6mQGuHkibyQKXkzno1XY2q8/1jXjMXNCfkD4+MblL6U7Q==</latexit><latexit sha1_base64="QLAB3J5VfvCcCAbYNkuD24RIVHw=">AAACAnicbVDLSgNBEJz1GeNr1aMeBoPgISy7QdCLEPTiMUJekCxhdtKbDJl9MNMbEpZcxI8Rb9Gr/+DZv3ETc9DEOlV3VUN1ebEUGm37y1hb39jc2s7t5Hf39g8OzaPjuo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHiD+5neGILSIgqrOI7BDVgvFL7gDLNVxzxrI4zQ81M/UnRCkd5Sp0hLlmUVabVjFmzLnoOuEmdBCmSBSsf8bHcjngQQIpdM65Zjx+imTKHgEib5dqIhZnzAetDqDkWsQxaAdtPR/JEJvZilwD7Q+fzbnrJA63HgZZ6AYV8va7Plf1orQf/GTUUYJwghzyyZ5ieSYkRnfdCuUMBRjjPCuBJZUMr7TDGOWWv5rAFn+d9VUi9Zjm05j1eF8t2iixw5JefkkjjkmpTJA6mQGuHkibyQKXkzno1XY2q8/1jXjMXNCfkD4+MblL6U7Q==</latexit>

Batch X̂i1,...,iK
<latexit sha1_base64="XVbo7TI6XErkPxDVB3nugsW8kjA=">AAACFHicbVDLSsNAFJ34tr6iLt0MFsFFCYkIuhTdCG4q2Ac0JUymN2Zw8mDmprSE/IX4MeJO3eravzGtWWjrWZ17z7lw7vFTKTTa9pexsLi0vLK6tl7b2Nza3jF399o6yRSHFk9koro+0yBFDC0UKKGbKmCRL6HjP1xN9M4QlBZJfIfjFPoRu49FIDjDcuWZloswwvySIQ9pQd2QYe5GDEM/yLtF4eXCcxrUsqwGFd5N4Zl127KnoPPEqUidVGh65qc7SHgWQYxcMq17jp1iP2cKBZdQ1NxMQ8r4A7uH3mAoUh2zCHQ/H01fK+hRkCiKIdDp/Nues0jrceSXnklePatNlv9pvQyD834u4jRDiHlpKbUgkxQTOmmIDoQCjnJcEsaVKINSHjLFOJY91soGnNl/50n7xHJsy7k9rV9cVl2skQNySI6JQ87IBbkmTdIinDySZ/JK3own48V4Nd5/rAtGdbNP/sD4+AaegZ3e</latexit><latexit sha1_base64="XVbo7TI6XErkPxDVB3nugsW8kjA=">AAACFHicbVDLSsNAFJ34tr6iLt0MFsFFCYkIuhTdCG4q2Ac0JUymN2Zw8mDmprSE/IX4MeJO3eravzGtWWjrWZ17z7lw7vFTKTTa9pexsLi0vLK6tl7b2Nza3jF399o6yRSHFk9koro+0yBFDC0UKKGbKmCRL6HjP1xN9M4QlBZJfIfjFPoRu49FIDjDcuWZloswwvySIQ9pQd2QYe5GDEM/yLtF4eXCcxrUsqwGFd5N4Zl127KnoPPEqUidVGh65qc7SHgWQYxcMq17jp1iP2cKBZdQ1NxMQ8r4A7uH3mAoUh2zCHQ/H01fK+hRkCiKIdDp/Nues0jrceSXnklePatNlv9pvQyD834u4jRDiHlpKbUgkxQTOmmIDoQCjnJcEsaVKINSHjLFOJY91soGnNl/50n7xHJsy7k9rV9cVl2skQNySI6JQ87IBbkmTdIinDySZ/JK3own48V4Nd5/rAtGdbNP/sD4+AaegZ3e</latexit><latexit sha1_base64="XVbo7TI6XErkPxDVB3nugsW8kjA=">AAACFHicbVDLSsNAFJ34tr6iLt0MFsFFCYkIuhTdCG4q2Ac0JUymN2Zw8mDmprSE/IX4MeJO3eravzGtWWjrWZ17z7lw7vFTKTTa9pexsLi0vLK6tl7b2Nza3jF399o6yRSHFk9koro+0yBFDC0UKKGbKmCRL6HjP1xN9M4QlBZJfIfjFPoRu49FIDjDcuWZloswwvySIQ9pQd2QYe5GDEM/yLtF4eXCcxrUsqwGFd5N4Zl127KnoPPEqUidVGh65qc7SHgWQYxcMq17jp1iP2cKBZdQ1NxMQ8r4A7uH3mAoUh2zCHQ/H01fK+hRkCiKIdDp/Nues0jrceSXnklePatNlv9pvQyD834u4jRDiHlpKbUgkxQTOmmIDoQCjnJcEsaVKINSHjLFOJY91soGnNl/50n7xHJsy7k9rV9cVl2skQNySI6JQ87IBbkmTdIinDySZ/JK3own48V4Nd5/rAtGdbNP/sD4+AaegZ3e</latexit>

Batch X̂j1,...,jK
<latexit sha1_base64="r7RWL956I8s9PnUzSPMGd/E7jQk=">AAACFHicbVDLSsNAFJ34rPVVdelmsAguSkhE0KXUjeBGwWqhCWEyvWmmnTyYuSmWkL8QP0bcqVtd+zemNQtfZ3XuPefCucdPpdBoWR/G3PzC4tJybaW+ura+sdnY2r7RSaY4dHgiE9X1mQYpYuigQAndVAGLfAm3/uhsqt+OQWmRxNc4ScGN2CAWgeAMy5XXMB2EO8zbDHlIC+qEDHMnYhj6Qd4tCi8fenaLmqbZokPvovAaTcu0ZqB/iV2RJqlw6TXenX7Cswhi5JJp3bOtFN2cKRRcQlF3Mg0p4yM2gF5/LFIdswi0m9/NXivofpAoiiHQ2fzdnrNI60nkl55pXv1bmy7/03oZBiduLuI0Q4h5aSm1IJMUEzptiPaFAo5yUhLGlSiDUh4yxTiWPdbLBuzf//4lN4embZn21VHztF11USO7ZI8cEJsck1NyTi5Jh3ByTx7JM3kxHown49l4/bLOGdXNDvkB4+0ToZOd4A==</latexit><latexit sha1_base64="r7RWL956I8s9PnUzSPMGd/E7jQk=">AAACFHicbVDLSsNAFJ34rPVVdelmsAguSkhE0KXUjeBGwWqhCWEyvWmmnTyYuSmWkL8QP0bcqVtd+zemNQtfZ3XuPefCucdPpdBoWR/G3PzC4tJybaW+ura+sdnY2r7RSaY4dHgiE9X1mQYpYuigQAndVAGLfAm3/uhsqt+OQWmRxNc4ScGN2CAWgeAMy5XXMB2EO8zbDHlIC+qEDHMnYhj6Qd4tCi8fenaLmqbZokPvovAaTcu0ZqB/iV2RJqlw6TXenX7Cswhi5JJp3bOtFN2cKRRcQlF3Mg0p4yM2gF5/LFIdswi0m9/NXivofpAoiiHQ2fzdnrNI60nkl55pXv1bmy7/03oZBiduLuI0Q4h5aSm1IJMUEzptiPaFAo5yUhLGlSiDUh4yxTiWPdbLBuzf//4lN4embZn21VHztF11USO7ZI8cEJsck1NyTi5Jh3ByTx7JM3kxHown49l4/bLOGdXNDvkB4+0ToZOd4A==</latexit><latexit sha1_base64="r7RWL956I8s9PnUzSPMGd/E7jQk=">AAACFHicbVDLSsNAFJ34rPVVdelmsAguSkhE0KXUjeBGwWqhCWEyvWmmnTyYuSmWkL8QP0bcqVtd+zemNQtfZ3XuPefCucdPpdBoWR/G3PzC4tJybaW+ura+sdnY2r7RSaY4dHgiE9X1mQYpYuigQAndVAGLfAm3/uhsqt+OQWmRxNc4ScGN2CAWgeAMy5XXMB2EO8zbDHlIC+qEDHMnYhj6Qd4tCi8fenaLmqbZokPvovAaTcu0ZqB/iV2RJqlw6TXenX7Cswhi5JJp3bOtFN2cKRRcQlF3Mg0p4yM2gF5/LFIdswi0m9/NXivofpAoiiHQ2fzdnrNI60nkl55pXv1bmy7/03oZBiduLuI0Q4h5aSm1IJMUEzptiPaFAo5yUhLGlSiDUh4yxTiWPdbLBuzf//4lN4embZn21VHztF11USO7ZI8cEJsck1NyTi5Jh3ByTx7JM3kxHown49l4/bLOGdXNDvkB4+0ToZOd4A==</latexit>

✓  ✓ � ⌘r✓S"
<latexit sha1_base64="Cc3fp9/cukdK2/Pb3U2nVHM/uIk=">AAACI3icbVDLSgNBEJz1GeMr6tHLYBC8GHZF0IsQ9OJR0aiQDaF30psMmX0w0xsNS75G/BjxIKgXD/6Lk7gHX3WqrqqG7gpSJQ257rszNT0zOzdfWigvLi2vrFbW1q9MkmmBDZGoRN8EYFDJGBskSeFNqhGiQOF10D8Z+9cD1EYm8SUNU2xF0I1lKAWQldqVI596SMB9hSGB1sktL5Rd7k+MGAIF7fxLHfGLtj8AjamRarxfdWvuBPwv8QpSZQXO2pVnv5OILMKYhAJjmp6bUisHTVIoHJX9zGAKog9dbHYGMjUxRGha+d3k0xHfDhPN7SV8Mn+P5xAZM4wCm4mAeua3Nxb/85oZhYetXMZpRhgLG7FemClOCR8XxjtSoyA1tASElvZQLnqgQZCttWwb8H7/+5dc7dU8t+ad71frx0UXJbbJttgO89gBq7NTdsYaTLB79she2Kvz4Dw5L87bV3TKKXY22A84H5/h/KUS</latexit><latexit sha1_base64="Cc3fp9/cukdK2/Pb3U2nVHM/uIk=">AAACI3icbVDLSgNBEJz1GeMr6tHLYBC8GHZF0IsQ9OJR0aiQDaF30psMmX0w0xsNS75G/BjxIKgXD/6Lk7gHX3WqrqqG7gpSJQ257rszNT0zOzdfWigvLi2vrFbW1q9MkmmBDZGoRN8EYFDJGBskSeFNqhGiQOF10D8Z+9cD1EYm8SUNU2xF0I1lKAWQldqVI596SMB9hSGB1sktL5Rd7k+MGAIF7fxLHfGLtj8AjamRarxfdWvuBPwv8QpSZQXO2pVnv5OILMKYhAJjmp6bUisHTVIoHJX9zGAKog9dbHYGMjUxRGha+d3k0xHfDhPN7SV8Mn+P5xAZM4wCm4mAeua3Nxb/85oZhYetXMZpRhgLG7FemClOCR8XxjtSoyA1tASElvZQLnqgQZCttWwb8H7/+5dc7dU8t+ad71frx0UXJbbJttgO89gBq7NTdsYaTLB79she2Kvz4Dw5L87bV3TKKXY22A84H5/h/KUS</latexit><latexit sha1_base64="Cc3fp9/cukdK2/Pb3U2nVHM/uIk=">AAACI3icbVDLSgNBEJz1GeMr6tHLYBC8GHZF0IsQ9OJR0aiQDaF30psMmX0w0xsNS75G/BjxIKgXD/6Lk7gHX3WqrqqG7gpSJQ257rszNT0zOzdfWigvLi2vrFbW1q9MkmmBDZGoRN8EYFDJGBskSeFNqhGiQOF10D8Z+9cD1EYm8SUNU2xF0I1lKAWQldqVI596SMB9hSGB1sktL5Rd7k+MGAIF7fxLHfGLtj8AjamRarxfdWvuBPwv8QpSZQXO2pVnv5OILMKYhAJjmp6bUisHTVIoHJX9zGAKog9dbHYGMjUxRGha+d3k0xHfDhPN7SV8Mn+P5xAZM4wCm4mAeua3Nxb/85oZhYetXMZpRhgLG7FemClOCR8XxjtSoyA1tASElvZQLnqgQZCttWwb8H7/+5dc7dU8t+ad71frx0UXJbbJttgO89gBq7NTdsYaTLB79she2Kvz4Dw5L87bV3TKKXY22A84H5/h/KUS</latexit>

• We used OT to directly fit imputation values by gradient descent. 

We could use it to fit any parametric imputation model. e.g. linear model, MLP, …

Allows out-of-sample imputation



OT as an imputation criterion

S"

⇣ ���
⌘

<latexit sha1_base64="uxG5FbYQr7oNWCXC3hI250OJZb4="></latexit><latexit sha1_base64="uxG5FbYQr7oNWCXC3hI250OJZb4="></latexit><latexit sha1_base64="uxG5FbYQr7oNWCXC3hI250OJZb4="></latexit>

Sinkhorn batch loss 

Imputer( · , ✓)
<latexit sha1_base64="kpjtpbxcp6pa2XlD77wYe0JtrTQ=">AAACIXicbVDLSgMxFM3UV62vUZdugkWoIGWmKApuim50V8E+oFNKJr1tQ5OZIckUy9CPET9GXFndiT9jpnZhW+/q5JwT7j3HjzhT2nG+rMzK6tr6RnYzt7W9s7tn7x/UVBhLClUa8lA2fKKAswCqmmkOjUgCET6Huj+4TfX6EKRiYfCoRxG0BOkFrMso0YZq29eeILovRXIvoliDHBe8vooIhaRYugAx9mgn1PPUGfZ0HzQ5bdt5p+hMBy8DdwbyaDaVtv3udUIaCwg05USpputEupUQqRnlMM55sQKzaEB60OwMWaQCIkC1kqdpzjE+6YYSm914+v5rT4hQaiR840nzqEUtJf/TmrHuXrUSFqThA2osRuvGHOsQp3XhDpNANR8ZQKhk5lBM+0QSarpSOdOAu5h3GdRKRdcpug/n+fLNrIssOkLHqIBcdInK6A5VUBVR9Ixe0QR9WC/WmzWxPn+tGWv25xDNjfX9A0fbpCc=</latexit><latexit sha1_base64="kpjtpbxcp6pa2XlD77wYe0JtrTQ=">AAACIXicbVDLSgMxFM3UV62vUZdugkWoIGWmKApuim50V8E+oFNKJr1tQ5OZIckUy9CPET9GXFndiT9jpnZhW+/q5JwT7j3HjzhT2nG+rMzK6tr6RnYzt7W9s7tn7x/UVBhLClUa8lA2fKKAswCqmmkOjUgCET6Huj+4TfX6EKRiYfCoRxG0BOkFrMso0YZq29eeILovRXIvoliDHBe8vooIhaRYugAx9mgn1PPUGfZ0HzQ5bdt5p+hMBy8DdwbyaDaVtv3udUIaCwg05USpputEupUQqRnlMM55sQKzaEB60OwMWaQCIkC1kqdpzjE+6YYSm914+v5rT4hQaiR840nzqEUtJf/TmrHuXrUSFqThA2osRuvGHOsQp3XhDpNANR8ZQKhk5lBM+0QSarpSOdOAu5h3GdRKRdcpug/n+fLNrIssOkLHqIBcdInK6A5VUBVR9Ixe0QR9WC/WmzWxPn+tGWv25xDNjfX9A0fbpCc=</latexit><latexit sha1_base64="kpjtpbxcp6pa2XlD77wYe0JtrTQ=">AAACIXicbVDLSgMxFM3UV62vUZdugkWoIGWmKApuim50V8E+oFNKJr1tQ5OZIckUy9CPET9GXFndiT9jpnZhW+/q5JwT7j3HjzhT2nG+rMzK6tr6RnYzt7W9s7tn7x/UVBhLClUa8lA2fKKAswCqmmkOjUgCET6Huj+4TfX6EKRiYfCoRxG0BOkFrMso0YZq29eeILovRXIvoliDHBe8vooIhaRYugAx9mgn1PPUGfZ0HzQ5bdt5p+hMBy8DdwbyaDaVtv3udUIaCwg05USpputEupUQqRnlMM55sQKzaEB60OwMWaQCIkC1kqdpzjE+6YYSm914+v5rT4hQaiR840nzqEUtJf/TmrHuXrUSFqThA2osRuvGHOsQp3XhDpNANR8ZQKhk5lBM+0QSarpSOdOAu5h3GdRKRdcpug/n+fLNrIssOkLHqIBcdInK6A5VUBVR9Ixe0QR9WC/WmzWxPn+tGWv25xDNjfX9A0fbpCc=</latexit>

+M�
<latexit sha1_base64="BjP+Jup28zz6roJ0qDm4uq7Dipc=">AAAB+HicbVDLSsNAFJ34rPUV69LNYBEEoSQi6LLoxo1QwT6gCWUyvWmHTjJhZlJaQ39F3FW3/ohr/8ZJzUJbz+rce86Fc0+QcKa043xZa+sbm1vbpZ3y7t7+waF9VGkpkUoKTSq4kJ2AKOAshqZmmkMnkUCigEM7GN3lensMUjERP+lpAn5EBjELGSXarHp25QJ7EdHDIMweZtgTfaF7dtWpOQvgVeIWpIoKNHr2p9cXNI0g1pQTpbquk2g/I1IzymFW9lIFCaEjMoBuf8wSFZMIlJ9NFvFn+CwUEush4MX8256RSKlpFBhPHlIta/nyP62b6vDGz1icpBpiaixGC1OOtcB5C7jPJFDNp4YQKpkJiumQSEK16apsGnCX/10lrcua69Tcx6tq/bboooRO0Ck6Ry66RnV0jxqoiSiaoBc0R2/Ws/Vqza33H+uaVdwcoz+wPr4BW6OS5w==</latexit><latexit sha1_base64="BjP+Jup28zz6roJ0qDm4uq7Dipc=">AAAB+HicbVDLSsNAFJ34rPUV69LNYBEEoSQi6LLoxo1QwT6gCWUyvWmHTjJhZlJaQ39F3FW3/ohr/8ZJzUJbz+rce86Fc0+QcKa043xZa+sbm1vbpZ3y7t7+waF9VGkpkUoKTSq4kJ2AKOAshqZmmkMnkUCigEM7GN3lensMUjERP+lpAn5EBjELGSXarHp25QJ7EdHDIMweZtgTfaF7dtWpOQvgVeIWpIoKNHr2p9cXNI0g1pQTpbquk2g/I1IzymFW9lIFCaEjMoBuf8wSFZMIlJ9NFvFn+CwUEush4MX8256RSKlpFBhPHlIta/nyP62b6vDGz1icpBpiaixGC1OOtcB5C7jPJFDNp4YQKpkJiumQSEK16apsGnCX/10lrcua69Tcx6tq/bboooRO0Ck6Ry66RnV0jxqoiSiaoBc0R2/Ws/Vqza33H+uaVdwcoz+wPr4BW6OS5w==</latexit><latexit sha1_base64="BjP+Jup28zz6roJ0qDm4uq7Dipc=">AAAB+HicbVDLSsNAFJ34rPUV69LNYBEEoSQi6LLoxo1QwT6gCWUyvWmHTjJhZlJaQ39F3FW3/ohr/8ZJzUJbz+rce86Fc0+QcKa043xZa+sbm1vbpZ3y7t7+waF9VGkpkUoKTSq4kJ2AKOAshqZmmkMnkUCigEM7GN3lensMUjERP+lpAn5EBjELGSXarHp25QJ7EdHDIMweZtgTfaF7dtWpOQvgVeIWpIoKNHr2p9cXNI0g1pQTpbquk2g/I1IzymFW9lIFCaEjMoBuf8wSFZMIlJ9NFvFn+CwUEush4MX8256RSKlpFBhPHlIta/nyP62b6vDGz1icpBpiaixGC1OOtcB5C7jPJFDNp4YQKpkJiumQSEK16apsGnCX/10lrcua69Tcx6tq/bboooRO0Ck6Ry66RnV0jxqoiSiaoBc0R2/Ws/Vqza33H+uaVdwcoz+wPr4BW6OS5w==</latexit>

(1�M)�
<latexit sha1_base64="P5+bILJz/a/IxwCSgd719CyJJ0I=">AAAB+3icbVDLSsNAFJ34rPUVFVduBotQF5ZEBF0W3bgRKtgHNKFMJpN26CQTZm6KJeRjxF1163e49m9Mahbaelbn3nMunHu8WHANlvVlrKyurW9sVraq2zu7e/vmwWFHy0RR1qZSSNXziGaCR6wNHATrxYqR0BOs643vCr07YUpzGT3BNGZuSIYRDzglkK8G5nHdvnBCAiMvSB+yc+xIX0J1YNashjUHXiZ2SWqoRGtgfjq+pEnIIqCCaN23rRjclCjgVLCs6iSaxYSOyZD1/QmPdURCpt30ef5Bhs8CqTCMGJ7Pv+0pCbWehl7uKWLqRa1Y/qf1Ewhu3JRHcQIsorkl14JEYJC4KAL7XDEKYpoTQhXPg2I6IopQyOsqGrAX/10mncuGbTXsx6ta87bsooJO0CmqIxtdoya6Ry3URhSl6AXN0JuRGa/GzHj/sa4Y5c0R+gPj4xuBFZNz</latexit><latexit sha1_base64="P5+bILJz/a/IxwCSgd719CyJJ0I=">AAAB+3icbVDLSsNAFJ34rPUVFVduBotQF5ZEBF0W3bgRKtgHNKFMJpN26CQTZm6KJeRjxF1163e49m9Mahbaelbn3nMunHu8WHANlvVlrKyurW9sVraq2zu7e/vmwWFHy0RR1qZSSNXziGaCR6wNHATrxYqR0BOs643vCr07YUpzGT3BNGZuSIYRDzglkK8G5nHdvnBCAiMvSB+yc+xIX0J1YNashjUHXiZ2SWqoRGtgfjq+pEnIIqCCaN23rRjclCjgVLCs6iSaxYSOyZD1/QmPdURCpt30ef5Bhs8CqTCMGJ7Pv+0pCbWehl7uKWLqRa1Y/qf1Ewhu3JRHcQIsorkl14JEYJC4KAL7XDEKYpoTQhXPg2I6IopQyOsqGrAX/10mncuGbTXsx6ta87bsooJO0CmqIxtdoya6Ry3URhSl6AXN0JuRGa/GzHj/sa4Y5c0R+gPj4xuBFZNz</latexit><latexit sha1_base64="P5+bILJz/a/IxwCSgd719CyJJ0I=">AAAB+3icbVDLSsNAFJ34rPUVFVduBotQF5ZEBF0W3bgRKtgHNKFMJpN26CQTZm6KJeRjxF1163e49m9Mahbaelbn3nMunHu8WHANlvVlrKyurW9sVraq2zu7e/vmwWFHy0RR1qZSSNXziGaCR6wNHATrxYqR0BOs643vCr07YUpzGT3BNGZuSIYRDzglkK8G5nHdvnBCAiMvSB+yc+xIX0J1YNashjUHXiZ2SWqoRGtgfjq+pEnIIqCCaN23rRjclCjgVLCs6iSaxYSOyZD1/QmPdURCpt30ef5Bhs8CqTCMGJ7Pv+0pCbWehl7uKWLqRa1Y/qf1Ewhu3JRHcQIsorkl14JEYJC4KAL7XDEKYpoTQhXPg2I6IopQyOsqGrAX/10mncuGbTXsx6ta87bsooJO0CmqIxtdoya6Ry3URhSl6AXN0JuRGa/GzHj/sa4Y5c0R+gPj4xuBFZNz</latexit>

X(imp)
<latexit sha1_base64="3RH1A9kxvAJloO6EcTEfdYU9Zro=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw0zYzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbqkwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm9xlentKpWJh8KjnEe0LPAqYzwjWZjWwyz2B9djzk076lFSZiC7SgV1xas4SaJ24OalAjsbA/uwNQxILGmjCsVJd14l0P8FSM8JpWurFikaYTPCIdodTFqkAC6r6yWwZP0XnfiiRHlO0nH/bEyyUmgvPeLKYalXLlv9p3Vj7N/2EBVGsaUCMxWh+zJEOUdYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28d95Ni</latexit><latexit sha1_base64="3RH1A9kxvAJloO6EcTEfdYU9Zro=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw0zYzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbqkwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm9xlentKpWJh8KjnEe0LPAqYzwjWZjWwyz2B9djzk076lFSZiC7SgV1xas4SaJ24OalAjsbA/uwNQxILGmjCsVJd14l0P8FSM8JpWurFikaYTPCIdodTFqkAC6r6yWwZP0XnfiiRHlO0nH/bEyyUmgvPeLKYalXLlv9p3Vj7N/2EBVGsaUCMxWh+zJEOUdYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28d95Ni</latexit><latexit sha1_base64="3RH1A9kxvAJloO6EcTEfdYU9Zro=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw0zYzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbqkwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm9xlentKpWJh8KjnEe0LPAqYzwjWZjWwyz2B9djzk076lFSZiC7SgV1xas4SaJ24OalAjsbA/uwNQxILGmjCsVJd14l0P8FSM8JpWurFikaYTPCIdodTFqkAC6r6yWwZP0XnfiiRHlO0nH/bEyyUmgvPeLKYalXLlv9p3Vj7N/2EBVGsaUCMxWh+zJEOUdYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28d95Ni</latexit>X(obs)

<latexit sha1_base64="7f5yZfIwz0bmstUMDqGLQFSgauE=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw7TQzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbikRS0KbRHAhOx5WlLOQNjXTnHYiSXHgcdr2JneZ3p5SqZgIH/U8ov0Aj0LmM4K1WQ3sci/Aeuz5SSd9SqrCUxfpwK44NWcJtE7cnFQgR2Ngf/aGgsQBDTXhWKmu60S6n2CpGeE0LfViRSNMJnhEu8Mpi1SIA6r6yWwZP0XnvpBIjylazr/tCQ6Umgee8WQx1aqWLf/TurH2b/oJC6NY05AYi9H8mCMtUNYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28a8pNg</latexit><latexit sha1_base64="7f5yZfIwz0bmstUMDqGLQFSgauE=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw7TQzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbikRS0KbRHAhOx5WlLOQNjXTnHYiSXHgcdr2JneZ3p5SqZgIH/U8ov0Aj0LmM4K1WQ3sci/Aeuz5SSd9SqrCUxfpwK44NWcJtE7cnFQgR2Ngf/aGgsQBDTXhWKmu60S6n2CpGeE0LfViRSNMJnhEu8Mpi1SIA6r6yWwZP0XnvpBIjylazr/tCQ6Umgee8WQx1aqWLf/TurH2b/oJC6NY05AYi9H8mCMtUNYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28a8pNg</latexit><latexit sha1_base64="7f5yZfIwz0bmstUMDqGLQFSgauE=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw7TQzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbikRS0KbRHAhOx5WlLOQNjXTnHYiSXHgcdr2JneZ3p5SqZgIH/U8ov0Aj0LmM4K1WQ3sci/Aeuz5SSd9SqrCUxfpwK44NWcJtE7cnFQgR2Ngf/aGgsQBDTXhWKmu60S6n2CpGeE0LfViRSNMJnhEu8Mpi1SIA6r6yWwZP0XnvpBIjylazr/tCQ6Umgee8WQx1aqWLf/TurH2b/oJC6NY05AYi9H8mCMtUNYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28a8pNg</latexit>

X(imp)
<latexit sha1_base64="3RH1A9kxvAJloO6EcTEfdYU9Zro=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw0zYzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbqkwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm9xlentKpWJh8KjnEe0LPAqYzwjWZjWwyz2B9djzk076lFSZiC7SgV1xas4SaJ24OalAjsbA/uwNQxILGmjCsVJd14l0P8FSM8JpWurFikaYTPCIdodTFqkAC6r6yWwZP0XnfiiRHlO0nH/bEyyUmgvPeLKYalXLlv9p3Vj7N/2EBVGsaUCMxWh+zJEOUdYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28d95Ni</latexit><latexit sha1_base64="3RH1A9kxvAJloO6EcTEfdYU9Zro=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw0zYzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbqkwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm9xlentKpWJh8KjnEe0LPAqYzwjWZjWwyz2B9djzk076lFSZiC7SgV1xas4SaJ24OalAjsbA/uwNQxILGmjCsVJd14l0P8FSM8JpWurFikaYTPCIdodTFqkAC6r6yWwZP0XnfiiRHlO0nH/bEyyUmgvPeLKYalXLlv9p3Vj7N/2EBVGsaUCMxWh+zJEOUdYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28d95Ni</latexit><latexit sha1_base64="3RH1A9kxvAJloO6EcTEfdYU9Zro=">AAAB+HicbVDLTsJAFL3FF+Kr4tLNRGKCG9IaE10S3bjERB4JIJkOU5gw0zYzUwI2/RXjDt36I679G6fYhYJnde495ybnHi/iTGnH+bIKG5tb2zvF3dLe/sHhkX1cbqkwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm9xlentKpWJh8KjnEe0LPAqYzwjWZjWwyz2B9djzk076lFSZiC7SgV1xas4SaJ24OalAjsbA/uwNQxILGmjCsVJd14l0P8FSM8JpWurFikaYTPCIdodTFqkAC6r6yWwZP0XnfiiRHlO0nH/bEyyUmgvPeLKYalXLlv9p3Vj7N/2EBVGsaUCMxWh+zJEOUdYCGjJJieZzQzCRzARFZIwlJtp0VTINuKv/rpPWZc11au7DVaV+m3dRhFM4gyq4cA11uIcGNIHADF5gAW/Ws/VqLaz3H2vBym9O4A+sj28d95Ni</latexit>

for t = 1, 2..., T
<latexit sha1_base64="QLAB3J5VfvCcCAbYNkuD24RIVHw=">AAACAnicbVDLSgNBEJz1GeNr1aMeBoPgISy7QdCLEPTiMUJekCxhdtKbDJl9MNMbEpZcxI8Rb9Gr/+DZv3ETc9DEOlV3VUN1ebEUGm37y1hb39jc2s7t5Hf39g8OzaPjuo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHiD+5neGILSIgqrOI7BDVgvFL7gDLNVxzxrI4zQ81M/UnRCkd5Sp0hLlmUVabVjFmzLnoOuEmdBCmSBSsf8bHcjngQQIpdM65Zjx+imTKHgEib5dqIhZnzAetDqDkWsQxaAdtPR/JEJvZilwD7Q+fzbnrJA63HgZZ6AYV8va7Plf1orQf/GTUUYJwghzyyZ5ieSYkRnfdCuUMBRjjPCuBJZUMr7TDGOWWv5rAFn+d9VUi9Zjm05j1eF8t2iixw5JefkkjjkmpTJA6mQGuHkibyQKXkzno1XY2q8/1jXjMXNCfkD4+MblL6U7Q==</latexit><latexit sha1_base64="QLAB3J5VfvCcCAbYNkuD24RIVHw=">AAACAnicbVDLSgNBEJz1GeNr1aMeBoPgISy7QdCLEPTiMUJekCxhdtKbDJl9MNMbEpZcxI8Rb9Gr/+DZv3ETc9DEOlV3VUN1ebEUGm37y1hb39jc2s7t5Hf39g8OzaPjuo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHiD+5neGILSIgqrOI7BDVgvFL7gDLNVxzxrI4zQ81M/UnRCkd5Sp0hLlmUVabVjFmzLnoOuEmdBCmSBSsf8bHcjngQQIpdM65Zjx+imTKHgEib5dqIhZnzAetDqDkWsQxaAdtPR/JEJvZilwD7Q+fzbnrJA63HgZZ6AYV8va7Plf1orQf/GTUUYJwghzyyZ5ieSYkRnfdCuUMBRjjPCuBJZUMr7TDGOWWv5rAFn+d9VUi9Zjm05j1eF8t2iixw5JefkkjjkmpTJA6mQGuHkibyQKXkzno1XY2q8/1jXjMXNCfkD4+MblL6U7Q==</latexit><latexit sha1_base64="QLAB3J5VfvCcCAbYNkuD24RIVHw=">AAACAnicbVDLSgNBEJz1GeNr1aMeBoPgISy7QdCLEPTiMUJekCxhdtKbDJl9MNMbEpZcxI8Rb9Gr/+DZv3ETc9DEOlV3VUN1ebEUGm37y1hb39jc2s7t5Hf39g8OzaPjuo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHiD+5neGILSIgqrOI7BDVgvFL7gDLNVxzxrI4zQ81M/UnRCkd5Sp0hLlmUVabVjFmzLnoOuEmdBCmSBSsf8bHcjngQQIpdM65Zjx+imTKHgEib5dqIhZnzAetDqDkWsQxaAdtPR/JEJvZilwD7Q+fzbnrJA63HgZZ6AYV8va7Plf1orQf/GTUUYJwghzyyZ5ieSYkRnfdCuUMBRjjPCuBJZUMr7TDGOWWv5rAFn+d9VUi9Zjm05j1eF8t2iixw5JefkkjjkmpTJA6mQGuHkibyQKXkzno1XY2q8/1jXjMXNCfkD4+MblL6U7Q==</latexit>

Batch X̂i1,...,iK
<latexit sha1_base64="XVbo7TI6XErkPxDVB3nugsW8kjA=">AAACFHicbVDLSsNAFJ34tr6iLt0MFsFFCYkIuhTdCG4q2Ac0JUymN2Zw8mDmprSE/IX4MeJO3eravzGtWWjrWZ17z7lw7vFTKTTa9pexsLi0vLK6tl7b2Nza3jF399o6yRSHFk9koro+0yBFDC0UKKGbKmCRL6HjP1xN9M4QlBZJfIfjFPoRu49FIDjDcuWZloswwvySIQ9pQd2QYe5GDEM/yLtF4eXCcxrUsqwGFd5N4Zl127KnoPPEqUidVGh65qc7SHgWQYxcMq17jp1iP2cKBZdQ1NxMQ8r4A7uH3mAoUh2zCHQ/H01fK+hRkCiKIdDp/Nues0jrceSXnklePatNlv9pvQyD834u4jRDiHlpKbUgkxQTOmmIDoQCjnJcEsaVKINSHjLFOJY91soGnNl/50n7xHJsy7k9rV9cVl2skQNySI6JQ87IBbkmTdIinDySZ/JK3own48V4Nd5/rAtGdbNP/sD4+AaegZ3e</latexit><latexit sha1_base64="XVbo7TI6XErkPxDVB3nugsW8kjA=">AAACFHicbVDLSsNAFJ34tr6iLt0MFsFFCYkIuhTdCG4q2Ac0JUymN2Zw8mDmprSE/IX4MeJO3eravzGtWWjrWZ17z7lw7vFTKTTa9pexsLi0vLK6tl7b2Nza3jF399o6yRSHFk9koro+0yBFDC0UKKGbKmCRL6HjP1xN9M4QlBZJfIfjFPoRu49FIDjDcuWZloswwvySIQ9pQd2QYe5GDEM/yLtF4eXCcxrUsqwGFd5N4Zl127KnoPPEqUidVGh65qc7SHgWQYxcMq17jp1iP2cKBZdQ1NxMQ8r4A7uH3mAoUh2zCHQ/H01fK+hRkCiKIdDp/Nues0jrceSXnklePatNlv9pvQyD834u4jRDiHlpKbUgkxQTOmmIDoQCjnJcEsaVKINSHjLFOJY91soGnNl/50n7xHJsy7k9rV9cVl2skQNySI6JQ87IBbkmTdIinDySZ/JK3own48V4Nd5/rAtGdbNP/sD4+AaegZ3e</latexit><latexit sha1_base64="XVbo7TI6XErkPxDVB3nugsW8kjA=">AAACFHicbVDLSsNAFJ34tr6iLt0MFsFFCYkIuhTdCG4q2Ac0JUymN2Zw8mDmprSE/IX4MeJO3eravzGtWWjrWZ17z7lw7vFTKTTa9pexsLi0vLK6tl7b2Nza3jF399o6yRSHFk9koro+0yBFDC0UKKGbKmCRL6HjP1xN9M4QlBZJfIfjFPoRu49FIDjDcuWZloswwvySIQ9pQd2QYe5GDEM/yLtF4eXCcxrUsqwGFd5N4Zl127KnoPPEqUidVGh65qc7SHgWQYxcMq17jp1iP2cKBZdQ1NxMQ8r4A7uH3mAoUh2zCHQ/H01fK+hRkCiKIdDp/Nues0jrceSXnklePatNlv9pvQyD834u4jRDiHlpKbUgkxQTOmmIDoQCjnJcEsaVKINSHjLFOJY91soGnNl/50n7xHJsy7k9rV9cVl2skQNySI6JQ87IBbkmTdIinDySZ/JK3own48V4Nd5/rAtGdbNP/sD4+AaegZ3e</latexit>

Batch X̂j1,...,jK
<latexit sha1_base64="r7RWL956I8s9PnUzSPMGd/E7jQk=">AAACFHicbVDLSsNAFJ34rPVVdelmsAguSkhE0KXUjeBGwWqhCWEyvWmmnTyYuSmWkL8QP0bcqVtd+zemNQtfZ3XuPefCucdPpdBoWR/G3PzC4tJybaW+ura+sdnY2r7RSaY4dHgiE9X1mQYpYuigQAndVAGLfAm3/uhsqt+OQWmRxNc4ScGN2CAWgeAMy5XXMB2EO8zbDHlIC+qEDHMnYhj6Qd4tCi8fenaLmqbZokPvovAaTcu0ZqB/iV2RJqlw6TXenX7Cswhi5JJp3bOtFN2cKRRcQlF3Mg0p4yM2gF5/LFIdswi0m9/NXivofpAoiiHQ2fzdnrNI60nkl55pXv1bmy7/03oZBiduLuI0Q4h5aSm1IJMUEzptiPaFAo5yUhLGlSiDUh4yxTiWPdbLBuzf//4lN4embZn21VHztF11USO7ZI8cEJsck1NyTi5Jh3ByTx7JM3kxHown49l4/bLOGdXNDvkB4+0ToZOd4A==</latexit><latexit sha1_base64="r7RWL956I8s9PnUzSPMGd/E7jQk=">AAACFHicbVDLSsNAFJ34rPVVdelmsAguSkhE0KXUjeBGwWqhCWEyvWmmnTyYuSmWkL8QP0bcqVtd+zemNQtfZ3XuPefCucdPpdBoWR/G3PzC4tJybaW+ura+sdnY2r7RSaY4dHgiE9X1mQYpYuigQAndVAGLfAm3/uhsqt+OQWmRxNc4ScGN2CAWgeAMy5XXMB2EO8zbDHlIC+qEDHMnYhj6Qd4tCi8fenaLmqbZokPvovAaTcu0ZqB/iV2RJqlw6TXenX7Cswhi5JJp3bOtFN2cKRRcQlF3Mg0p4yM2gF5/LFIdswi0m9/NXivofpAoiiHQ2fzdnrNI60nkl55pXv1bmy7/03oZBiduLuI0Q4h5aSm1IJMUEzptiPaFAo5yUhLGlSiDUh4yxTiWPdbLBuzf//4lN4embZn21VHztF11USO7ZI8cEJsck1NyTi5Jh3ByTx7JM3kxHown49l4/bLOGdXNDvkB4+0ToZOd4A==</latexit><latexit sha1_base64="r7RWL956I8s9PnUzSPMGd/E7jQk=">AAACFHicbVDLSsNAFJ34rPVVdelmsAguSkhE0KXUjeBGwWqhCWEyvWmmnTyYuSmWkL8QP0bcqVtd+zemNQtfZ3XuPefCucdPpdBoWR/G3PzC4tJybaW+ura+sdnY2r7RSaY4dHgiE9X1mQYpYuigQAndVAGLfAm3/uhsqt+OQWmRxNc4ScGN2CAWgeAMy5XXMB2EO8zbDHlIC+qEDHMnYhj6Qd4tCi8fenaLmqbZokPvovAaTcu0ZqB/iV2RJqlw6TXenX7Cswhi5JJp3bOtFN2cKRRcQlF3Mg0p4yM2gF5/LFIdswi0m9/NXivofpAoiiHQ2fzdnrNI60nkl55pXv1bmy7/03oZBiduLuI0Q4h5aSm1IJMUEzptiPaFAo5yUhLGlSiDUh4yxTiWPdbLBuzf//4lN4embZn21VHztF11USO7ZI8cEJsck1NyTi5Jh3ByTx7JM3kxHown49l4/bLOGdXNDvkB4+0ToZOd4A==</latexit>

✓  ✓ � ⌘r✓S"
<latexit sha1_base64="Cc3fp9/cukdK2/Pb3U2nVHM/uIk=">AAACI3icbVDLSgNBEJz1GeMr6tHLYBC8GHZF0IsQ9OJR0aiQDaF30psMmX0w0xsNS75G/BjxIKgXD/6Lk7gHX3WqrqqG7gpSJQ257rszNT0zOzdfWigvLi2vrFbW1q9MkmmBDZGoRN8EYFDJGBskSeFNqhGiQOF10D8Z+9cD1EYm8SUNU2xF0I1lKAWQldqVI596SMB9hSGB1sktL5Rd7k+MGAIF7fxLHfGLtj8AjamRarxfdWvuBPwv8QpSZQXO2pVnv5OILMKYhAJjmp6bUisHTVIoHJX9zGAKog9dbHYGMjUxRGha+d3k0xHfDhPN7SV8Mn+P5xAZM4wCm4mAeua3Nxb/85oZhYetXMZpRhgLG7FemClOCR8XxjtSoyA1tASElvZQLnqgQZCttWwb8H7/+5dc7dU8t+ad71frx0UXJbbJttgO89gBq7NTdsYaTLB79she2Kvz4Dw5L87bV3TKKXY22A84H5/h/KUS</latexit><latexit sha1_base64="Cc3fp9/cukdK2/Pb3U2nVHM/uIk=">AAACI3icbVDLSgNBEJz1GeMr6tHLYBC8GHZF0IsQ9OJR0aiQDaF30psMmX0w0xsNS75G/BjxIKgXD/6Lk7gHX3WqrqqG7gpSJQ257rszNT0zOzdfWigvLi2vrFbW1q9MkmmBDZGoRN8EYFDJGBskSeFNqhGiQOF10D8Z+9cD1EYm8SUNU2xF0I1lKAWQldqVI596SMB9hSGB1sktL5Rd7k+MGAIF7fxLHfGLtj8AjamRarxfdWvuBPwv8QpSZQXO2pVnv5OILMKYhAJjmp6bUisHTVIoHJX9zGAKog9dbHYGMjUxRGha+d3k0xHfDhPN7SV8Mn+P5xAZM4wCm4mAeua3Nxb/85oZhYetXMZpRhgLG7FemClOCR8XxjtSoyA1tASElvZQLnqgQZCttWwb8H7/+5dc7dU8t+ad71frx0UXJbbJttgO89gBq7NTdsYaTLB79she2Kvz4Dw5L87bV3TKKXY22A84H5/h/KUS</latexit><latexit sha1_base64="Cc3fp9/cukdK2/Pb3U2nVHM/uIk=">AAACI3icbVDLSgNBEJz1GeMr6tHLYBC8GHZF0IsQ9OJR0aiQDaF30psMmX0w0xsNS75G/BjxIKgXD/6Lk7gHX3WqrqqG7gpSJQ257rszNT0zOzdfWigvLi2vrFbW1q9MkmmBDZGoRN8EYFDJGBskSeFNqhGiQOF10D8Z+9cD1EYm8SUNU2xF0I1lKAWQldqVI596SMB9hSGB1sktL5Rd7k+MGAIF7fxLHfGLtj8AjamRarxfdWvuBPwv8QpSZQXO2pVnv5OILMKYhAJjmp6bUisHTVIoHJX9zGAKog9dbHYGMjUxRGha+d3k0xHfDhPN7SV8Mn+P5xAZM4wCm4mAeua3Nxb/85oZhYetXMZpRhgLG7FemClOCR8XxjtSoyA1tASElvZQLnqgQZCttWwb8H7/+5dc7dU8t+ad71frx0UXJbbJttgO89gBq7NTdsYaTLB79she2Kvz4Dw5L87bV3TKKXY22A84H5/h/KUS</latexit>

How to implement in practice?

• We used OT to directly fit imputation values by gradient descent. 

We could use it to fit any parametric imputation model. e.g. linear model, MLP, …

Allows out-of-sample imputation



Round-robin imputation

Imputer( · , ✓j)
<latexit sha1_base64="bcoocRabIg6+FjAKbfe+t2t4Jv4=">AAACIHicbVDLTgJBEJzFF+IL9ehlIzHBxJBdotF4InrRGybySFhCZocGRmZ2NzO9BLLhX4wfY7yhR/0aB+QgaJ9qqmrSXeVHgmt0nE8rtbK6tr6R3sxsbe/s7mX3D6o6jBWDCgtFqOo+1SB4ABXkKKAeKaDSF1Dz+7dTvTYApXkYPOIogqak3YB3OKNoqFb22kMYYnIvoxhBjfNeT0eUQVIoXoAce6wd4iJ15mEPkLaeTlvZnFNwZmP/Be4c5Mh8yq3sxGuHLJYQIBNU64brRNhMqELOBIwzXqzBbOrTLjTaAx7pgErQzWQ4izm2Tzqhss12e/b+bU+o1HokfeORFHt6WZuS/2mNGDtXzYQH0/QBMxajdWJhY2hP27LbXAFDMTKAMsXNoTbrUUWZKUtnTAPuct6/oFosuE7BfTjPlW7mXaTJETkmeeKSS1Iid6RMKoSRZ/JKJuTderHerIn18WNNWfM/h2RhrK9v5XWkAg==</latexit><latexit sha1_base64="bcoocRabIg6+FjAKbfe+t2t4Jv4=">AAACIHicbVDLTgJBEJzFF+IL9ehlIzHBxJBdotF4InrRGybySFhCZocGRmZ2NzO9BLLhX4wfY7yhR/0aB+QgaJ9qqmrSXeVHgmt0nE8rtbK6tr6R3sxsbe/s7mX3D6o6jBWDCgtFqOo+1SB4ABXkKKAeKaDSF1Dz+7dTvTYApXkYPOIogqak3YB3OKNoqFb22kMYYnIvoxhBjfNeT0eUQVIoXoAce6wd4iJ15mEPkLaeTlvZnFNwZmP/Be4c5Mh8yq3sxGuHLJYQIBNU64brRNhMqELOBIwzXqzBbOrTLjTaAx7pgErQzWQ4izm2Tzqhss12e/b+bU+o1HokfeORFHt6WZuS/2mNGDtXzYQH0/QBMxajdWJhY2hP27LbXAFDMTKAMsXNoTbrUUWZKUtnTAPuct6/oFosuE7BfTjPlW7mXaTJETkmeeKSS1Iid6RMKoSRZ/JKJuTderHerIn18WNNWfM/h2RhrK9v5XWkAg==</latexit><latexit sha1_base64="bcoocRabIg6+FjAKbfe+t2t4Jv4=">AAACIHicbVDLTgJBEJzFF+IL9ehlIzHBxJBdotF4InrRGybySFhCZocGRmZ2NzO9BLLhX4wfY7yhR/0aB+QgaJ9qqmrSXeVHgmt0nE8rtbK6tr6R3sxsbe/s7mX3D6o6jBWDCgtFqOo+1SB4ABXkKKAeKaDSF1Dz+7dTvTYApXkYPOIogqak3YB3OKNoqFb22kMYYnIvoxhBjfNeT0eUQVIoXoAce6wd4iJ15mEPkLaeTlvZnFNwZmP/Be4c5Mh8yq3sxGuHLJYQIBNU64brRNhMqELOBIwzXqzBbOrTLjTaAx7pgErQzWQ4izm2Tzqhss12e/b+bU+o1HokfeORFHt6WZuS/2mNGDtXzYQH0/QBMxajdWJhY2hP27LbXAFDMTKAMsXNoTbrUUWZKUtnTAPuct6/oFosuE7BfTjPlW7mXaTJETkmeeKSS1Iid6RMKoSRZ/JKJuTderHerIn18WNNWfM/h2RhrK9v5XWkAg==</latexit>

XT
:j

<latexit sha1_base64="uuvsUHBCEiv37LinVAYWbmqNdyI=">AAAB93icbVC7TsNAEFyHVwgvB0qaExESVWQjJBBVBA1lkPKSEmOdL+fkyPmhu3PAsvwpiC7Q8iXU/A3nkAISpprdmZVmx4s5k8qyvozS2vrG5lZ5u7Kzu7d/YFYPOzJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTW4LvTulQrIobKk0pk6ARyHzGcFKr1yzOgiwGnt+1svd7Poxf2i5Zs2qW3OgVWIvSA0WaLrm52AYkSSgoSIcS9m3rVg5GRaKEU7zyiCRNMZkgke0P5yyWIY4oNLJnufpc3TqRwKpMUXz+bc9w4GUaeBpT5FSLmvF8j+tnyj/yslYGCeKhkRbtOYnHKkIFSWgIROUKJ5qgolgOigiYywwUbqqim7AXv53lXTO67ZVt+8vao2bRRdlOIYTOAMbLqEBd9CENhB4gheYwZuRGq/GzHj/sZaMxc0R/IHx8Q2SWZMY</latexit><latexit sha1_base64="uuvsUHBCEiv37LinVAYWbmqNdyI=">AAAB93icbVC7TsNAEFyHVwgvB0qaExESVWQjJBBVBA1lkPKSEmOdL+fkyPmhu3PAsvwpiC7Q8iXU/A3nkAISpprdmZVmx4s5k8qyvozS2vrG5lZ5u7Kzu7d/YFYPOzJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTW4LvTulQrIobKk0pk6ARyHzGcFKr1yzOgiwGnt+1svd7Poxf2i5Zs2qW3OgVWIvSA0WaLrm52AYkSSgoSIcS9m3rVg5GRaKEU7zyiCRNMZkgke0P5yyWIY4oNLJnufpc3TqRwKpMUXz+bc9w4GUaeBpT5FSLmvF8j+tnyj/yslYGCeKhkRbtOYnHKkIFSWgIROUKJ5qgolgOigiYywwUbqqim7AXv53lXTO67ZVt+8vao2bRRdlOIYTOAMbLqEBd9CENhB4gheYwZuRGq/GzHj/sZaMxc0R/IHx8Q2SWZMY</latexit><latexit sha1_base64="uuvsUHBCEiv37LinVAYWbmqNdyI=">AAAB93icbVC7TsNAEFyHVwgvB0qaExESVWQjJBBVBA1lkPKSEmOdL+fkyPmhu3PAsvwpiC7Q8iXU/A3nkAISpprdmZVmx4s5k8qyvozS2vrG5lZ5u7Kzu7d/YFYPOzJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTW4LvTulQrIobKk0pk6ARyHzGcFKr1yzOgiwGnt+1svd7Poxf2i5Zs2qW3OgVWIvSA0WaLrm52AYkSSgoSIcS9m3rVg5GRaKEU7zyiCRNMZkgke0P5yyWIY4oNLJnufpc3TqRwKpMUXz+bc9w4GUaeBpT5FSLmvF8j+tnyj/yslYGCeKhkRbtOYnHKkIFSWgIROUKJ5qgolgOigiYywwUbqqim7AXv53lXTO67ZVt+8vao2bRRdlOIYTOAMbLqEBd9CENhB4gheYwZuRGq/GzHj/sZaMxc0R/IHx8Q2SWZMY</latexit>

XT
:d

<latexit sha1_base64="1KWnFm6JAPoNbpRKX+NNQMQueuA=">AAAB93icbVC7TsNAEDzzDOHlQElzIkKiimyEBKKKoKEMUl5SYqzzeZ2ccn7o7hyILH8Kogu0fAk1f8M5uICEqWZ3ZqXZ8RLOpLKsL2NtfWNza7uyU93d2z84NGtHXRmngkKHxjwWfY9I4CyCjmKKQz8RQEKPQ8+b3BV6bwpCsjhqq1kCTkhGEQsYJUqvXLM2DIkae0HWz93sxs8f265ZtxrWAniV2CWpoxIt1/wc+jFNQ4gU5UTKgW0lysmIUIxyyKvDVEJC6ISMYOBPWSIjEoJ0sudF+hyfBbHAagx4Mf+2ZySUchZ62lOklMtasfxPG6QquHYyFiWpgohqi9aClGMV46IE7DMBVPGZJoQKpoNiOiaCUKWrquoG7OV/V0n3omFbDfvhst68LbuooBN0is6Rja5QE92jFuogip7QC5qjN2NmvBpz4/3HumaUN8foD4yPb4lBkxI=</latexit><latexit sha1_base64="1KWnFm6JAPoNbpRKX+NNQMQueuA=">AAAB93icbVC7TsNAEDzzDOHlQElzIkKiimyEBKKKoKEMUl5SYqzzeZ2ccn7o7hyILH8Kogu0fAk1f8M5uICEqWZ3ZqXZ8RLOpLKsL2NtfWNza7uyU93d2z84NGtHXRmngkKHxjwWfY9I4CyCjmKKQz8RQEKPQ8+b3BV6bwpCsjhqq1kCTkhGEQsYJUqvXLM2DIkae0HWz93sxs8f265ZtxrWAniV2CWpoxIt1/wc+jFNQ4gU5UTKgW0lysmIUIxyyKvDVEJC6ISMYOBPWSIjEoJ0sudF+hyfBbHAagx4Mf+2ZySUchZ62lOklMtasfxPG6QquHYyFiWpgohqi9aClGMV46IE7DMBVPGZJoQKpoNiOiaCUKWrquoG7OV/V0n3omFbDfvhst68LbuooBN0is6Rja5QE92jFuogip7QC5qjN2NmvBpz4/3HumaUN8foD4yPb4lBkxI=</latexit><latexit sha1_base64="1KWnFm6JAPoNbpRKX+NNQMQueuA=">AAAB93icbVC7TsNAEDzzDOHlQElzIkKiimyEBKKKoKEMUl5SYqzzeZ2ccn7o7hyILH8Kogu0fAk1f8M5uICEqWZ3ZqXZ8RLOpLKsL2NtfWNza7uyU93d2z84NGtHXRmngkKHxjwWfY9I4CyCjmKKQz8RQEKPQ8+b3BV6bwpCsjhqq1kCTkhGEQsYJUqvXLM2DIkae0HWz93sxs8f265ZtxrWAniV2CWpoxIt1/wc+jFNQ4gU5UTKgW0lysmIUIxyyKvDVEJC6ISMYOBPWSIjEoJ0sudF+hyfBbHAagx4Mf+2ZySUchZ62lOklMtasfxPG6QquHYyFiWpgohqi9aClGMV46IE7DMBVPGZJoQKpoNiOiaCUKWrquoG7OV/V0n3omFbDfvhst68LbuooBN0is6Rja5QE92jFuogip7QC5qjN2NmvBpz4/3HumaUN8foD4yPb4lBkxI=</latexit>

XT
:1

<latexit sha1_base64="fLvx18mqQAQlaT5jNMAodJwN4oU=">AAAB93icbVC7TsNAEDzzDOHlQElzIkKiimyEBKKKoKEMUl5SYqzzZZ2ccn7o7hywLH8Kogu0fAk1f8M5uICEqWZ3ZqXZ8WLOpLKsL2NtfWNza7uyU93d2z84NGtHXRklgkKHRjwSfY9I4CyEjmKKQz8WQAKPQ8+b3hV6bwZCsihsqzQGJyDjkPmMEqVXrlkbBkRNPD/r5252Y+ePbdesWw1rAbxK7JLUUYmWa34ORxFNAggV5UTKgW3FysmIUIxyyKvDREJM6JSMYTCasViGJADpZM+L9Dk+8yOB1QTwYv5tz0ggZRp42lOklMtasfxPGyTKv3YyFsaJgpBqi9b8hGMV4aIEPGICqOKpJoQKpoNiOiGCUKWrquoG7OV/V0n3omFbDfvhst68LbuooBN0is6Rja5QE92jFuogip7QC5qjNyM1Xo258f5jXTPKm2P0B8bHNzv1kt8=</latexit><latexit sha1_base64="fLvx18mqQAQlaT5jNMAodJwN4oU=">AAAB93icbVC7TsNAEDzzDOHlQElzIkKiimyEBKKKoKEMUl5SYqzzZZ2ccn7o7hywLH8Kogu0fAk1f8M5uICEqWZ3ZqXZ8WLOpLKsL2NtfWNza7uyU93d2z84NGtHXRklgkKHRjwSfY9I4CyEjmKKQz8WQAKPQ8+b3hV6bwZCsihsqzQGJyDjkPmMEqVXrlkbBkRNPD/r5252Y+ePbdesWw1rAbxK7JLUUYmWa34ORxFNAggV5UTKgW3FysmIUIxyyKvDREJM6JSMYTCasViGJADpZM+L9Dk+8yOB1QTwYv5tz0ggZRp42lOklMtasfxPGyTKv3YyFsaJgpBqi9b8hGMV4aIEPGICqOKpJoQKpoNiOiGCUKWrquoG7OV/V0n3omFbDfvhst68LbuooBN0is6Rja5QE92jFuogip7QC5qjNyM1Xo258f5jXTPKm2P0B8bHNzv1kt8=</latexit><latexit sha1_base64="fLvx18mqQAQlaT5jNMAodJwN4oU=">AAAB93icbVC7TsNAEDzzDOHlQElzIkKiimyEBKKKoKEMUl5SYqzzZZ2ccn7o7hywLH8Kogu0fAk1f8M5uICEqWZ3ZqXZ8WLOpLKsL2NtfWNza7uyU93d2z84NGtHXRklgkKHRjwSfY9I4CyEjmKKQz8WQAKPQ8+b3hV6bwZCsihsqzQGJyDjkPmMEqVXrlkbBkRNPD/r5252Y+ePbdesWw1rAbxK7JLUUYmWa34ORxFNAggV5UTKgW3FysmIUIxyyKvDREJM6JSMYTCasViGJADpZM+L9Dk+8yOB1QTwYv5tz0ggZRp42lOklMtasfxPGyTKv3YyFsaJgpBqi9b8hGMV4aIEPGICqOKpJoQKpoNiOiGCUKWrquoG7OV/V0n3omFbDfvhst68LbuooBN0is6Rja5QE92jFuogip7QC5qjNyM1Xo258f5jXTPKm2P0B8bHNzv1kt8=</latexit>

XT
:2

<latexit sha1_base64="DXPZIW7yDs93NeXapkvDOXormUY=">AAAB93icbVC7TsNAEFyHVwgvB0qaExESVWRHSCCqCBrKIOUlJcY6X87JKeeH7s6ByPKnILpAy5dQ8zecgwtImGp2Z1aaHS/mTCrL+jJKG5tb2zvl3cre/sHhkVk97sooEYR2SMQj0fewpJyFtKOY4rQfC4oDj9OeN73L9d6MCsmisK3mMXUCPA6ZzwhWeuWa1WGA1cTz037mpjeN7LHtmjWrbi2B1oldkBoUaLnm53AUkSSgoSIcSzmwrVg5KRaKEU6zyjCRNMZkisd0MJqxWIY4oNJJn5fpM3TuRwKpCUXL+bc9xYGU88DTnjylXNXy5X/aIFH+tZOyME4UDYm2aM1POFIRyktAIyYoUXyuCSaC6aCITLDAROmqKroBe/XfddJt1G2rbj9c1pq3RRdlOIUzuAAbrqAJ99CCDhB4ghdYwJsxN16NhfH+Yy0Zxc0J/IHx8Q09eZLg</latexit><latexit sha1_base64="DXPZIW7yDs93NeXapkvDOXormUY=">AAAB93icbVC7TsNAEFyHVwgvB0qaExESVWRHSCCqCBrKIOUlJcY6X87JKeeH7s6ByPKnILpAy5dQ8zecgwtImGp2Z1aaHS/mTCrL+jJKG5tb2zvl3cre/sHhkVk97sooEYR2SMQj0fewpJyFtKOY4rQfC4oDj9OeN73L9d6MCsmisK3mMXUCPA6ZzwhWeuWa1WGA1cTz037mpjeN7LHtmjWrbi2B1oldkBoUaLnm53AUkSSgoSIcSzmwrVg5KRaKEU6zyjCRNMZkisd0MJqxWIY4oNJJn5fpM3TuRwKpCUXL+bc9xYGU88DTnjylXNXy5X/aIFH+tZOyME4UDYm2aM1POFIRyktAIyYoUXyuCSaC6aCITLDAROmqKroBe/XfddJt1G2rbj9c1pq3RRdlOIUzuAAbrqAJ99CCDhB4ghdYwJsxN16NhfH+Yy0Zxc0J/IHx8Q09eZLg</latexit><latexit sha1_base64="DXPZIW7yDs93NeXapkvDOXormUY=">AAAB93icbVC7TsNAEFyHVwgvB0qaExESVWRHSCCqCBrKIOUlJcY6X87JKeeH7s6ByPKnILpAy5dQ8zecgwtImGp2Z1aaHS/mTCrL+jJKG5tb2zvl3cre/sHhkVk97sooEYR2SMQj0fewpJyFtKOY4rQfC4oDj9OeN73L9d6MCsmisK3mMXUCPA6ZzwhWeuWa1WGA1cTz037mpjeN7LHtmjWrbi2B1oldkBoUaLnm53AUkSSgoSIcSzmwrVg5KRaKEU6zyjCRNMZkisd0MJqxWIY4oNJJn5fpM3TuRwKpCUXL+bc9xYGU88DTnjylXNXy5X/aIFH+tZOyME4UDYm2aM1POFIRyktAIyYoUXyuCSaC6aCITLDAROmqKroBe/XfddJt1G2rbj9c1pq3RRdlOIUzuAAbrqAJ99CCDhB4ghdYwJsxN16NhfH+Yy0Zxc0J/IHx8Q09eZLg</latexit>

…

…

X(imp)
:j

<latexit sha1_base64="RNqN4xa15k1ESHhyJcKQIiY6mdw=">AAAB/XicbVC7TsMwFHXKq5RXgIGBxaJCKkuVICQQUwULY5HoQ2pD5LhOa2onlu1UVFHExyC2wspnMPM3OCUDFM507j3nSueeQDCqtON8WqWl5ZXVtfJ6ZWNza3vH3t1rqziRmLRwzGLZDZAijEakpalmpCskQTxgpBOMr3O9MyFS0Ti601NBPI6GEQ0pRtqsfPugz5EeBWHazfz08iG7T2uUi5PMt6tO3ZkD/iVuQaqgQNO3P/qDGCecRBozpFTPdYT2UiQ1xYxklX6iiEB4jIakN5hQoSLEifLSx/kPGTwOYwn1iMD5/NOeIq7UlAfGk2dVi1q+/E/rJTq88FIaiUSTCBuL0cKEQR3DvAo4oJJgzaaGICypCQrxCEmEtSmsYhpwF//9S9qnddepu7dn1cZV0UUZHIIjUAMuOAcNcAOaoAUwyMAzmIFX68l6sWbW27e1ZBU3++AXrPcv+paVjw==</latexit><latexit sha1_base64="RNqN4xa15k1ESHhyJcKQIiY6mdw=">AAAB/XicbVC7TsMwFHXKq5RXgIGBxaJCKkuVICQQUwULY5HoQ2pD5LhOa2onlu1UVFHExyC2wspnMPM3OCUDFM507j3nSueeQDCqtON8WqWl5ZXVtfJ6ZWNza3vH3t1rqziRmLRwzGLZDZAijEakpalmpCskQTxgpBOMr3O9MyFS0Ti601NBPI6GEQ0pRtqsfPugz5EeBWHazfz08iG7T2uUi5PMt6tO3ZkD/iVuQaqgQNO3P/qDGCecRBozpFTPdYT2UiQ1xYxklX6iiEB4jIakN5hQoSLEifLSx/kPGTwOYwn1iMD5/NOeIq7UlAfGk2dVi1q+/E/rJTq88FIaiUSTCBuL0cKEQR3DvAo4oJJgzaaGICypCQrxCEmEtSmsYhpwF//9S9qnddepu7dn1cZV0UUZHIIjUAMuOAcNcAOaoAUwyMAzmIFX68l6sWbW27e1ZBU3++AXrPcv+paVjw==</latexit><latexit sha1_base64="RNqN4xa15k1ESHhyJcKQIiY6mdw=">AAAB/XicbVC7TsMwFHXKq5RXgIGBxaJCKkuVICQQUwULY5HoQ2pD5LhOa2onlu1UVFHExyC2wspnMPM3OCUDFM507j3nSueeQDCqtON8WqWl5ZXVtfJ6ZWNza3vH3t1rqziRmLRwzGLZDZAijEakpalmpCskQTxgpBOMr3O9MyFS0Ti601NBPI6GEQ0pRtqsfPugz5EeBWHazfz08iG7T2uUi5PMt6tO3ZkD/iVuQaqgQNO3P/qDGCecRBozpFTPdYT2UiQ1xYxklX6iiEB4jIakN5hQoSLEifLSx/kPGTwOYwn1iMD5/NOeIq7UlAfGk2dVi1q+/E/rJTq88FIaiUSTCBuL0cKEQR3DvAo4oJJgzaaGICypCQrxCEmEtSmsYhpwF//9S9qnddepu7dn1cZV0UUZHIIjUAMuOAcNcAOaoAUwyMAzmIFX68l6sWbW27e1ZBU3++AXrPcv+paVjw==</latexit> Imputer( · , ✓j+1)
<latexit sha1_base64="aOg8yxh3dXhf7JsKp/QONvYOJi8=">AAACJHicbVBNS8NAFNzU7/pV9eglWARFKUlR9CSiF70pWCs0IWy2r+3a3STsvpSWkH8j/hgRPKgHL/4Wt7UHq85pdmaW996EieAaHefDKkxNz8zOzS8UF5eWV1ZLa+u3Ok4VgxqLRazuQqpB8AhqyFHAXaKAylBAPeyeD/16D5TmcXSDgwR8SdsRb3FG0UhB6cRD6GN2KZMUQeU7XkcnlEFWqR6CzD3WjHFS2vewA0iD7H7PzXeDUtmpOCPYf4k7JmUyxlVQevGaMUslRMgE1brhOgn6GVXImYC86KUazLQubUOj2eOJjqgE7Wf90am5vd2KlW02sEfvn/GMSq0HMjQZSbGjf3tD8T+vkWLr2M94NGwgYiZivFYqbIztYWN2kytgKAaGUKa4WdRmHaooM4XpomnA/X3vX3JbrbhOxb0+KJ+ejbuYJ5tki+wQlxyRU3JBrkiNMPJAnsgrebMerWfr1Xr/jhas8Z8NMgHr8wvV76V+</latexit><latexit sha1_base64="aOg8yxh3dXhf7JsKp/QONvYOJi8=">AAACJHicbVBNS8NAFNzU7/pV9eglWARFKUlR9CSiF70pWCs0IWy2r+3a3STsvpSWkH8j/hgRPKgHL/4Wt7UHq85pdmaW996EieAaHefDKkxNz8zOzS8UF5eWV1ZLa+u3Ok4VgxqLRazuQqpB8AhqyFHAXaKAylBAPeyeD/16D5TmcXSDgwR8SdsRb3FG0UhB6cRD6GN2KZMUQeU7XkcnlEFWqR6CzD3WjHFS2vewA0iD7H7PzXeDUtmpOCPYf4k7JmUyxlVQevGaMUslRMgE1brhOgn6GVXImYC86KUazLQubUOj2eOJjqgE7Wf90am5vd2KlW02sEfvn/GMSq0HMjQZSbGjf3tD8T+vkWLr2M94NGwgYiZivFYqbIztYWN2kytgKAaGUKa4WdRmHaooM4XpomnA/X3vX3JbrbhOxb0+KJ+ejbuYJ5tki+wQlxyRU3JBrkiNMPJAnsgrebMerWfr1Xr/jhas8Z8NMgHr8wvV76V+</latexit><latexit sha1_base64="aOg8yxh3dXhf7JsKp/QONvYOJi8=">AAACJHicbVBNS8NAFNzU7/pV9eglWARFKUlR9CSiF70pWCs0IWy2r+3a3STsvpSWkH8j/hgRPKgHL/4Wt7UHq85pdmaW996EieAaHefDKkxNz8zOzS8UF5eWV1ZLa+u3Ok4VgxqLRazuQqpB8AhqyFHAXaKAylBAPeyeD/16D5TmcXSDgwR8SdsRb3FG0UhB6cRD6GN2KZMUQeU7XkcnlEFWqR6CzD3WjHFS2vewA0iD7H7PzXeDUtmpOCPYf4k7JmUyxlVQevGaMUslRMgE1brhOgn6GVXImYC86KUazLQubUOj2eOJjqgE7Wf90am5vd2KlW02sEfvn/GMSq0HMjQZSbGjf3tD8T+vkWLr2M94NGwgYiZivFYqbIztYWN2kytgKAaGUKa4WdRmHaooM4XpomnA/X3vX3JbrbhOxb0+KJ+ejbuYJ5tki+wQlxyRU3JBrkiNMPJAnsgrebMerWfr1Xr/jhas8Z8NMgHr8wvV76V+</latexit>

XT
:d

<latexit sha1_base64="1KWnFm6JAPoNbpRKX+NNQMQueuA=">AAAB93icbVC7TsNAEDzzDOHlQElzIkKiimyEBKKKoKEMUl5SYqzzeZ2ccn7o7hyILH8Kogu0fAk1f8M5uICEqWZ3ZqXZ8RLOpLKsL2NtfWNza7uyU93d2z84NGtHXRmngkKHxjwWfY9I4CyCjmKKQz8RQEKPQ8+b3BV6bwpCsjhqq1kCTkhGEQsYJUqvXLM2DIkae0HWz93sxs8f265ZtxrWAniV2CWpoxIt1/wc+jFNQ4gU5UTKgW0lysmIUIxyyKvDVEJC6ISMYOBPWSIjEoJ0sudF+hyfBbHAagx4Mf+2ZySUchZ62lOklMtasfxPG6QquHYyFiWpgohqi9aClGMV46IE7DMBVPGZJoQKpoNiOiaCUKWrquoG7OV/V0n3omFbDfvhst68LbuooBN0is6Rja5QE92jFuogip7QC5qjN2NmvBpz4/3HumaUN8foD4yPb4lBkxI=</latexit><latexit sha1_base64="1KWnFm6JAPoNbpRKX+NNQMQueuA=">AAAB93icbVC7TsNAEDzzDOHlQElzIkKiimyEBKKKoKEMUl5SYqzzeZ2ccn7o7hyILH8Kogu0fAk1f8M5uICEqWZ3ZqXZ8RLOpLKsL2NtfWNza7uyU93d2z84NGtHXRmngkKHxjwWfY9I4CyCjmKKQz8RQEKPQ8+b3BV6bwpCsjhqq1kCTkhGEQsYJUqvXLM2DIkae0HWz93sxs8f265ZtxrWAniV2CWpoxIt1/wc+jFNQ4gU5UTKgW0lysmIUIxyyKvDVEJC6ISMYOBPWSIjEoJ0sudF+hyfBbHAagx4Mf+2ZySUchZ62lOklMtasfxPG6QquHYyFiWpgohqi9aClGMV46IE7DMBVPGZJoQKpoNiOiaCUKWrquoG7OV/V0n3omFbDfvhst68LbuooBN0is6Rja5QE92jFuogip7QC5qjN2NmvBpz4/3HumaUN8foD4yPb4lBkxI=</latexit><latexit sha1_base64="1KWnFm6JAPoNbpRKX+NNQMQueuA=">AAAB93icbVC7TsNAEDzzDOHlQElzIkKiimyEBKKKoKEMUl5SYqzzeZ2ccn7o7hyILH8Kogu0fAk1f8M5uICEqWZ3ZqXZ8RLOpLKsL2NtfWNza7uyU93d2z84NGtHXRmngkKHxjwWfY9I4CyCjmKKQz8RQEKPQ8+b3BV6bwpCsjhqq1kCTkhGEQsYJUqvXLM2DIkae0HWz93sxs8f265ZtxrWAniV2CWpoxIt1/wc+jFNQ4gU5UTKgW0lysmIUIxyyKvDVEJC6ISMYOBPWSIjEoJ0sudF+hyfBbHAagx4Mf+2ZySUchZ62lOklMtasfxPG6QquHYyFiWpgohqi9aClGMV46IE7DMBVPGZJoQKpoNiOiaCUKWrquoG7OV/V0n3omFbDfvhst68LbuooBN0is6Rja5QE92jFuogip7QC5qjN2NmvBpz4/3HumaUN8foD4yPb4lBkxI=</latexit>

XT
:1

<latexit sha1_base64="fLvx18mqQAQlaT5jNMAodJwN4oU=">AAAB93icbVC7TsNAEDzzDOHlQElzIkKiimyEBKKKoKEMUl5SYqzzZZ2ccn7o7hywLH8Kogu0fAk1f8M5uICEqWZ3ZqXZ8WLOpLKsL2NtfWNza7uyU93d2z84NGtHXRklgkKHRjwSfY9I4CyEjmKKQz8WQAKPQ8+b3hV6bwZCsihsqzQGJyDjkPmMEqVXrlkbBkRNPD/r5252Y+ePbdesWw1rAbxK7JLUUYmWa34ORxFNAggV5UTKgW3FysmIUIxyyKvDREJM6JSMYTCasViGJADpZM+L9Dk+8yOB1QTwYv5tz0ggZRp42lOklMtasfxPGyTKv3YyFsaJgpBqi9b8hGMV4aIEPGICqOKpJoQKpoNiOiGCUKWrquoG7OV/V0n3omFbDfvhst68LbuooBN0is6Rja5QE92jFuogip7QC5qjNyM1Xo258f5jXTPKm2P0B8bHNzv1kt8=</latexit><latexit sha1_base64="fLvx18mqQAQlaT5jNMAodJwN4oU=">AAAB93icbVC7TsNAEDzzDOHlQElzIkKiimyEBKKKoKEMUl5SYqzzZZ2ccn7o7hywLH8Kogu0fAk1f8M5uICEqWZ3ZqXZ8WLOpLKsL2NtfWNza7uyU93d2z84NGtHXRklgkKHRjwSfY9I4CyEjmKKQz8WQAKPQ8+b3hV6bwZCsihsqzQGJyDjkPmMEqVXrlkbBkRNPD/r5252Y+ePbdesWw1rAbxK7JLUUYmWa34ORxFNAggV5UTKgW3FysmIUIxyyKvDREJM6JSMYTCasViGJADpZM+L9Dk+8yOB1QTwYv5tz0ggZRp42lOklMtasfxPGyTKv3YyFsaJgpBqi9b8hGMV4aIEPGICqOKpJoQKpoNiOiGCUKWrquoG7OV/V0n3omFbDfvhst68LbuooBN0is6Rja5QE92jFuogip7QC5qjNyM1Xo258f5jXTPKm2P0B8bHNzv1kt8=</latexit><latexit sha1_base64="fLvx18mqQAQlaT5jNMAodJwN4oU=">AAAB93icbVC7TsNAEDzzDOHlQElzIkKiimyEBKKKoKEMUl5SYqzzZZ2ccn7o7hywLH8Kogu0fAk1f8M5uICEqWZ3ZqXZ8WLOpLKsL2NtfWNza7uyU93d2z84NGtHXRklgkKHRjwSfY9I4CyEjmKKQz8WQAKPQ8+b3hV6bwZCsihsqzQGJyDjkPmMEqVXrlkbBkRNPD/r5252Y+ePbdesWw1rAbxK7JLUUYmWa34ORxFNAggV5UTKgW3FysmIUIxyyKvDREJM6JSMYTCasViGJADpZM+L9Dk+8yOB1QTwYv5tz0ggZRp42lOklMtasfxPGyTKv3YyFsaJgpBqi9b8hGMV4aIEPGICqOKpJoQKpoNiOiGCUKWrquoG7OV/V0n3omFbDfvhst68LbuooBN0is6Rja5QE92jFuogip7QC5qjNyM1Xo258f5jXTPKm2P0B8bHNzv1kt8=</latexit>

XT
:2

<latexit sha1_base64="DXPZIW7yDs93NeXapkvDOXormUY=">AAAB93icbVC7TsNAEFyHVwgvB0qaExESVWRHSCCqCBrKIOUlJcY6X87JKeeH7s6ByPKnILpAy5dQ8zecgwtImGp2Z1aaHS/mTCrL+jJKG5tb2zvl3cre/sHhkVk97sooEYR2SMQj0fewpJyFtKOY4rQfC4oDj9OeN73L9d6MCsmisK3mMXUCPA6ZzwhWeuWa1WGA1cTz037mpjeN7LHtmjWrbi2B1oldkBoUaLnm53AUkSSgoSIcSzmwrVg5KRaKEU6zyjCRNMZkisd0MJqxWIY4oNJJn5fpM3TuRwKpCUXL+bc9xYGU88DTnjylXNXy5X/aIFH+tZOyME4UDYm2aM1POFIRyktAIyYoUXyuCSaC6aCITLDAROmqKroBe/XfddJt1G2rbj9c1pq3RRdlOIUzuAAbrqAJ99CCDhB4ghdYwJsxN16NhfH+Yy0Zxc0J/IHx8Q09eZLg</latexit><latexit sha1_base64="DXPZIW7yDs93NeXapkvDOXormUY=">AAAB93icbVC7TsNAEFyHVwgvB0qaExESVWRHSCCqCBrKIOUlJcY6X87JKeeH7s6ByPKnILpAy5dQ8zecgwtImGp2Z1aaHS/mTCrL+jJKG5tb2zvl3cre/sHhkVk97sooEYR2SMQj0fewpJyFtKOY4rQfC4oDj9OeN73L9d6MCsmisK3mMXUCPA6ZzwhWeuWa1WGA1cTz037mpjeN7LHtmjWrbi2B1oldkBoUaLnm53AUkSSgoSIcSzmwrVg5KRaKEU6zyjCRNMZkisd0MJqxWIY4oNJJn5fpM3TuRwKpCUXL+bc9xYGU88DTnjylXNXy5X/aIFH+tZOyME4UDYm2aM1POFIRyktAIyYoUXyuCSaC6aCITLDAROmqKroBe/XfddJt1G2rbj9c1pq3RRdlOIUzuAAbrqAJ99CCDhB4ghdYwJsxN16NhfH+Yy0Zxc0J/IHx8Q09eZLg</latexit><latexit sha1_base64="DXPZIW7yDs93NeXapkvDOXormUY=">AAAB93icbVC7TsNAEFyHVwgvB0qaExESVWRHSCCqCBrKIOUlJcY6X87JKeeH7s6ByPKnILpAy5dQ8zecgwtImGp2Z1aaHS/mTCrL+jJKG5tb2zvl3cre/sHhkVk97sooEYR2SMQj0fewpJyFtKOY4rQfC4oDj9OeN73L9d6MCsmisK3mMXUCPA6ZzwhWeuWa1WGA1cTz037mpjeN7LHtmjWrbi2B1oldkBoUaLnm53AUkSSgoSIcSzmwrVg5KRaKEU6zyjCRNMZkisd0MJqxWIY4oNJJn5fpM3TuRwKpCUXL+bc9xYGU88DTnjylXNXy5X/aIFH+tZOyME4UDYm2aM1POFIRyktAIyYoUXyuCSaC6aCITLDAROmqKroBe/XfddJt1G2rbj9c1pq3RRdlOIUzuAAbrqAJ99CCDhB4ghdYwJsxN16NhfH+Yy0Zxc0J/IHx8Q09eZLg</latexit>

…

…
(1�M)�XT (obs)

:j +M�XT (imp)
:j

<latexit sha1_base64="VpRrAOY6en0+wDe2ic1Ze3QQ9bc="></latexit><latexit sha1_base64="VpRrAOY6en0+wDe2ic1Ze3QQ9bc="></latexit><latexit sha1_base64="VpRrAOY6en0+wDe2ic1Ze3QQ9bc="></latexit>

X(imp)
:j+1

<latexit sha1_base64="S9GWsRRM1lJlvuIgPQ533+41A+s=">AAAB/3icbVDLSsNAFJ34rPUVdSVuBotQEUoiguKq6MZlBfuANpbJdNKOnUmGmUmxhCB+jLirbv0K1/6Nk5qFtp7VufecC+ceXzCqtON8WQuLS8srq4W14vrG5ta2vbPbUFEsManjiEWy5SNFGA1JXVPNSEtIgrjPSNMfXmd6c0SkolF4p8eCeBz1QxpQjLRZde39Dkd64AdJK+0mlw8nbnqflCkXx2nXLjkVZwo4T9yclECOWtf+7PQiHHMSasyQUm3XEdpLkNQUM5IWO7EiAuEh6pN2b0SFChEnyksep1+k8CiIJNQDAqfzb3uCuFJj7htPllbNatnyP60d6+DCS2goYk1CbCxGC2IGdQSzMmCPSoI1GxuCsKQmKMQDJBHWprKiacCd/XeeNE4rrlNxb89K1au8iwI4AIegDFxwDqrgBtRAHWDwBF7ABLxZz9arNbHef6wLVn6zB/7A+vgG3fqV/w==</latexit><latexit sha1_base64="S9GWsRRM1lJlvuIgPQ533+41A+s=">AAAB/3icbVDLSsNAFJ34rPUVdSVuBotQEUoiguKq6MZlBfuANpbJdNKOnUmGmUmxhCB+jLirbv0K1/6Nk5qFtp7VufecC+ceXzCqtON8WQuLS8srq4W14vrG5ta2vbPbUFEsManjiEWy5SNFGA1JXVPNSEtIgrjPSNMfXmd6c0SkolF4p8eCeBz1QxpQjLRZde39Dkd64AdJK+0mlw8nbnqflCkXx2nXLjkVZwo4T9yclECOWtf+7PQiHHMSasyQUm3XEdpLkNQUM5IWO7EiAuEh6pN2b0SFChEnyksep1+k8CiIJNQDAqfzb3uCuFJj7htPllbNatnyP60d6+DCS2goYk1CbCxGC2IGdQSzMmCPSoI1GxuCsKQmKMQDJBHWprKiacCd/XeeNE4rrlNxb89K1au8iwI4AIegDFxwDqrgBtRAHWDwBF7ABLxZz9arNbHef6wLVn6zB/7A+vgG3fqV/w==</latexit><latexit sha1_base64="S9GWsRRM1lJlvuIgPQ533+41A+s=">AAAB/3icbVDLSsNAFJ34rPUVdSVuBotQEUoiguKq6MZlBfuANpbJdNKOnUmGmUmxhCB+jLirbv0K1/6Nk5qFtp7VufecC+ceXzCqtON8WQuLS8srq4W14vrG5ta2vbPbUFEsManjiEWy5SNFGA1JXVPNSEtIgrjPSNMfXmd6c0SkolF4p8eCeBz1QxpQjLRZde39Dkd64AdJK+0mlw8nbnqflCkXx2nXLjkVZwo4T9yclECOWtf+7PQiHHMSasyQUm3XEdpLkNQUM5IWO7EiAuEh6pN2b0SFChEnyksep1+k8CiIJNQDAqfzb3uCuFJj7htPllbNatnyP60d6+DCS2goYk1CbCxGC2IGdQSzMmCPSoI1GxuCsKQmKMQDJBHWprKiacCd/XeeNE4rrlNxb89K1au8iwI4AIegDFxwDqrgBtRAHWDwBF7ABLxZz9arNbHef6wLVn6zB/7A+vgG3fqV/w==</latexit>

X(imp)
:j�1

<latexit sha1_base64="Ekw9zdQoD4TFIwnfkS91kDJcY9o=">AAAB/3icbVDLSsNAFJ34rPUVdSVuBotQF5ZEBMVV0Y3LCvYBbSyT6aQdO5MMM5NiCUH8GHFX3foVrv0bJzULbT2rc+85F849vmBUacf5shYWl5ZXVgtrxfWNza1te2e3oaJYYlLHEYtky0eKMBqSuqaakZaQBHGfkaY/vM705ohIRaPwTo8F8TjqhzSgGGmz6tr7HY70wA+SVtpNLh9O3PQ+KVMujtOuXXIqzhRwnrg5KYEcta792elFOOYk1JghpdquI7SXIKkpZiQtdmJFBMJD1Cft3ogKFSJOlJc8Tr9I4VEQSagHBE7n3/YEcaXG3DeeLK2a1bLlf1o71sGFl9BQxJqE2FiMFsQM6ghmZcAelQRrNjYEYUlNUIgHSCKsTWVF04A7++88aZxWXKfi3p6Vqld5FwVwAA5BGbjgHFTBDaiBOsDgCbyACXiznq1Xa2K9/1gXrPxmD/yB9fEN4RCWAQ==</latexit><latexit sha1_base64="Ekw9zdQoD4TFIwnfkS91kDJcY9o=">AAAB/3icbVDLSsNAFJ34rPUVdSVuBotQF5ZEBMVV0Y3LCvYBbSyT6aQdO5MMM5NiCUH8GHFX3foVrv0bJzULbT2rc+85F849vmBUacf5shYWl5ZXVgtrxfWNza1te2e3oaJYYlLHEYtky0eKMBqSuqaakZaQBHGfkaY/vM705ohIRaPwTo8F8TjqhzSgGGmz6tr7HY70wA+SVtpNLh9O3PQ+KVMujtOuXXIqzhRwnrg5KYEcta792elFOOYk1JghpdquI7SXIKkpZiQtdmJFBMJD1Cft3ogKFSJOlJc8Tr9I4VEQSagHBE7n3/YEcaXG3DeeLK2a1bLlf1o71sGFl9BQxJqE2FiMFsQM6ghmZcAelQRrNjYEYUlNUIgHSCKsTWVF04A7++88aZxWXKfi3p6Vqld5FwVwAA5BGbjgHFTBDaiBOsDgCbyACXiznq1Xa2K9/1gXrPxmD/yB9fEN4RCWAQ==</latexit><latexit sha1_base64="Ekw9zdQoD4TFIwnfkS91kDJcY9o=">AAAB/3icbVDLSsNAFJ34rPUVdSVuBotQF5ZEBMVV0Y3LCvYBbSyT6aQdO5MMM5NiCUH8GHFX3foVrv0bJzULbT2rc+85F849vmBUacf5shYWl5ZXVgtrxfWNza1te2e3oaJYYlLHEYtky0eKMBqSuqaakZaQBHGfkaY/vM705ohIRaPwTo8F8TjqhzSgGGmz6tr7HY70wA+SVtpNLh9O3PQ+KVMujtOuXXIqzhRwnrg5KYEcta792elFOOYk1JghpdquI7SXIKkpZiQtdmJFBMJD1Cft3ogKFSJOlJc8Tr9I4VEQSagHBE7n3/YEcaXG3DeeLK2a1bLlf1o71sGFl9BQxJqE2FiMFsQM6ghmZcAelQRrNjYEYUlNUIgHSCKsTWVF04A7++88aZxWXKfi3p6Vqld5FwVwAA5BGbjgHFTBDaiBOsDgCbyACXiznq1Xa2K9/1gXrPxmD/yB9fEN4RCWAQ==</latexit>

S"

⇣ ���
⌘

<latexit sha1_base64="uxG5FbYQr7oNWCXC3hI250OJZb4="></latexit><latexit sha1_base64="uxG5FbYQr7oNWCXC3hI250OJZb4="></latexit><latexit sha1_base64="uxG5FbYQr7oNWCXC3hI250OJZb4="></latexit>

Sinkhorn batch loss 

✓j  ✓j � ⌘r✓jS"
<latexit sha1_base64="XVITvbC9D719srnDN0odnykyAIU=">AAACKXicbVDLSgNBEJz1bXxFPXoZDIIXw64IehS9eFQ0GsiGpXfSm4yZfTDTGw1LPkj8GPGmXv0RJzGKGutUU1XTdFeYKWnIdV+dqemZ2bn5hcXS0vLK6lp5fePapLkWWBOpSnU9BINKJlgjSQrrmUaIQ4U3Yfd06N/0UBuZJlfUz7AZQzuRkRRAVgrKpz51kCC45b7CiEDr9I5/a3vct4T7CYQKguJLH/DLwO+BxsxINZxScavuCHySeGNSYWOcB+Unv5WKPMaEhAJjGp6bUbMATVIoHJT83GAGogttbLR6MjMJxGiaxf3o3gHfiVLN7S589P4ZLyA2ph+HNhMDdcxfbyj+5zVyio6ahUyynDARNmK9KFecUj6sjbekRkGqbwkILe2iXHRAgyBbbsk24P29d5Jc71c9t+pdHFSOT8ZdLLAtts12mccO2TE7Y+esxgR7YE/shb06j86z8+K8fUannPGfTfYLzvsH4bSnqQ==</latexit><latexit sha1_base64="XVITvbC9D719srnDN0odnykyAIU=">AAACKXicbVDLSgNBEJz1bXxFPXoZDIIXw64IehS9eFQ0GsiGpXfSm4yZfTDTGw1LPkj8GPGmXv0RJzGKGutUU1XTdFeYKWnIdV+dqemZ2bn5hcXS0vLK6lp5fePapLkWWBOpSnU9BINKJlgjSQrrmUaIQ4U3Yfd06N/0UBuZJlfUz7AZQzuRkRRAVgrKpz51kCC45b7CiEDr9I5/a3vct4T7CYQKguJLH/DLwO+BxsxINZxScavuCHySeGNSYWOcB+Unv5WKPMaEhAJjGp6bUbMATVIoHJT83GAGogttbLR6MjMJxGiaxf3o3gHfiVLN7S589P4ZLyA2ph+HNhMDdcxfbyj+5zVyio6ahUyynDARNmK9KFecUj6sjbekRkGqbwkILe2iXHRAgyBbbsk24P29d5Jc71c9t+pdHFSOT8ZdLLAtts12mccO2TE7Y+esxgR7YE/shb06j86z8+K8fUannPGfTfYLzvsH4bSnqQ==</latexit><latexit sha1_base64="XVITvbC9D719srnDN0odnykyAIU=">AAACKXicbVDLSgNBEJz1bXxFPXoZDIIXw64IehS9eFQ0GsiGpXfSm4yZfTDTGw1LPkj8GPGmXv0RJzGKGutUU1XTdFeYKWnIdV+dqemZ2bn5hcXS0vLK6lp5fePapLkWWBOpSnU9BINKJlgjSQrrmUaIQ4U3Yfd06N/0UBuZJlfUz7AZQzuRkRRAVgrKpz51kCC45b7CiEDr9I5/a3vct4T7CYQKguJLH/DLwO+BxsxINZxScavuCHySeGNSYWOcB+Unv5WKPMaEhAJjGp6bUbMATVIoHJT83GAGogttbLR6MjMJxGiaxf3o3gHfiVLN7S589P4ZLyA2ph+HNhMDdcxfbyj+5zVyio6ahUyynDARNmK9KFecUj6sjbekRkGqbwkILe2iXHRAgyBbbsk24P29d5Jc71c9t+pdHFSOT8ZdLLAtts12mccO2TE7Y+esxgR7YE/shb06j86z8+K8fUannPGfTfYLzvsH4bSnqQ==</latexit>

for i = 1, ..., R
<latexit sha1_base64="CJNKhXxXL4J3x5b4uoAHtjSzUzw=">AAACAXicbVDLTgJBEJzFF+IL9chlIjHxQDa7xkQvJkQvHtHII4ENmR16YcLsIzO9BLLhYPwY4w29+hGe/RsX3IOCdaruqk6qy42k0GhZX0ZubX1jcyu/XdjZ3ds/KB4eNXQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3s715giUFmHwiJMIHJ/1A+EJzjBddYulDsIYXS/xQkWnVNBraleoaZoV+tAtli3TWoCuEjsjZZKh1i1+dnohj30IkEumddu2InQSplBwCdNCJ9YQMT5kfWj3RiLSAfNBO8l48ceUns5D4ADoYv5tT5iv9cR3U4/PcKCXtfnyP60do3flJCKIYoSAp5ZU82JJMaTzOmhPKOAoJylhXIk0KOUDphjHtLRC2oC9/O8qaZybtmXa9xfl6k3WRZ6UyAk5Iza5JFVyR2qkTjh5Ii9kRt6MZ+PVmBnvP9ackd0ckz8wPr4BCEWUpA==</latexit><latexit sha1_base64="CJNKhXxXL4J3x5b4uoAHtjSzUzw=">AAACAXicbVDLTgJBEJzFF+IL9chlIjHxQDa7xkQvJkQvHtHII4ENmR16YcLsIzO9BLLhYPwY4w29+hGe/RsX3IOCdaruqk6qy42k0GhZX0ZubX1jcyu/XdjZ3ds/KB4eNXQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3s715giUFmHwiJMIHJ/1A+EJzjBddYulDsIYXS/xQkWnVNBraleoaZoV+tAtli3TWoCuEjsjZZKh1i1+dnohj30IkEumddu2InQSplBwCdNCJ9YQMT5kfWj3RiLSAfNBO8l48ceUns5D4ADoYv5tT5iv9cR3U4/PcKCXtfnyP60do3flJCKIYoSAp5ZU82JJMaTzOmhPKOAoJylhXIk0KOUDphjHtLRC2oC9/O8qaZybtmXa9xfl6k3WRZ6UyAk5Iza5JFVyR2qkTjh5Ii9kRt6MZ+PVmBnvP9ackd0ckz8wPr4BCEWUpA==</latexit><latexit sha1_base64="CJNKhXxXL4J3x5b4uoAHtjSzUzw=">AAACAXicbVDLTgJBEJzFF+IL9chlIjHxQDa7xkQvJkQvHtHII4ENmR16YcLsIzO9BLLhYPwY4w29+hGe/RsX3IOCdaruqk6qy42k0GhZX0ZubX1jcyu/XdjZ3ds/KB4eNXQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3s715giUFmHwiJMIHJ/1A+EJzjBddYulDsIYXS/xQkWnVNBraleoaZoV+tAtli3TWoCuEjsjZZKh1i1+dnohj30IkEumddu2InQSplBwCdNCJ9YQMT5kfWj3RiLSAfNBO8l48ceUns5D4ADoYv5tT5iv9cR3U4/PcKCXtfnyP60do3flJCKIYoSAp5ZU82JJMaTzOmhPKOAoJylhXIk0KOUDphjHtLRC2oC9/O8qaZybtmXa9xfl6k3WRZ6UyAk5Iza5JFVyR2qkTjh5Ii9kRt6MZ+PVmBnvP9ackd0ckz8wPr4BCEWUpA==</latexit>

Batch X̂i1,...,iK
<latexit sha1_base64="XVbo7TI6XErkPxDVB3nugsW8kjA=">AAACFHicbVDLSsNAFJ34tr6iLt0MFsFFCYkIuhTdCG4q2Ac0JUymN2Zw8mDmprSE/IX4MeJO3eravzGtWWjrWZ17z7lw7vFTKTTa9pexsLi0vLK6tl7b2Nza3jF399o6yRSHFk9koro+0yBFDC0UKKGbKmCRL6HjP1xN9M4QlBZJfIfjFPoRu49FIDjDcuWZloswwvySIQ9pQd2QYe5GDEM/yLtF4eXCcxrUsqwGFd5N4Zl127KnoPPEqUidVGh65qc7SHgWQYxcMq17jp1iP2cKBZdQ1NxMQ8r4A7uH3mAoUh2zCHQ/H01fK+hRkCiKIdDp/Nues0jrceSXnklePatNlv9pvQyD834u4jRDiHlpKbUgkxQTOmmIDoQCjnJcEsaVKINSHjLFOJY91soGnNl/50n7xHJsy7k9rV9cVl2skQNySI6JQ87IBbkmTdIinDySZ/JK3own48V4Nd5/rAtGdbNP/sD4+AaegZ3e</latexit><latexit sha1_base64="XVbo7TI6XErkPxDVB3nugsW8kjA=">AAACFHicbVDLSsNAFJ34tr6iLt0MFsFFCYkIuhTdCG4q2Ac0JUymN2Zw8mDmprSE/IX4MeJO3eravzGtWWjrWZ17z7lw7vFTKTTa9pexsLi0vLK6tl7b2Nza3jF399o6yRSHFk9koro+0yBFDC0UKKGbKmCRL6HjP1xN9M4QlBZJfIfjFPoRu49FIDjDcuWZloswwvySIQ9pQd2QYe5GDEM/yLtF4eXCcxrUsqwGFd5N4Zl127KnoPPEqUidVGh65qc7SHgWQYxcMq17jp1iP2cKBZdQ1NxMQ8r4A7uH3mAoUh2zCHQ/H01fK+hRkCiKIdDp/Nues0jrceSXnklePatNlv9pvQyD834u4jRDiHlpKbUgkxQTOmmIDoQCjnJcEsaVKINSHjLFOJY91soGnNl/50n7xHJsy7k9rV9cVl2skQNySI6JQ87IBbkmTdIinDySZ/JK3own48V4Nd5/rAtGdbNP/sD4+AaegZ3e</latexit><latexit sha1_base64="XVbo7TI6XErkPxDVB3nugsW8kjA=">AAACFHicbVDLSsNAFJ34tr6iLt0MFsFFCYkIuhTdCG4q2Ac0JUymN2Zw8mDmprSE/IX4MeJO3eravzGtWWjrWZ17z7lw7vFTKTTa9pexsLi0vLK6tl7b2Nza3jF399o6yRSHFk9koro+0yBFDC0UKKGbKmCRL6HjP1xN9M4QlBZJfIfjFPoRu49FIDjDcuWZloswwvySIQ9pQd2QYe5GDEM/yLtF4eXCcxrUsqwGFd5N4Zl127KnoPPEqUidVGh65qc7SHgWQYxcMq17jp1iP2cKBZdQ1NxMQ8r4A7uH3mAoUh2zCHQ/H01fK+hRkCiKIdDp/Nues0jrceSXnklePatNlv9pvQyD834u4jRDiHlpKbUgkxQTOmmIDoQCjnJcEsaVKINSHjLFOJY91soGnNl/50n7xHJsy7k9rV9cVl2skQNySI6JQ87IBbkmTdIinDySZ/JK3own48V4Nd5/rAtGdbNP/sD4+AaegZ3e</latexit>

Batch X̂j1,...,jK
<latexit sha1_base64="r7RWL956I8s9PnUzSPMGd/E7jQk=">AAACFHicbVDLSsNAFJ34rPVVdelmsAguSkhE0KXUjeBGwWqhCWEyvWmmnTyYuSmWkL8QP0bcqVtd+zemNQtfZ3XuPefCucdPpdBoWR/G3PzC4tJybaW+ura+sdnY2r7RSaY4dHgiE9X1mQYpYuigQAndVAGLfAm3/uhsqt+OQWmRxNc4ScGN2CAWgeAMy5XXMB2EO8zbDHlIC+qEDHMnYhj6Qd4tCi8fenaLmqbZokPvovAaTcu0ZqB/iV2RJqlw6TXenX7Cswhi5JJp3bOtFN2cKRRcQlF3Mg0p4yM2gF5/LFIdswi0m9/NXivofpAoiiHQ2fzdnrNI60nkl55pXv1bmy7/03oZBiduLuI0Q4h5aSm1IJMUEzptiPaFAo5yUhLGlSiDUh4yxTiWPdbLBuzf//4lN4embZn21VHztF11USO7ZI8cEJsck1NyTi5Jh3ByTx7JM3kxHown49l4/bLOGdXNDvkB4+0ToZOd4A==</latexit><latexit sha1_base64="r7RWL956I8s9PnUzSPMGd/E7jQk=">AAACFHicbVDLSsNAFJ34rPVVdelmsAguSkhE0KXUjeBGwWqhCWEyvWmmnTyYuSmWkL8QP0bcqVtd+zemNQtfZ3XuPefCucdPpdBoWR/G3PzC4tJybaW+ura+sdnY2r7RSaY4dHgiE9X1mQYpYuigQAndVAGLfAm3/uhsqt+OQWmRxNc4ScGN2CAWgeAMy5XXMB2EO8zbDHlIC+qEDHMnYhj6Qd4tCi8fenaLmqbZokPvovAaTcu0ZqB/iV2RJqlw6TXenX7Cswhi5JJp3bOtFN2cKRRcQlF3Mg0p4yM2gF5/LFIdswi0m9/NXivofpAoiiHQ2fzdnrNI60nkl55pXv1bmy7/03oZBiduLuI0Q4h5aSm1IJMUEzptiPaFAo5yUhLGlSiDUh4yxTiWPdbLBuzf//4lN4embZn21VHztF11USO7ZI8cEJsck1NyTi5Jh3ByTx7JM3kxHown49l4/bLOGdXNDvkB4+0ToZOd4A==</latexit><latexit sha1_base64="r7RWL956I8s9PnUzSPMGd/E7jQk=">AAACFHicbVDLSsNAFJ34rPVVdelmsAguSkhE0KXUjeBGwWqhCWEyvWmmnTyYuSmWkL8QP0bcqVtd+zemNQtfZ3XuPefCucdPpdBoWR/G3PzC4tJybaW+ura+sdnY2r7RSaY4dHgiE9X1mQYpYuigQAndVAGLfAm3/uhsqt+OQWmRxNc4ScGN2CAWgeAMy5XXMB2EO8zbDHlIC+qEDHMnYhj6Qd4tCi8fenaLmqbZokPvovAaTcu0ZqB/iV2RJqlw6TXenX7Cswhi5JJp3bOtFN2cKRRcQlF3Mg0p4yM2gF5/LFIdswi0m9/NXivofpAoiiHQ2fzdnrNI60nkl55pXv1bmy7/03oZBiduLuI0Q4h5aSm1IJMUEzptiPaFAo5yUhLGlSiDUh4yxTiWPdbLBuzf//4lN4embZn21VHztF11USO7ZI8cEJsck1NyTi5Jh3ByTx7JM3kxHown49l4/bLOGdXNDvkB4+0ToZOd4A==</latexit>

Impute variables one by one, using all other variables as inputs

✓1, ✓2, ..., ✓d
<latexit sha1_base64="4M9N3mDRSMVxEcqADJbo/+dUDU8=">AAACB3icbVDLSsNAFJ34rPUVdelmtAguSkiKoMuiG5cV7APaECaTm3bo5MHMpFhC1+LHiLvq1i9w7d84rUG09azOvedc7r3HTzmTyrY/jZXVtfWNzdJWeXtnd2/fPDhsySQTFJo04Yno+EQCZzE0FVMcOqkAEvkc2v7wZqa3RyAkS+J7NU7BjUg/ZiGjROmWZ5701AAU8ZwqLlitii3L+ikDz6zYlj0HXiZOQSqoQMMzP3pBQrMIYkU5kbLr2KlycyIUoxwm5V4mISV0SPrQDUYslTGJQLr5w/ybCT4LE4H1cjyvf9tzEkk5jnztiYgayEVt1vxP62YqvHJzFqeZgphqi9bCjGOV4FkoOGACqOJjTQgVTB+K6YAIQpWOrqwTcBb/XSatmuXYlnN3UalfF1mU0DE6RefIQZeojm5RAzURRY/oGU3Rq/FkvBhT4+3bumIUM0foD4z3LywJl5U=</latexit><latexit sha1_base64="4M9N3mDRSMVxEcqADJbo/+dUDU8=">AAACB3icbVDLSsNAFJ34rPUVdelmtAguSkiKoMuiG5cV7APaECaTm3bo5MHMpFhC1+LHiLvq1i9w7d84rUG09azOvedc7r3HTzmTyrY/jZXVtfWNzdJWeXtnd2/fPDhsySQTFJo04Yno+EQCZzE0FVMcOqkAEvkc2v7wZqa3RyAkS+J7NU7BjUg/ZiGjROmWZ5701AAU8ZwqLlitii3L+ikDz6zYlj0HXiZOQSqoQMMzP3pBQrMIYkU5kbLr2KlycyIUoxwm5V4mISV0SPrQDUYslTGJQLr5w/ybCT4LE4H1cjyvf9tzEkk5jnztiYgayEVt1vxP62YqvHJzFqeZgphqi9bCjGOV4FkoOGACqOJjTQgVTB+K6YAIQpWOrqwTcBb/XSatmuXYlnN3UalfF1mU0DE6RefIQZeojm5RAzURRY/oGU3Rq/FkvBhT4+3bumIUM0foD4z3LywJl5U=</latexit><latexit sha1_base64="4M9N3mDRSMVxEcqADJbo/+dUDU8=">AAACB3icbVDLSsNAFJ34rPUVdelmtAguSkiKoMuiG5cV7APaECaTm3bo5MHMpFhC1+LHiLvq1i9w7d84rUG09azOvedc7r3HTzmTyrY/jZXVtfWNzdJWeXtnd2/fPDhsySQTFJo04Yno+EQCZzE0FVMcOqkAEvkc2v7wZqa3RyAkS+J7NU7BjUg/ZiGjROmWZ5701AAU8ZwqLlitii3L+ikDz6zYlj0HXiZOQSqoQMMzP3pBQrMIYkU5kbLr2KlycyIUoxwm5V4mISV0SPrQDUYslTGJQLr5w/ybCT4LE4H1cjyvf9tzEkk5jnztiYgayEVt1vxP62YqvHJzFqeZgphqi9bCjGOV4FkoOGACqOJjTQgVTB+K6YAIQpWOrqwTcBb/XSatmuXYlnN3UalfF1mU0DE6RefIQZeojm5RAzURRY/oGU3Rq/FkvBhT4+3bumIUM0foD4z3LywJl5U=</latexit>

Use d
<latexit sha1_base64="vfRUqNOkFs48raCdLvqeJM7/KaI=">AAAB5XicbVBNT8JAFHzFL8Qv1KOXjcTEE2mNiR6JXjxCIkgCDdluX2HDbtvsbomk4RcYb+jVn+TZf+OCPSg4p3lv5iXzJkgF18Z1v5zSxubW9k55t7K3f3B4VD0+6egkUwzbLBGJ6gZUo+Axtg03ArupQioDgU/B+H6hP01QaZ7Ej2aaoi/pMOYRZ9TYVSscVGtu3V2CrBOvIDUo0BxUP/thwjKJsWGCat3z3NT4OVWGM4GzSj/TmFI2pkPshROe6phK1H7+vMw6IxdRoogZIVnOv+05lVpPZWA9kpqRXtUWy/+0XmaiWz/ncZoZjJm1WC3KBDEJWbxMQq6QGTG1hDLFbVDCRlRRZmwxFduAt/rvOulc1T237rWua427oosynME5XIIHN9CAB2hCGxggvMAc3pyh8+rMnfcfa8kpbk7hD5yPb/MVi+A=</latexit><latexit sha1_base64="vfRUqNOkFs48raCdLvqeJM7/KaI=">AAAB5XicbVBNT8JAFHzFL8Qv1KOXjcTEE2mNiR6JXjxCIkgCDdluX2HDbtvsbomk4RcYb+jVn+TZf+OCPSg4p3lv5iXzJkgF18Z1v5zSxubW9k55t7K3f3B4VD0+6egkUwzbLBGJ6gZUo+Axtg03ArupQioDgU/B+H6hP01QaZ7Ej2aaoi/pMOYRZ9TYVSscVGtu3V2CrBOvIDUo0BxUP/thwjKJsWGCat3z3NT4OVWGM4GzSj/TmFI2pkPshROe6phK1H7+vMw6IxdRoogZIVnOv+05lVpPZWA9kpqRXtUWy/+0XmaiWz/ncZoZjJm1WC3KBDEJWbxMQq6QGTG1hDLFbVDCRlRRZmwxFduAt/rvOulc1T237rWua427oosynME5XIIHN9CAB2hCGxggvMAc3pyh8+rMnfcfa8kpbk7hD5yPb/MVi+A=</latexit><latexit sha1_base64="vfRUqNOkFs48raCdLvqeJM7/KaI=">AAAB5XicbVBNT8JAFHzFL8Qv1KOXjcTEE2mNiR6JXjxCIkgCDdluX2HDbtvsbomk4RcYb+jVn+TZf+OCPSg4p3lv5iXzJkgF18Z1v5zSxubW9k55t7K3f3B4VD0+6egkUwzbLBGJ6gZUo+Axtg03ArupQioDgU/B+H6hP01QaZ7Ej2aaoi/pMOYRZ9TYVSscVGtu3V2CrBOvIDUo0BxUP/thwjKJsWGCat3z3NT4OVWGM4GzSj/TmFI2pkPshROe6phK1H7+vMw6IxdRoogZIVnOv+05lVpPZWA9kpqRXtUWy/+0XmaiWz/ncZoZjJm1WC3KBDEJWbxMQq6QGTG1hDLFbVDCRlRRZmwxFduAt/rvOulc1T237rWua427oosynME5XIIHN9CAB2hCGxggvMAc3pyh8+rMnfcfa8kpbk7hD5yPb/MVi+A=</latexit>

parametric models (one for each variable)

Generalization of Imputation by Chained Equations (e.g. R’s mice)



Comparison with baselines
Extensive experiments on UCI datasets in MCAR, MAR and MNAR settings.

Three performance metrics: - Mean Absolute Error (MAE) 
- Root Mean Square Error (RMSE) 
- Optimal Transport (       )W 2

2
<latexit sha1_base64="d/e0BFIjqyofiZuBxzmXS9bOngM=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJiR6JXjxi4gIJrGR26IUJs4/MzBLJhm8w3tCrH+TZv3FY96Bgnaq7qpPq8hPBlbbtL6u0sbm1vVPereztHxweVY9P2ipOJUOXxSKWXZ8qFDxCV3MtsJtIpKEvsONP7pZ6Z4pS8Th61LMEvZCOIh5wRrVZuZ1B46kxqNbsup2DrBOnIDUo0BpUP/vDmKUhRpoJqlTPsRPtZVRqzgTOK/1UYULZhI6wN5zyREU0ROVlz3neObkIYkn0GEk+/7ZnNFRqFvrGE1I9Vqvacvmf1kt1cONlPEpSjREzFqMFqSA6Jsu3yZBLZFrMDKFMchOUsDGVlGlTTsU04Kz+u07ajbpj152Hq1rztuiiDGdwDpfgwDU04R5a4AIDDi+wgDdrYr1aC+v9x1qyiptT+APr4xspIY0c</latexit><latexit sha1_base64="d/e0BFIjqyofiZuBxzmXS9bOngM=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJiR6JXjxi4gIJrGR26IUJs4/MzBLJhm8w3tCrH+TZv3FY96Bgnaq7qpPq8hPBlbbtL6u0sbm1vVPereztHxweVY9P2ipOJUOXxSKWXZ8qFDxCV3MtsJtIpKEvsONP7pZ6Z4pS8Th61LMEvZCOIh5wRrVZuZ1B46kxqNbsup2DrBOnIDUo0BpUP/vDmKUhRpoJqlTPsRPtZVRqzgTOK/1UYULZhI6wN5zyREU0ROVlz3neObkIYkn0GEk+/7ZnNFRqFvrGE1I9Vqvacvmf1kt1cONlPEpSjREzFqMFqSA6Jsu3yZBLZFrMDKFMchOUsDGVlGlTTsU04Kz+u07ajbpj152Hq1rztuiiDGdwDpfgwDU04R5a4AIDDi+wgDdrYr1aC+v9x1qyiptT+APr4xspIY0c</latexit><latexit sha1_base64="d/e0BFIjqyofiZuBxzmXS9bOngM=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJiR6JXjxi4gIJrGR26IUJs4/MzBLJhm8w3tCrH+TZv3FY96Bgnaq7qpPq8hPBlbbtL6u0sbm1vVPereztHxweVY9P2ipOJUOXxSKWXZ8qFDxCV3MtsJtIpKEvsONP7pZ6Z4pS8Th61LMEvZCOIh5wRrVZuZ1B46kxqNbsup2DrBOnIDUo0BpUP/vDmKUhRpoJqlTPsRPtZVRqzgTOK/1UYULZhI6wN5zyREU0ROVlz3neObkIYkn0GEk+/7ZnNFRqFvrGE1I9Vqvacvmf1kt1cONlPEpSjREzFqMFqSA6Jsu3yZBLZFrMDKFMchOUsDGVlGlTTsU04Kz+u07ajbpj152Hq1rztuiiDGdwDpfgwDU04R5a4AIDDi+wgDdrYr1aC+v9x1qyiptT+APr4xspIY0c</latexit>

50% MCAR:



Comparison with Deep Learning

30% MNAR: 
(masked quantiles)

MIWAE (Mattei & Frellsen, 2019), GAIN (Yoon et al., 2018), VAEs (Ivanov et al., 2019 )

github.com/BorisMuzellec/MissingDataOT


