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What are adversarial examples?



Empirical Defenses against adversarial attacks

• Examples: Adversarial training [Madry et al. 2017, Kurakin et al.’17, Carlini
& Wagner ‘16], Defensive distillation [Papernot et al. 2015], Defense-GAN 
[Samangouei et al. 2018], CURE [Moosavi et al. 2018], etc.

• Work empirically but no theoretical guarantee

• Broken by newer adaptive attacks [e.g. Carlini et al. 2017] ! 



Certified Defenses against adversarial attacks

Question: can higher-order information be used in improving provable 
robustness?

• Theoretical guarantees against all attacks within a certain threat model

• Examples: Convex-relaxations [Wong et al. 2017], Interval bound 
propagation [Gowal et al. 2018], Randomized smoothing [Cohen et al. 2019], 
CROWN-IBP [Zhang et al. 2019], CNN-Cert [Boopathy et al. 2018], etc.

• All use first-order information of the model (i.e. gradients)
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Low curvature translates to large robustness radius 

Intuition: Curvature Effect in Robustness

Classification score
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• Differentiable activations (e.g. sigmoid, tanh, softplus, etc.) 
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f(x)
<latexit sha1_base64="qshszenCdvoNPtLJZQyNAwcWxf0=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJliEuikzIuiy4MZlC/YB7VAy6Z02NJMZk0yxDAX/hRsXirj1x7jz35g+Ftp6IfBxzg05OUEiuDau++2srW9sbm3ndvK7e/sHh4Wj44aOU8WwzmIRq1ZANQousW64EdhKFNIoENgMhrdTvzlCpXks7804QT+ifclDzqixkh+WOhE1gyDMHicX3ULRLbuzIavgLaAIi6l2C1+dXszSCKVhgmrd9tzE+BlVhjOBk3wn1ZhQNqR9bFuUNELtZ7PQE3JulR4JY2WPNGSm/r6R0UjrcRTYzWlEvexNxf+8dmrCGz/jMkkNSjZ/KEwFMTGZNkB6XCEzYmyBMsVtVsIGVFFmbE95W4K3/OVVaFyWPcu1q2Kl9jSvIwencAYl8OAaKnAHVagDgwd4hld4c0bOi/PufMxX15xFhSfwZ5zPH7bekoA=</latexit><latexit sha1_base64="qshszenCdvoNPtLJZQyNAwcWxf0=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJliEuikzIuiy4MZlC/YB7VAy6Z02NJMZk0yxDAX/hRsXirj1x7jz35g+Ftp6IfBxzg05OUEiuDau++2srW9sbm3ndvK7e/sHh4Wj44aOU8WwzmIRq1ZANQousW64EdhKFNIoENgMhrdTvzlCpXks7804QT+ifclDzqixkh+WOhE1gyDMHicX3ULRLbuzIavgLaAIi6l2C1+dXszSCKVhgmrd9tzE+BlVhjOBk3wn1ZhQNqR9bFuUNELtZ7PQE3JulR4JY2WPNGSm/r6R0UjrcRTYzWlEvexNxf+8dmrCGz/jMkkNSjZ/KEwFMTGZNkB6XCEzYmyBMsVtVsIGVFFmbE95W4K3/OVVaFyWPcu1q2Kl9jSvIwencAYl8OAaKnAHVagDgwd4hld4c0bOi/PufMxX15xFhSfwZ5zPH7bekoA=</latexit><latexit sha1_base64="qshszenCdvoNPtLJZQyNAwcWxf0=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJliEuikzIuiy4MZlC/YB7VAy6Z02NJMZk0yxDAX/hRsXirj1x7jz35g+Ftp6IfBxzg05OUEiuDau++2srW9sbm3ndvK7e/sHh4Wj44aOU8WwzmIRq1ZANQousW64EdhKFNIoENgMhrdTvzlCpXks7804QT+ifclDzqixkh+WOhE1gyDMHicX3ULRLbuzIavgLaAIi6l2C1+dXszSCKVhgmrd9tzE+BlVhjOBk3wn1ZhQNqR9bFuUNELtZ7PQE3JulR4JY2WPNGSm/r6R0UjrcRTYzWlEvexNxf+8dmrCGz/jMkkNSjZ/KEwFMTGZNkB6XCEzYmyBMsVtVsIGVFFmbE95W4K3/OVVaFyWPcu1q2Kl9jSvIwencAYl8OAaKnAHVagDgwd4hld4c0bOi/PufMxX15xFhSfwZ5zPH7bekoA=</latexit><latexit sha1_base64="qshszenCdvoNPtLJZQyNAwcWxf0=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJliEuikzIuiy4MZlC/YB7VAy6Z02NJMZk0yxDAX/hRsXirj1x7jz35g+Ftp6IfBxzg05OUEiuDau++2srW9sbm3ndvK7e/sHh4Wj44aOU8WwzmIRq1ZANQousW64EdhKFNIoENgMhrdTvzlCpXks7804QT+ifclDzqixkh+WOhE1gyDMHicX3ULRLbuzIavgLaAIi6l2C1+dXszSCKVhgmrd9tzE+BlVhjOBk3wn1ZhQNqR9bFuUNELtZ7PQE3JulR4JY2WPNGSm/r6R0UjrcRTYzWlEvexNxf+8dmrCGz/jMkkNSjZ/KEwFMTGZNkB6XCEzYmyBMsVtVsIGVFFmbE95W4K3/OVVaFyWPcu1q2Kl9jSvIwencAYl8OAaKnAHVagDgwd4hld4c0bOi/PufMxX15xFhSfwZ5zPH7bekoA=</latexit>

f(x) = W(L)�
⇣
W(L�1) . . .�

⇣
W(1)x

⌘
. . .

⌘

<latexit sha1_base64="Kf7ayacTMKkrROLPF0DwSf2/5Ds="></latexit><latexit sha1_base64="Kf7ayacTMKkrROLPF0DwSf2/5Ds="></latexit><latexit sha1_base64="Kf7ayacTMKkrROLPF0DwSf2/5Ds="></latexit><latexit sha1_base64="Kf7ayacTMKkrROLPF0DwSf2/5Ds="></latexit>

g(x) := rxf(x)
<latexit sha1_base64="T5hk3gRSMrf+QtSAHnwNs7A8Qv4=">AAACInicbZDLSsNAFIYnXmu9RV26GSxC3ZREBC8gFNy4bMFeoAlhMp20QyeTMDMRSwj4Jm58FTcuFHUl+DBO2oq19cDAx/+f4Zzz+zGjUlnWp7GwuLS8slpYK65vbG5tmzu7TRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g6vcb90SIWnEb9QwJm6IepwGFCOlJc88d0Kk+n6Q9rLyD95lRxeXDkc+Q176K2YwmG7xzJJVsUYF58GeQAlMquaZ7043wklIuMIMSdmxrVi5KRKKYkayopNIEiM8QD3S0chRSKSbjk7M4KFWujCIhH5cwZE6/SNFoZTD0Ned+Ypy1svF/7xOooIzN6U8ThTheDwoSBhUEczzgl0qCFZsqAFhQfWuEPeRQFjpVIs6BHv25HloHldszfWTUrV+P46jAPbBASgDG5yCKrgGNdAAGDyAJ/ACXo1H49l4Mz7GrQvGJMI98KeMr28TdqWr</latexit><latexit sha1_base64="T5hk3gRSMrf+QtSAHnwNs7A8Qv4=">AAACInicbZDLSsNAFIYnXmu9RV26GSxC3ZREBC8gFNy4bMFeoAlhMp20QyeTMDMRSwj4Jm58FTcuFHUl+DBO2oq19cDAx/+f4Zzz+zGjUlnWp7GwuLS8slpYK65vbG5tmzu7TRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g6vcb90SIWnEb9QwJm6IepwGFCOlJc88d0Kk+n6Q9rLyD95lRxeXDkc+Q176K2YwmG7xzJJVsUYF58GeQAlMquaZ7043wklIuMIMSdmxrVi5KRKKYkayopNIEiM8QD3S0chRSKSbjk7M4KFWujCIhH5cwZE6/SNFoZTD0Ned+Ypy1svF/7xOooIzN6U8ThTheDwoSBhUEczzgl0qCFZsqAFhQfWuEPeRQFjpVIs6BHv25HloHldszfWTUrV+P46jAPbBASgDG5yCKrgGNdAAGDyAJ/ACXo1H49l4Mz7GrQvGJMI98KeMr28TdqWr</latexit><latexit sha1_base64="T5hk3gRSMrf+QtSAHnwNs7A8Qv4=">AAACInicbZDLSsNAFIYnXmu9RV26GSxC3ZREBC8gFNy4bMFeoAlhMp20QyeTMDMRSwj4Jm58FTcuFHUl+DBO2oq19cDAx/+f4Zzz+zGjUlnWp7GwuLS8slpYK65vbG5tmzu7TRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g6vcb90SIWnEb9QwJm6IepwGFCOlJc88d0Kk+n6Q9rLyD95lRxeXDkc+Q176K2YwmG7xzJJVsUYF58GeQAlMquaZ7043wklIuMIMSdmxrVi5KRKKYkayopNIEiM8QD3S0chRSKSbjk7M4KFWujCIhH5cwZE6/SNFoZTD0Ned+Ypy1svF/7xOooIzN6U8ThTheDwoSBhUEczzgl0qCFZsqAFhQfWuEPeRQFjpVIs6BHv25HloHldszfWTUrV+P46jAPbBASgDG5yCKrgGNdAAGDyAJ/ACXo1H49l4Mz7GrQvGJMI98KeMr28TdqWr</latexit><latexit sha1_base64="T5hk3gRSMrf+QtSAHnwNs7A8Qv4=">AAACInicbZDLSsNAFIYnXmu9RV26GSxC3ZREBC8gFNy4bMFeoAlhMp20QyeTMDMRSwj4Jm58FTcuFHUl+DBO2oq19cDAx/+f4Zzz+zGjUlnWp7GwuLS8slpYK65vbG5tmzu7TRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g6vcb90SIWnEb9QwJm6IepwGFCOlJc88d0Kk+n6Q9rLyD95lRxeXDkc+Q176K2YwmG7xzJJVsUYF58GeQAlMquaZ7043wklIuMIMSdmxrVi5KRKKYkayopNIEiM8QD3S0chRSKSbjk7M4KFWujCIhH5cwZE6/SNFoZTD0Ned+Ypy1svF/7xOooIzN6U8ThTheDwoSBhUEczzgl0qCFZsqAFhQfWuEPeRQFjpVIs6BHv25HloHldszfWTUrV+P46jAPbBASgDG5yCKrgGNdAAGDyAJ/ACXo1H49l4Mz7GrQvGJMI98KeMr28TdqWr</latexit>

H(x) := r2
xf(x)

<latexit sha1_base64="hVHVzXHYej3SgjMkQjY9i/fGzQU=">AAACJHicbZDLSsNAFIYn9VbrLerSzWAR6qYkRVAUoeCmyxbsBdoaJtNJO3QyCTMTsYSAr+LGV3Hjwgsu3PgsTtqKtfXAwMf/n+Gc87sho1JZ1qeRWVpeWV3Lruc2Nre2d8zdvYYMIoFJHQcsEC0XScIoJ3VFFSOtUBDku4w03eFV6jdviZA04NdqFJKuj/qcehQjpSXHvOj4SA1cL64khR+8S47PLzscuQw58a+Y3JSgN9vkmHmraI0LLoI9hTyYVtUx3zq9AEc+4QozJGXbtkLVjZFQFDOS5DqRJCHCQ9QnbY0c+UR24/GRCTzSSg96gdCPKzhWZ3/EyJdy5Lu6M11Rznup+J/XjpR31o0pDyNFOJ4M8iIGVQDTxGCPCoIVG2lAWFC9K8QDJBBWOtecDsGeP3kRGqWirbl2ki/X7idxZMEBOAQFYINTUAYVUAV1gMEDeAIv4NV4NJ6Nd+Nj0poxphHugz9lfH0DLiWmMA==</latexit><latexit sha1_base64="hVHVzXHYej3SgjMkQjY9i/fGzQU=">AAACJHicbZDLSsNAFIYn9VbrLerSzWAR6qYkRVAUoeCmyxbsBdoaJtNJO3QyCTMTsYSAr+LGV3Hjwgsu3PgsTtqKtfXAwMf/n+Gc87sho1JZ1qeRWVpeWV3Lruc2Nre2d8zdvYYMIoFJHQcsEC0XScIoJ3VFFSOtUBDku4w03eFV6jdviZA04NdqFJKuj/qcehQjpSXHvOj4SA1cL64khR+8S47PLzscuQw58a+Y3JSgN9vkmHmraI0LLoI9hTyYVtUx3zq9AEc+4QozJGXbtkLVjZFQFDOS5DqRJCHCQ9QnbY0c+UR24/GRCTzSSg96gdCPKzhWZ3/EyJdy5Lu6M11Rznup+J/XjpR31o0pDyNFOJ4M8iIGVQDTxGCPCoIVG2lAWFC9K8QDJBBWOtecDsGeP3kRGqWirbl2ki/X7idxZMEBOAQFYINTUAYVUAV1gMEDeAIv4NV4NJ6Nd+Nj0poxphHugz9lfH0DLiWmMA==</latexit><latexit sha1_base64="hVHVzXHYej3SgjMkQjY9i/fGzQU=">AAACJHicbZDLSsNAFIYn9VbrLerSzWAR6qYkRVAUoeCmyxbsBdoaJtNJO3QyCTMTsYSAr+LGV3Hjwgsu3PgsTtqKtfXAwMf/n+Gc87sho1JZ1qeRWVpeWV3Lruc2Nre2d8zdvYYMIoFJHQcsEC0XScIoJ3VFFSOtUBDku4w03eFV6jdviZA04NdqFJKuj/qcehQjpSXHvOj4SA1cL64khR+8S47PLzscuQw58a+Y3JSgN9vkmHmraI0LLoI9hTyYVtUx3zq9AEc+4QozJGXbtkLVjZFQFDOS5DqRJCHCQ9QnbY0c+UR24/GRCTzSSg96gdCPKzhWZ3/EyJdy5Lu6M11Rznup+J/XjpR31o0pDyNFOJ4M8iIGVQDTxGCPCoIVG2lAWFC9K8QDJBBWOtecDsGeP3kRGqWirbl2ki/X7idxZMEBOAQFYINTUAYVUAV1gMEDeAIv4NV4NJ6Nd+Nj0poxphHugz9lfH0DLiWmMA==</latexit><latexit sha1_base64="hVHVzXHYej3SgjMkQjY9i/fGzQU=">AAACJHicbZDLSsNAFIYn9VbrLerSzWAR6qYkRVAUoeCmyxbsBdoaJtNJO3QyCTMTsYSAr+LGV3Hjwgsu3PgsTtqKtfXAwMf/n+Gc87sho1JZ1qeRWVpeWV3Lruc2Nre2d8zdvYYMIoFJHQcsEC0XScIoJ3VFFSOtUBDku4w03eFV6jdviZA04NdqFJKuj/qcehQjpSXHvOj4SA1cL64khR+8S47PLzscuQw58a+Y3JSgN9vkmHmraI0LLoI9hTyYVtUx3zq9AEc+4QozJGXbtkLVjZFQFDOS5DqRJCHCQ9QnbY0c+UR24/GRCTzSSg96gdCPKzhWZ3/EyJdy5Lu6M11Rznup+J/XjpR31o0pDyNFOJ4M8iIGVQDTxGCPCoIVG2lAWFC9K8QDJBBWOtecDsGeP3kRGqWirbl2ki/X7idxZMEBOAQFYINTUAYVUAV1gMEDeAIv4NV4NJ6Nd+Nj0poxphHugz9lfH0DLiWmMA==</latexit>

• Gradient: • Hessian:

• Input to layer I: • Output of layer I:

• Classification using deep fully-connected network

Problem Setup



Certification problem framework

distance to decision boundaryp⇤
<latexit sha1_base64="VOiPQTsdgrClkBIZeKnQ3lDHJk8=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiiIsyIwVdFty4bNFeoB1LJj3ThmYyQ5IRylDwBdy4UMStT+TOtzG9LLT1h8DHf0445/xBIrg2rvvt5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObab31iErzWN6bcYJ+RAeSh5xRY6275OGiVyy5ZXcmsgreAkqwUK1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/m606IWfW6ZMwVvZJQ2bu7x8ZjbQeR4HtjKgZ6uXa1Pyv1klNeO1nXCapQcnmg8JUEBOT6d2kzxUyI8YWKFPc7krYkCrKjE2nYEPwlk9eheZl2bNcr5Sq9ad5HHk4gVM4Bw+uoAq3UIMGMBjAM7zCmyOcF+fd+Zi35pxFhMfwR87nDx3kjh8=</latexit><latexit sha1_base64="VOiPQTsdgrClkBIZeKnQ3lDHJk8=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiiIsyIwVdFty4bNFeoB1LJj3ThmYyQ5IRylDwBdy4UMStT+TOtzG9LLT1h8DHf0445/xBIrg2rvvt5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObab31iErzWN6bcYJ+RAeSh5xRY6275OGiVyy5ZXcmsgreAkqwUK1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/m606IWfW6ZMwVvZJQ2bu7x8ZjbQeR4HtjKgZ6uXa1Pyv1klNeO1nXCapQcnmg8JUEBOT6d2kzxUyI8YWKFPc7krYkCrKjE2nYEPwlk9eheZl2bNcr5Sq9ad5HHk4gVM4Bw+uoAq3UIMGMBjAM7zCmyOcF+fd+Zi35pxFhMfwR87nDx3kjh8=</latexit><latexit sha1_base64="VOiPQTsdgrClkBIZeKnQ3lDHJk8=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiiIsyIwVdFty4bNFeoB1LJj3ThmYyQ5IRylDwBdy4UMStT+TOtzG9LLT1h8DHf0445/xBIrg2rvvt5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObab31iErzWN6bcYJ+RAeSh5xRY6275OGiVyy5ZXcmsgreAkqwUK1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/m606IWfW6ZMwVvZJQ2bu7x8ZjbQeR4HtjKgZ6uXa1Pyv1klNeO1nXCapQcnmg8JUEBOT6d2kzxUyI8YWKFPc7krYkCrKjE2nYEPwlk9eheZl2bNcr5Sq9ad5HHk4gVM4Bw+uoAq3UIMGMBjAM7zCmyOcF+fd+Zi35pxFhMfwR87nDx3kjh8=</latexit><latexit sha1_base64="VOiPQTsdgrClkBIZeKnQ3lDHJk8=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiiIsyIwVdFty4bNFeoB1LJj3ThmYyQ5IRylDwBdy4UMStT+TOtzG9LLT1h8DHf0445/xBIrg2rvvt5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObab31iErzWN6bcYJ+RAeSh5xRY6275OGiVyy5ZXcmsgreAkqwUK1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/m606IWfW6ZMwVvZJQ2bu7x8ZjbQeR4HtjKgZ6uXa1Pyv1klNeO1nXCapQcnmg8JUEBOT6d2kzxUyI8YWKFPc7krYkCrKjE2nYEPwlk9eheZl2bNcr5Sq9ad5HHk4gVM4Bw+uoAq3UIMGMBjAM7zCmyOcF+fd+Zi35pxFhMfwR87nDx3kjh8=</latexit>

p⇤ = min
x

1

2
kx� x0k2

<latexit sha1_base64="Lyz53ecuNUX4qviTLvN+5XFupoI="></latexit><latexit sha1_base64="Lyz53ecuNUX4qviTLvN+5XFupoI="></latexit><latexit sha1_base64="Lyz53ecuNUX4qviTLvN+5XFupoI="></latexit><latexit sha1_base64="Lyz53ecuNUX4qviTLvN+5XFupoI="></latexit>

f(x) = 0
<latexit sha1_base64="z/vrCPO6OsP8VpDI8ZARG7HnIqY=">AAAB+nicbZBLSwMxFIXv+Kz1NdWlm2AR6qbMiKAboeDGZQv2Ae1QMmmmDc1khiSjlnHAP+LGhSJu/SXu/Ddm2i609ULg45wbcnL8mDOlHefbWlldW9/YLGwVt3d29/bt0kFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74Ovfbd1QqFolbPYmpF+KhYAEjWBupb5eCStoLsR75QfqQZadXTt8uO1VnOmgZ3DmUYT71vv3VG0QkCanQhGOluq4Tay/FUjPCaVbsJYrGmIzxkHYNChxS5aXT6Bk6McoABZE0R2g0VX/fSHGo1CT0zWaeUi16ufif1010cOmlTMSJpoLMHgoSjnSE8h7QgElKNJ8YwEQykxWREZaYaNNW0ZTgLn55GVpnVddw47xcazzN6ijAERxDBVy4gBrcQB2aQOAenuEV3qxH68V6tz5mqyvWvMJD+DPW5w/3wJQ+</latexit><latexit sha1_base64="z/vrCPO6OsP8VpDI8ZARG7HnIqY=">AAAB+nicbZBLSwMxFIXv+Kz1NdWlm2AR6qbMiKAboeDGZQv2Ae1QMmmmDc1khiSjlnHAP+LGhSJu/SXu/Ddm2i609ULg45wbcnL8mDOlHefbWlldW9/YLGwVt3d29/bt0kFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74Ovfbd1QqFolbPYmpF+KhYAEjWBupb5eCStoLsR75QfqQZadXTt8uO1VnOmgZ3DmUYT71vv3VG0QkCanQhGOluq4Tay/FUjPCaVbsJYrGmIzxkHYNChxS5aXT6Bk6McoABZE0R2g0VX/fSHGo1CT0zWaeUi16ufif1010cOmlTMSJpoLMHgoSjnSE8h7QgElKNJ8YwEQykxWREZaYaNNW0ZTgLn55GVpnVddw47xcazzN6ijAERxDBVy4gBrcQB2aQOAenuEV3qxH68V6tz5mqyvWvMJD+DPW5w/3wJQ+</latexit><latexit sha1_base64="z/vrCPO6OsP8VpDI8ZARG7HnIqY=">AAAB+nicbZBLSwMxFIXv+Kz1NdWlm2AR6qbMiKAboeDGZQv2Ae1QMmmmDc1khiSjlnHAP+LGhSJu/SXu/Ddm2i609ULg45wbcnL8mDOlHefbWlldW9/YLGwVt3d29/bt0kFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74Ovfbd1QqFolbPYmpF+KhYAEjWBupb5eCStoLsR75QfqQZadXTt8uO1VnOmgZ3DmUYT71vv3VG0QkCanQhGOluq4Tay/FUjPCaVbsJYrGmIzxkHYNChxS5aXT6Bk6McoABZE0R2g0VX/fSHGo1CT0zWaeUi16ufif1010cOmlTMSJpoLMHgoSjnSE8h7QgElKNJ8YwEQykxWREZaYaNNW0ZTgLn55GVpnVddw47xcazzN6ijAERxDBVy4gBrcQB2aQOAenuEV3qxH68V6tz5mqyvWvMJD+DPW5w/3wJQ+</latexit><latexit sha1_base64="z/vrCPO6OsP8VpDI8ZARG7HnIqY=">AAAB+nicbZBLSwMxFIXv+Kz1NdWlm2AR6qbMiKAboeDGZQv2Ae1QMmmmDc1khiSjlnHAP+LGhSJu/SXu/Ddm2i609ULg45wbcnL8mDOlHefbWlldW9/YLGwVt3d29/bt0kFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74Ovfbd1QqFolbPYmpF+KhYAEjWBupb5eCStoLsR75QfqQZadXTt8uO1VnOmgZ3DmUYT71vv3VG0QkCanQhGOluq4Tay/FUjPCaVbsJYrGmIzxkHYNChxS5aXT6Bk6McoABZE0R2g0VX/fSHGo1CT0zWaeUi16ufif1010cOmlTMSJpoLMHgoSjnSE8h7QgElKNJ8YwEQykxWREZaYaNNW0ZTgLn55GVpnVddw47xcazzN6ijAERxDBVy4gBrcQB2aQOAenuEV3qxH68V6tz5mqyvWvMJD+DPW5w/3wJQ+</latexit>

non-convex optimization

= min
x

max
⌘

1

2
kx� x0k2 + ⌘f(x)

<latexit sha1_base64="xi70neMe6WEDNfLjE80vnilQkwk="></latexit><latexit sha1_base64="xi70neMe6WEDNfLjE80vnilQkwk="></latexit><latexit sha1_base64="xi70neMe6WEDNfLjE80vnilQkwk="></latexit><latexit sha1_base64="xi70neMe6WEDNfLjE80vnilQkwk="></latexit>

� max
⌘

min
x

1

2
kx� x0k2 + ⌘f(x)

<latexit sha1_base64="Lv26knPuUZbOj7e9vs+4hPJ0yU4="></latexit><latexit sha1_base64="Lv26knPuUZbOj7e9vs+4hPJ0yU4="></latexit><latexit sha1_base64="Lv26knPuUZbOj7e9vs+4hPJ0yU4="></latexit><latexit sha1_base64="Lv26knPuUZbOj7e9vs+4hPJ0yU4="></latexit>

min-max

d(⌘)
<latexit sha1_base64="h0lvSVHFba5aIXEje2Lua8r3/+U=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JRNBlwY3LFuwF2lAmk0k7dDIJMydCCQVfwY0LRdz6PO58G6eXhbb+MPDxnzOcc/4glcKg6347hY3Nre2d4m5pb//g8Kh8fNI2SaYZb7FEJrobUMOlULyFAiXvpprTOJC8E4zvZvXOI9dGJOoBJyn3YzpUIhKMorU6YbXPkV4OyhW35s5F1sFbQgWWagzKX/0wYVnMFTJJjel5bop+TjUKJvm01M8MTykb0yHvWVQ05sbP5+tOyYV1QhIl2j6FZO7+/pHT2JhJHNjOmOLIrNZm5n+1XobRrZ8LlWbIFVsMijJJMCGz20koNGcoJxYo08LuStiIasrQJlSyIXirJ69D+6rmWW5eV+rNp0UcRTiDc6iCBzdQh3toQAsYjOEZXuHNSZ0X5935WLQWnGWEp/BHzucPuUSPmg==</latexit><latexit sha1_base64="h0lvSVHFba5aIXEje2Lua8r3/+U=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JRNBlwY3LFuwF2lAmk0k7dDIJMydCCQVfwY0LRdz6PO58G6eXhbb+MPDxnzOcc/4glcKg6347hY3Nre2d4m5pb//g8Kh8fNI2SaYZb7FEJrobUMOlULyFAiXvpprTOJC8E4zvZvXOI9dGJOoBJyn3YzpUIhKMorU6YbXPkV4OyhW35s5F1sFbQgWWagzKX/0wYVnMFTJJjel5bop+TjUKJvm01M8MTykb0yHvWVQ05sbP5+tOyYV1QhIl2j6FZO7+/pHT2JhJHNjOmOLIrNZm5n+1XobRrZ8LlWbIFVsMijJJMCGz20koNGcoJxYo08LuStiIasrQJlSyIXirJ69D+6rmWW5eV+rNp0UcRTiDc6iCBzdQh3toQAsYjOEZXuHNSZ0X5935WLQWnGWEp/BHzucPuUSPmg==</latexit><latexit sha1_base64="h0lvSVHFba5aIXEje2Lua8r3/+U=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JRNBlwY3LFuwF2lAmk0k7dDIJMydCCQVfwY0LRdz6PO58G6eXhbb+MPDxnzOcc/4glcKg6347hY3Nre2d4m5pb//g8Kh8fNI2SaYZb7FEJrobUMOlULyFAiXvpprTOJC8E4zvZvXOI9dGJOoBJyn3YzpUIhKMorU6YbXPkV4OyhW35s5F1sFbQgWWagzKX/0wYVnMFTJJjel5bop+TjUKJvm01M8MTykb0yHvWVQ05sbP5+tOyYV1QhIl2j6FZO7+/pHT2JhJHNjOmOLIrNZm5n+1XobRrZ8LlWbIFVsMijJJMCGz20koNGcoJxYo08LuStiIasrQJlSyIXirJ69D+6rmWW5eV+rNp0UcRTiDc6iCBzdQh3toQAsYjOEZXuHNSZ0X5935WLQWnGWEp/BHzucPuUSPmg==</latexit><latexit sha1_base64="h0lvSVHFba5aIXEje2Lua8r3/+U=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JRNBlwY3LFuwF2lAmk0k7dDIJMydCCQVfwY0LRdz6PO58G6eXhbb+MPDxnzOcc/4glcKg6347hY3Nre2d4m5pb//g8Kh8fNI2SaYZb7FEJrobUMOlULyFAiXvpprTOJC8E4zvZvXOI9dGJOoBJyn3YzpUIhKMorU6YbXPkV4OyhW35s5F1sFbQgWWagzKX/0wYVnMFTJJjel5bop+TjUKJvm01M8MTykb0yHvWVQ05sbP5+tOyYV1QhIl2j6FZO7+/pHT2JhJHNjOmOLIrNZm5n+1XobRrZ8LlWbIFVsMijJJMCGz20koNGcoJxYo08LuStiIasrQJlSyIXirJ69D+6rmWW5eV+rNp0UcRTiDc6iCBzdQh3toQAsYjOEZXuHNSZ0X5935WLQWnGWEp/BHzucPuUSPmg==</latexit>

= max
⌘

d(⌘)
<latexit sha1_base64="HjrLbpgYfmNmqKBo1qNcMM4CJ+Q=">AAAB/3icbZDLSgMxFIYzXmu9jQpu3ASLUDdlRgTdCAU3LluwF+gMQyaTaUOTzJBkxDK26Ku4caGIW1/DnW9jello64GQj/8/h5z8Ycqo0o7zbS0tr6yurRc2iptb2zu79t5+UyWZxKSBE5bIdogUYVSQhqaakXYqCeIhI62wfz32W3dEKpqIWz1Iic9RV9CYYqSNFNiHVyPocXQf5B7RaDiKyuP7NLBLTsWZFFwEdwYlMKtaYH95UYIzToTGDCnVcZ1U+zmSmmJGhkUvUyRFuI+6pGNQIE6Un0/2H8ITo0QwTqQ5QsOJ+nsiR1ypAQ9NJ0e6p+a9sfif18l0fOnnVKSZJgJPH4ozBnUCx2HAiEqCNRsYQFhSsyvEPSQR1iayognBnf/yIjTPKq7h+nmpWn+cxlEAR+AYlIELLkAV3IAaaAAMHsAzeAVv1pP1Yr1bH9PWJWsW4QH4U9bnD6Bxlkk=</latexit><latexit sha1_base64="HjrLbpgYfmNmqKBo1qNcMM4CJ+Q=">AAAB/3icbZDLSgMxFIYzXmu9jQpu3ASLUDdlRgTdCAU3LluwF+gMQyaTaUOTzJBkxDK26Ku4caGIW1/DnW9jello64GQj/8/h5z8Ycqo0o7zbS0tr6yurRc2iptb2zu79t5+UyWZxKSBE5bIdogUYVSQhqaakXYqCeIhI62wfz32W3dEKpqIWz1Iic9RV9CYYqSNFNiHVyPocXQf5B7RaDiKyuP7NLBLTsWZFFwEdwYlMKtaYH95UYIzToTGDCnVcZ1U+zmSmmJGhkUvUyRFuI+6pGNQIE6Un0/2H8ITo0QwTqQ5QsOJ+nsiR1ypAQ9NJ0e6p+a9sfif18l0fOnnVKSZJgJPH4ozBnUCx2HAiEqCNRsYQFhSsyvEPSQR1iayognBnf/yIjTPKq7h+nmpWn+cxlEAR+AYlIELLkAV3IAaaAAMHsAzeAVv1pP1Yr1bH9PWJWsW4QH4U9bnD6Bxlkk=</latexit><latexit sha1_base64="HjrLbpgYfmNmqKBo1qNcMM4CJ+Q=">AAAB/3icbZDLSgMxFIYzXmu9jQpu3ASLUDdlRgTdCAU3LluwF+gMQyaTaUOTzJBkxDK26Ku4caGIW1/DnW9jello64GQj/8/h5z8Ycqo0o7zbS0tr6yurRc2iptb2zu79t5+UyWZxKSBE5bIdogUYVSQhqaakXYqCeIhI62wfz32W3dEKpqIWz1Iic9RV9CYYqSNFNiHVyPocXQf5B7RaDiKyuP7NLBLTsWZFFwEdwYlMKtaYH95UYIzToTGDCnVcZ1U+zmSmmJGhkUvUyRFuI+6pGNQIE6Un0/2H8ITo0QwTqQ5QsOJ+nsiR1ypAQ9NJ0e6p+a9sfif18l0fOnnVKSZJgJPH4ozBnUCx2HAiEqCNRsYQFhSsyvEPSQR1iayognBnf/yIjTPKq7h+nmpWn+cxlEAR+AYlIELLkAV3IAaaAAMHsAzeAVv1pP1Yr1bH9PWJWsW4QH4U9bnD6Bxlkk=</latexit><latexit sha1_base64="HjrLbpgYfmNmqKBo1qNcMM4CJ+Q=">AAAB/3icbZDLSgMxFIYzXmu9jQpu3ASLUDdlRgTdCAU3LluwF+gMQyaTaUOTzJBkxDK26Ku4caGIW1/DnW9jello64GQj/8/h5z8Ycqo0o7zbS0tr6yurRc2iptb2zu79t5+UyWZxKSBE5bIdogUYVSQhqaakXYqCeIhI62wfz32W3dEKpqIWz1Iic9RV9CYYqSNFNiHVyPocXQf5B7RaDiKyuP7NLBLTsWZFFwEdwYlMKtaYH95UYIzToTGDCnVcZ1U+zmSmmJGhkUvUyRFuI+6pGNQIE6Un0/2H8ITo0QwTqQ5QsOJ+nsiR1ypAQ9NJ0e6p+a9sfif18l0fOnnVKSZJgJPH4ozBnUCx2HAiEqCNRsYQFhSsyvEPSQR1iayognBnf/yIjTPKq7h+nmpWn+cxlEAR+AYlIELLkAV3IAaaAAMHsAzeAVv1pP1Yr1bH9PWJWsW4QH4U9bnD6Bxlkk=</latexit>

still non-convex

lagrangian

= min
x

max
⌘

1

2
kx� x0k2 + ⌘f(x)

<latexit sha1_base64="xi70neMe6WEDNfLjE80vnilQkwk="></latexit><latexit sha1_base64="xi70neMe6WEDNfLjE80vnilQkwk="></latexit><latexit sha1_base64="xi70neMe6WEDNfLjE80vnilQkwk="></latexit><latexit sha1_base64="xi70neMe6WEDNfLjE80vnilQkwk="></latexit>

� max
⌘

min
x

1

2
kx� x0k2 + ⌘f(x)

<latexit sha1_base64="Lv26knPuUZbOj7e9vs+4hPJ0yU4="></latexit><latexit sha1_base64="Lv26knPuUZbOj7e9vs+4hPJ0yU4="></latexit><latexit sha1_base64="Lv26knPuUZbOj7e9vs+4hPJ0yU4="></latexit><latexit sha1_base64="Lv26knPuUZbOj7e9vs+4hPJ0yU4="></latexit>

= min
x

max
⌘

1

2
kx� x0k2 + ⌘f(x)

<latexit sha1_base64="xi70neMe6WEDNfLjE80vnilQkwk="></latexit><latexit sha1_base64="xi70neMe6WEDNfLjE80vnilQkwk="></latexit><latexit sha1_base64="xi70neMe6WEDNfLjE80vnilQkwk="></latexit><latexit sha1_base64="xi70neMe6WEDNfLjE80vnilQkwk="></latexit>



Curvature-based Certificate

• Theorem

8x 2 Rn
<latexit sha1_base64="hTT0/qJv05BLIjNOUEpXgvZQ0N0=">AAACC3icbVDLSgMxFL1TX7W+qi7dhBbBVZkRQZcFNy5bsQ/o1JJJM21oJjMkGbEMAy7d+CtuXCji1h9w59+YaWehrQcCJ+fckHOPF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVmEsCW2RkIey62FFORO0pZnmtBtJigOP0443ucz8zh2VioXiRk8j2g/wSDCfEayNNChXXD+UmHPkBliPPT+5T10m8puXXKe3Zqhq1+wZ0DJxclKFHI1B+csdhiQOqNCEY6V6jh3pfoKlZoTTtOTGikaYTPCI9gwVOKCqn8x2SdGxUYbIhDJHaDRTf79IcKDUNPDMZJZRLXqZ+J/Xi7V/0U+YiGJNBZl/5Mcc6RBlxaAhk5RoPjUEE8lMVkTGWGKiTX0lU4KzuPIyaZ/WHMObZ9V682FeRxGOoAIn4MA51OEKGtACAo/wDK/wZj1ZL9a79TEfLVh5hYfwB9bnD9DKm/s=</latexit><latexit sha1_base64="hTT0/qJv05BLIjNOUEpXgvZQ0N0=">AAACC3icbVDLSgMxFL1TX7W+qi7dhBbBVZkRQZcFNy5bsQ/o1JJJM21oJjMkGbEMAy7d+CtuXCji1h9w59+YaWehrQcCJ+fckHOPF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVmEsCW2RkIey62FFORO0pZnmtBtJigOP0443ucz8zh2VioXiRk8j2g/wSDCfEayNNChXXD+UmHPkBliPPT+5T10m8puXXKe3Zqhq1+wZ0DJxclKFHI1B+csdhiQOqNCEY6V6jh3pfoKlZoTTtOTGikaYTPCI9gwVOKCqn8x2SdGxUYbIhDJHaDRTf79IcKDUNPDMZJZRLXqZ+J/Xi7V/0U+YiGJNBZl/5Mcc6RBlxaAhk5RoPjUEE8lMVkTGWGKiTX0lU4KzuPIyaZ/WHMObZ9V682FeRxGOoAIn4MA51OEKGtACAo/wDK/wZj1ZL9a79TEfLVh5hYfwB9bnD9DKm/s=</latexit><latexit sha1_base64="hTT0/qJv05BLIjNOUEpXgvZQ0N0=">AAACC3icbVDLSgMxFL1TX7W+qi7dhBbBVZkRQZcFNy5bsQ/o1JJJM21oJjMkGbEMAy7d+CtuXCji1h9w59+YaWehrQcCJ+fckHOPF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVmEsCW2RkIey62FFORO0pZnmtBtJigOP0443ucz8zh2VioXiRk8j2g/wSDCfEayNNChXXD+UmHPkBliPPT+5T10m8puXXKe3Zqhq1+wZ0DJxclKFHI1B+csdhiQOqNCEY6V6jh3pfoKlZoTTtOTGikaYTPCI9gwVOKCqn8x2SdGxUYbIhDJHaDRTf79IcKDUNPDMZJZRLXqZ+J/Xi7V/0U+YiGJNBZl/5Mcc6RBlxaAhk5RoPjUEE8lMVkTGWGKiTX0lU4KzuPIyaZ/WHMObZ9V682FeRxGOoAIn4MA51OEKGtACAo/wDK/wZj1ZL9a79TEfLVh5hYfwB9bnD9DKm/s=</latexit><latexit sha1_base64="hTT0/qJv05BLIjNOUEpXgvZQ0N0=">AAACC3icbVDLSgMxFL1TX7W+qi7dhBbBVZkRQZcFNy5bsQ/o1JJJM21oJjMkGbEMAy7d+CtuXCji1h9w59+YaWehrQcCJ+fckHOPF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVmEsCW2RkIey62FFORO0pZnmtBtJigOP0443ucz8zh2VioXiRk8j2g/wSDCfEayNNChXXD+UmHPkBliPPT+5T10m8puXXKe3Zqhq1+wZ0DJxclKFHI1B+csdhiQOqNCEY6V6jh3pfoKlZoTTtOTGikaYTPCI9gwVOKCqn8x2SdGxUYbIhDJHaDRTf79IcKDUNPDMZJZRLXqZ+J/Xi7V/0U+YiGJNBZl/5Mcc6RBlxaAhk5RoPjUEE8lMVkTGWGKiTX0lU4KzuPIyaZ/WHMObZ9V682FeRxGOoAIn4MA51OEKGtACAo/wDK/wZj1ZL9a79TEfLVh5hYfwB9bnD9DKm/s=</latexit>

can be computed via convex opt for
�1

M
 ⌘  �1

m
<latexit sha1_base64="JK+ACKbADxlqK6rctLrlykjLwe0=">AAACEHicbZBLSwMxFIUzPmt9jbp0EyyiG8uMCLosuHEjtGAf0Cklk95pQ5OZMckIZRjwD7jxr7hxoYhbl+78N6adItp6IPBxzg3JPX7MmdKO82UtLC4tr6wW1orrG5tb2/bObkNFiaRQpxGPZMsnCjgLoa6Z5tCKJRDhc2j6w8tx3rwDqVgU3uhRDB1B+iELGCXaWF37yAskoemJm6XXmcfhFnugCc7pJxJZ1y45ZWciPA/uFEpoqmrX/vR6EU0EhJpyolTbdWLdSYnUjHLIil6iICZ0SPrQNhgSAaqTThbK8KFxejiIpDmhxhP3942UCKVGwjeTguiBms3G5n9ZO9HBRSdlYZxoCGn+UJBwrCM8bgf3mASq+cgAoZKZv2I6IKYGbTosmhLc2ZXnoXFadg3XzkqV2n1eRwHtowN0jFx0jiroClVRHVH0gJ7QC3q1Hq1n6816z0cXrGmFe+iPrI9vVf2dOA==</latexit><latexit sha1_base64="JK+ACKbADxlqK6rctLrlykjLwe0=">AAACEHicbZBLSwMxFIUzPmt9jbp0EyyiG8uMCLosuHEjtGAf0Cklk95pQ5OZMckIZRjwD7jxr7hxoYhbl+78N6adItp6IPBxzg3JPX7MmdKO82UtLC4tr6wW1orrG5tb2/bObkNFiaRQpxGPZMsnCjgLoa6Z5tCKJRDhc2j6w8tx3rwDqVgU3uhRDB1B+iELGCXaWF37yAskoemJm6XXmcfhFnugCc7pJxJZ1y45ZWciPA/uFEpoqmrX/vR6EU0EhJpyolTbdWLdSYnUjHLIil6iICZ0SPrQNhgSAaqTThbK8KFxejiIpDmhxhP3942UCKVGwjeTguiBms3G5n9ZO9HBRSdlYZxoCGn+UJBwrCM8bgf3mASq+cgAoZKZv2I6IKYGbTosmhLc2ZXnoXFadg3XzkqV2n1eRwHtowN0jFx0jiroClVRHVH0gJ7QC3q1Hq1n6816z0cXrGmFe+iPrI9vVf2dOA==</latexit><latexit sha1_base64="JK+ACKbADxlqK6rctLrlykjLwe0=">AAACEHicbZBLSwMxFIUzPmt9jbp0EyyiG8uMCLosuHEjtGAf0Cklk95pQ5OZMckIZRjwD7jxr7hxoYhbl+78N6adItp6IPBxzg3JPX7MmdKO82UtLC4tr6wW1orrG5tb2/bObkNFiaRQpxGPZMsnCjgLoa6Z5tCKJRDhc2j6w8tx3rwDqVgU3uhRDB1B+iELGCXaWF37yAskoemJm6XXmcfhFnugCc7pJxJZ1y45ZWciPA/uFEpoqmrX/vR6EU0EhJpyolTbdWLdSYnUjHLIil6iICZ0SPrQNhgSAaqTThbK8KFxejiIpDmhxhP3942UCKVGwjeTguiBms3G5n9ZO9HBRSdlYZxoCGn+UJBwrCM8bgf3mASq+cgAoZKZv2I6IKYGbTosmhLc2ZXnoXFadg3XzkqV2n1eRwHtowN0jFx0jiroClVRHVH0gJ7QC3q1Hq1n6816z0cXrGmFe+iPrI9vVf2dOA==</latexit><latexit sha1_base64="JK+ACKbADxlqK6rctLrlykjLwe0=">AAACEHicbZBLSwMxFIUzPmt9jbp0EyyiG8uMCLosuHEjtGAf0Cklk95pQ5OZMckIZRjwD7jxr7hxoYhbl+78N6adItp6IPBxzg3JPX7MmdKO82UtLC4tr6wW1orrG5tb2/bObkNFiaRQpxGPZMsnCjgLoa6Z5tCKJRDhc2j6w8tx3rwDqVgU3uhRDB1B+iELGCXaWF37yAskoemJm6XXmcfhFnugCc7pJxJZ1y45ZWciPA/uFEpoqmrX/vR6EU0EhJpyolTbdWLdSYnUjHLIil6iICZ0SPrQNhgSAaqTThbK8KFxejiIpDmhxhP3942UCKVGwjeTguiBms3G5n9ZO9HBRSdlYZxoCGn+UJBwrCM8bgf3mASq+cgAoZKZv2I6IKYGbTosmhLc2ZXnoXFadg3XzkqV2n1eRwHtowN0jFx0jiroClVRHVH0gJ7QC3q1Hq1n6816z0cXrGmFe+iPrI9vVf2dOA==</latexit>

d(⌘)
<latexit sha1_base64="h0lvSVHFba5aIXEje2Lua8r3/+U=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JRNBlwY3LFuwF2lAmk0k7dDIJMydCCQVfwY0LRdz6PO58G6eXhbb+MPDxnzOcc/4glcKg6347hY3Nre2d4m5pb//g8Kh8fNI2SaYZb7FEJrobUMOlULyFAiXvpprTOJC8E4zvZvXOI9dGJOoBJyn3YzpUIhKMorU6YbXPkV4OyhW35s5F1sFbQgWWagzKX/0wYVnMFTJJjel5bop+TjUKJvm01M8MTykb0yHvWVQ05sbP5+tOyYV1QhIl2j6FZO7+/pHT2JhJHNjOmOLIrNZm5n+1XobRrZ8LlWbIFVsMijJJMCGz20koNGcoJxYo08LuStiIasrQJlSyIXirJ69D+6rmWW5eV+rNp0UcRTiDc6iCBzdQh3toQAsYjOEZXuHNSZ0X5935WLQWnGWEp/BHzucPuUSPmg==</latexit><latexit sha1_base64="h0lvSVHFba5aIXEje2Lua8r3/+U=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JRNBlwY3LFuwF2lAmk0k7dDIJMydCCQVfwY0LRdz6PO58G6eXhbb+MPDxnzOcc/4glcKg6347hY3Nre2d4m5pb//g8Kh8fNI2SaYZb7FEJrobUMOlULyFAiXvpprTOJC8E4zvZvXOI9dGJOoBJyn3YzpUIhKMorU6YbXPkV4OyhW35s5F1sFbQgWWagzKX/0wYVnMFTJJjel5bop+TjUKJvm01M8MTykb0yHvWVQ05sbP5+tOyYV1QhIl2j6FZO7+/pHT2JhJHNjOmOLIrNZm5n+1XobRrZ8LlWbIFVsMijJJMCGz20koNGcoJxYo08LuStiIasrQJlSyIXirJ69D+6rmWW5eV+rNp0UcRTiDc6iCBzdQh3toQAsYjOEZXuHNSZ0X5935WLQWnGWEp/BHzucPuUSPmg==</latexit><latexit sha1_base64="h0lvSVHFba5aIXEje2Lua8r3/+U=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JRNBlwY3LFuwF2lAmk0k7dDIJMydCCQVfwY0LRdz6PO58G6eXhbb+MPDxnzOcc/4glcKg6347hY3Nre2d4m5pb//g8Kh8fNI2SaYZb7FEJrobUMOlULyFAiXvpprTOJC8E4zvZvXOI9dGJOoBJyn3YzpUIhKMorU6YbXPkV4OyhW35s5F1sFbQgWWagzKX/0wYVnMFTJJjel5bop+TjUKJvm01M8MTykb0yHvWVQ05sbP5+tOyYV1QhIl2j6FZO7+/pHT2JhJHNjOmOLIrNZm5n+1XobRrZ8LlWbIFVsMijJJMCGz20koNGcoJxYo08LuStiIasrQJlSyIXirJ69D+6rmWW5eV+rNp0UcRTiDc6iCBzdQh3toQAsYjOEZXuHNSZ0X5935WLQWnGWEp/BHzucPuUSPmg==</latexit><latexit sha1_base64="h0lvSVHFba5aIXEje2Lua8r3/+U=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JRNBlwY3LFuwF2lAmk0k7dDIJMydCCQVfwY0LRdz6PO58G6eXhbb+MPDxnzOcc/4glcKg6347hY3Nre2d4m5pb//g8Kh8fNI2SaYZb7FEJrobUMOlULyFAiXvpprTOJC8E4zvZvXOI9dGJOoBJyn3YzpUIhKMorU6YbXPkV4OyhW35s5F1sFbQgWWagzKX/0wYVnMFTJJjel5bop+TjUKJvm01M8MTykb0yHvWVQ05sbP5+tOyYV1QhIl2j6FZO7+/pHT2JhJHNjOmOLIrNZm5n+1XobRrZ8LlWbIFVsMijJJMCGz20koNGcoJxYo08LuStiIasrQJlSyIXirJ69D+6rmWW5eV+rNp0UcRTiDc6iCBzdQh3toQAsYjOEZXuHNSZ0X5935WLQWnGWEp/BHzucPuUSPmg==</latexit>

If

p⇤ � d⇤ := max
�1/M⌘�1/m

d(⌘)
<latexit sha1_base64="Dl0PAH54zM3E0FCsob1i6WqK6BU=">AAACHnicbZDLSgMxFIYz9V5vVZdugkXQgnVGFEUQCm7cCC3YKnTaksmctsFkZkwyYhkqvocbX8WNC0UEV/o2ZtouvB0IfHznhOT8XsSZ0rb9aWXGxicmp6ZnsrNz8wuLuaXlmgpjSaFKQx7KC48o4CyAqmaaw0UkgQiPw7l3eZz2z69BKhYGZ7oXQUOQTsDajBJtVCu3FzULbgeusN8sHB5hV5CbVrLlbJ+63EgXNMEDMkr0b/2N1GxmW7m8XbQHhf+CM4I8GlW5lXt3/ZDGAgJNOVGq7tiRbiREakY59LNurCAi9JJ0oG4wIAJUIxms18frxvi4HUpzAo0H9vuNhAilesIzk4LorvrdS+V/vXqs2weNhAVRrCGgw4faMcc6xGlW2GcSqOY9A4RKZv6KaZdIQrVJNA3B+b3yX6jtFB3Dld18qXI3jGMaraI1tIEctI9K6ASVURVRdI8e0TN6sR6sJ+vVehuOZqxRhCvoR1kfX+5ZoFI=</latexit><latexit sha1_base64="Dl0PAH54zM3E0FCsob1i6WqK6BU=">AAACHnicbZDLSgMxFIYz9V5vVZdugkXQgnVGFEUQCm7cCC3YKnTaksmctsFkZkwyYhkqvocbX8WNC0UEV/o2ZtouvB0IfHznhOT8XsSZ0rb9aWXGxicmp6ZnsrNz8wuLuaXlmgpjSaFKQx7KC48o4CyAqmaaw0UkgQiPw7l3eZz2z69BKhYGZ7oXQUOQTsDajBJtVCu3FzULbgeusN8sHB5hV5CbVrLlbJ+63EgXNMEDMkr0b/2N1GxmW7m8XbQHhf+CM4I8GlW5lXt3/ZDGAgJNOVGq7tiRbiREakY59LNurCAi9JJ0oG4wIAJUIxms18frxvi4HUpzAo0H9vuNhAilesIzk4LorvrdS+V/vXqs2weNhAVRrCGgw4faMcc6xGlW2GcSqOY9A4RKZv6KaZdIQrVJNA3B+b3yX6jtFB3Dld18qXI3jGMaraI1tIEctI9K6ASVURVRdI8e0TN6sR6sJ+vVehuOZqxRhCvoR1kfX+5ZoFI=</latexit><latexit sha1_base64="Dl0PAH54zM3E0FCsob1i6WqK6BU=">AAACHnicbZDLSgMxFIYz9V5vVZdugkXQgnVGFEUQCm7cCC3YKnTaksmctsFkZkwyYhkqvocbX8WNC0UEV/o2ZtouvB0IfHznhOT8XsSZ0rb9aWXGxicmp6ZnsrNz8wuLuaXlmgpjSaFKQx7KC48o4CyAqmaaw0UkgQiPw7l3eZz2z69BKhYGZ7oXQUOQTsDajBJtVCu3FzULbgeusN8sHB5hV5CbVrLlbJ+63EgXNMEDMkr0b/2N1GxmW7m8XbQHhf+CM4I8GlW5lXt3/ZDGAgJNOVGq7tiRbiREakY59LNurCAi9JJ0oG4wIAJUIxms18frxvi4HUpzAo0H9vuNhAilesIzk4LorvrdS+V/vXqs2weNhAVRrCGgw4faMcc6xGlW2GcSqOY9A4RKZv6KaZdIQrVJNA3B+b3yX6jtFB3Dld18qXI3jGMaraI1tIEctI9K6ASVURVRdI8e0TN6sR6sJ+vVehuOZqxRhCvoR1kfX+5ZoFI=</latexit><latexit sha1_base64="Dl0PAH54zM3E0FCsob1i6WqK6BU=">AAACHnicbZDLSgMxFIYz9V5vVZdugkXQgnVGFEUQCm7cCC3YKnTaksmctsFkZkwyYhkqvocbX8WNC0UEV/o2ZtouvB0IfHznhOT8XsSZ0rb9aWXGxicmp6ZnsrNz8wuLuaXlmgpjSaFKQx7KC48o4CyAqmaaw0UkgQiPw7l3eZz2z69BKhYGZ7oXQUOQTsDajBJtVCu3FzULbgeusN8sHB5hV5CbVrLlbJ+63EgXNMEDMkr0b/2N1GxmW7m8XbQHhf+CM4I8GlW5lXt3/ZDGAgJNOVGq7tiRbiREakY59LNurCAi9JJ0oG4wIAJUIxms18frxvi4HUpzAo0H9vuNhAilesIzk4LorvrdS+V/vXqs2weNhAVRrCGgw4faMcc6xGlW2GcSqOY9A4RKZv6KaZdIQrVJNA3B+b3yX6jtFB3Dld18qXI3jGMaraI1tIEctI9K6ASVURVRdI8e0TN6sR6sJ+vVehuOZqxRhCvoR1kfX+5ZoFI=</latexit>

Curvature-based  Robustness 

Certificate (CRC)

p⇤ � d⇤ := max
�1/M⌘�1/m

d(⌘)
<latexit sha1_base64="Dl0PAH54zM3E0FCsob1i6WqK6BU=">AAACHnicbZDLSgMxFIYz9V5vVZdugkXQgnVGFEUQCm7cCC3YKnTaksmctsFkZkwyYhkqvocbX8WNC0UEV/o2ZtouvB0IfHznhOT8XsSZ0rb9aWXGxicmp6ZnsrNz8wuLuaXlmgpjSaFKQx7KC48o4CyAqmaaw0UkgQiPw7l3eZz2z69BKhYGZ7oXQUOQTsDajBJtVCu3FzULbgeusN8sHB5hV5CbVrLlbJ+63EgXNMEDMkr0b/2N1GxmW7m8XbQHhf+CM4I8GlW5lXt3/ZDGAgJNOVGq7tiRbiREakY59LNurCAi9JJ0oG4wIAJUIxms18frxvi4HUpzAo0H9vuNhAilesIzk4LorvrdS+V/vXqs2weNhAVRrCGgw4faMcc6xGlW2GcSqOY9A4RKZv6KaZdIQrVJNA3B+b3yX6jtFB3Dld18qXI3jGMaraI1tIEctI9K6ASVURVRdI8e0TN6sR6sJ+vVehuOZqxRhCvoR1kfX+5ZoFI=</latexit><latexit sha1_base64="Dl0PAH54zM3E0FCsob1i6WqK6BU=">AAACHnicbZDLSgMxFIYz9V5vVZdugkXQgnVGFEUQCm7cCC3YKnTaksmctsFkZkwyYhkqvocbX8WNC0UEV/o2ZtouvB0IfHznhOT8XsSZ0rb9aWXGxicmp6ZnsrNz8wuLuaXlmgpjSaFKQx7KC48o4CyAqmaaw0UkgQiPw7l3eZz2z69BKhYGZ7oXQUOQTsDajBJtVCu3FzULbgeusN8sHB5hV5CbVrLlbJ+63EgXNMEDMkr0b/2N1GxmW7m8XbQHhf+CM4I8GlW5lXt3/ZDGAgJNOVGq7tiRbiREakY59LNurCAi9JJ0oG4wIAJUIxms18frxvi4HUpzAo0H9vuNhAilesIzk4LorvrdS+V/vXqs2weNhAVRrCGgw4faMcc6xGlW2GcSqOY9A4RKZv6KaZdIQrVJNA3B+b3yX6jtFB3Dld18qXI3jGMaraI1tIEctI9K6ASVURVRdI8e0TN6sR6sJ+vVehuOZqxRhCvoR1kfX+5ZoFI=</latexit><latexit sha1_base64="Dl0PAH54zM3E0FCsob1i6WqK6BU=">AAACHnicbZDLSgMxFIYz9V5vVZdugkXQgnVGFEUQCm7cCC3YKnTaksmctsFkZkwyYhkqvocbX8WNC0UEV/o2ZtouvB0IfHznhOT8XsSZ0rb9aWXGxicmp6ZnsrNz8wuLuaXlmgpjSaFKQx7KC48o4CyAqmaaw0UkgQiPw7l3eZz2z69BKhYGZ7oXQUOQTsDajBJtVCu3FzULbgeusN8sHB5hV5CbVrLlbJ+63EgXNMEDMkr0b/2N1GxmW7m8XbQHhf+CM4I8GlW5lXt3/ZDGAgJNOVGq7tiRbiREakY59LNurCAi9JJ0oG4wIAJUIxms18frxvi4HUpzAo0H9vuNhAilesIzk4LorvrdS+V/vXqs2weNhAVRrCGgw4faMcc6xGlW2GcSqOY9A4RKZv6KaZdIQrVJNA3B+b3yX6jtFB3Dld18qXI3jGMaraI1tIEctI9K6ASVURVRdI8e0TN6sR6sJ+vVehuOZqxRhCvoR1kfX+5ZoFI=</latexit><latexit sha1_base64="Dl0PAH54zM3E0FCsob1i6WqK6BU=">AAACHnicbZDLSgMxFIYz9V5vVZdugkXQgnVGFEUQCm7cCC3YKnTaksmctsFkZkwyYhkqvocbX8WNC0UEV/o2ZtouvB0IfHznhOT8XsSZ0rb9aWXGxicmp6ZnsrNz8wuLuaXlmgpjSaFKQx7KC48o4CyAqmaaw0UkgQiPw7l3eZz2z69BKhYGZ7oXQUOQTsDajBJtVCu3FzULbgeusN8sHB5hV5CbVrLlbJ+63EgXNMEDMkr0b/2N1GxmW7m8XbQHhf+CM4I8GlW5lXt3/ZDGAgJNOVGq7tiRbiREakY59LNurCAi9JJ0oG4wIAJUIxms18frxvi4HUpzAo0H9vuNhAilesIzk4LorvrdS+V/vXqs2weNhAVRrCGgw4faMcc6xGlW2GcSqOY9A4RKZv6KaZdIQrVJNA3B+b3yX6jtFB3Dld18qXI3jGMaraI1tIEctI9K6ASVURVRdI8e0TN6sR6sJ+vVehuOZqxRhCvoR1kfX+5ZoFI=</latexit>



Tightness property of the proposed approach

• No such guarantee exists for first-order robustness methods!

If

p⇤ � d⇤ := max
�1/M⌘�1/m

d(⌘)
<latexit sha1_base64="Dl0PAH54zM3E0FCsob1i6WqK6BU=">AAACHnicbZDLSgMxFIYz9V5vVZdugkXQgnVGFEUQCm7cCC3YKnTaksmctsFkZkwyYhkqvocbX8WNC0UEV/o2ZtouvB0IfHznhOT8XsSZ0rb9aWXGxicmp6ZnsrNz8wuLuaXlmgpjSaFKQx7KC48o4CyAqmaaw0UkgQiPw7l3eZz2z69BKhYGZ7oXQUOQTsDajBJtVCu3FzULbgeusN8sHB5hV5CbVrLlbJ+63EgXNMEDMkr0b/2N1GxmW7m8XbQHhf+CM4I8GlW5lXt3/ZDGAgJNOVGq7tiRbiREakY59LNurCAi9JJ0oG4wIAJUIxms18frxvi4HUpzAo0H9vuNhAilesIzk4LorvrdS+V/vXqs2weNhAVRrCGgw4faMcc6xGlW2GcSqOY9A4RKZv6KaZdIQrVJNA3B+b3yX6jtFB3Dld18qXI3jGMaraI1tIEctI9K6ASVURVRdI8e0TN6sR6sJ+vVehuOZqxRhCvoR1kfX+5ZoFI=</latexit><latexit sha1_base64="Dl0PAH54zM3E0FCsob1i6WqK6BU=">AAACHnicbZDLSgMxFIYz9V5vVZdugkXQgnVGFEUQCm7cCC3YKnTaksmctsFkZkwyYhkqvocbX8WNC0UEV/o2ZtouvB0IfHznhOT8XsSZ0rb9aWXGxicmp6ZnsrNz8wuLuaXlmgpjSaFKQx7KC48o4CyAqmaaw0UkgQiPw7l3eZz2z69BKhYGZ7oXQUOQTsDajBJtVCu3FzULbgeusN8sHB5hV5CbVrLlbJ+63EgXNMEDMkr0b/2N1GxmW7m8XbQHhf+CM4I8GlW5lXt3/ZDGAgJNOVGq7tiRbiREakY59LNurCAi9JJ0oG4wIAJUIxms18frxvi4HUpzAo0H9vuNhAilesIzk4LorvrdS+V/vXqs2weNhAVRrCGgw4faMcc6xGlW2GcSqOY9A4RKZv6KaZdIQrVJNA3B+b3yX6jtFB3Dld18qXI3jGMaraI1tIEctI9K6ASVURVRdI8e0TN6sR6sJ+vVehuOZqxRhCvoR1kfX+5ZoFI=</latexit><latexit sha1_base64="Dl0PAH54zM3E0FCsob1i6WqK6BU=">AAACHnicbZDLSgMxFIYz9V5vVZdugkXQgnVGFEUQCm7cCC3YKnTaksmctsFkZkwyYhkqvocbX8WNC0UEV/o2ZtouvB0IfHznhOT8XsSZ0rb9aWXGxicmp6ZnsrNz8wuLuaXlmgpjSaFKQx7KC48o4CyAqmaaw0UkgQiPw7l3eZz2z69BKhYGZ7oXQUOQTsDajBJtVCu3FzULbgeusN8sHB5hV5CbVrLlbJ+63EgXNMEDMkr0b/2N1GxmW7m8XbQHhf+CM4I8GlW5lXt3/ZDGAgJNOVGq7tiRbiREakY59LNurCAi9JJ0oG4wIAJUIxms18frxvi4HUpzAo0H9vuNhAilesIzk4LorvrdS+V/vXqs2weNhAVRrCGgw4faMcc6xGlW2GcSqOY9A4RKZv6KaZdIQrVJNA3B+b3yX6jtFB3Dld18qXI3jGMaraI1tIEctI9K6ASVURVRdI8e0TN6sR6sJ+vVehuOZqxRhCvoR1kfX+5ZoFI=</latexit><latexit sha1_base64="Dl0PAH54zM3E0FCsob1i6WqK6BU=">AAACHnicbZDLSgMxFIYz9V5vVZdugkXQgnVGFEUQCm7cCC3YKnTaksmctsFkZkwyYhkqvocbX8WNC0UEV/o2ZtouvB0IfHznhOT8XsSZ0rb9aWXGxicmp6ZnsrNz8wuLuaXlmgpjSaFKQx7KC48o4CyAqmaaw0UkgQiPw7l3eZz2z69BKhYGZ7oXQUOQTsDajBJtVCu3FzULbgeusN8sHB5hV5CbVrLlbJ+63EgXNMEDMkr0b/2N1GxmW7m8XbQHhf+CM4I8GlW5lXt3/ZDGAgJNOVGq7tiRbiREakY59LNurCAi9JJ0oG4wIAJUIxms18frxvi4HUpzAo0H9vuNhAilesIzk4LorvrdS+V/vXqs2weNhAVRrCGgw4faMcc6xGlW2GcSqOY9A4RKZv6KaZdIQrVJNA3B+b3yX6jtFB3Dld18qXI3jGMaraI1tIEctI9K6ASVURVRdI8e0TN6sR6sJ+vVehuOZqxRhCvoR1kfX+5ZoFI=</latexit>

solution: (⌘⇤,x⇤)
<latexit sha1_base64="A1IFQPHTuZy4s5GEZaWOJL4DJZw=">AAAB/nicbZBLSwMxFIXv1Fetr1Fx5SZYhFqkzIigy4Ibly3YB3SmJZNm2tDMgyQjlqHQv+LGhSJu/R3u/Ddm2i609ULg45wbcnK8mDOpLOvbyK2tb2xu5bcLO7t7+wfm4VFTRokgtEEiHom2hyXlLKQNxRSn7VhQHHictrzRXea3HqmQLAof1DimboAHIfMZwUpLPfOk5FCFu+VLJ8Bq6Pnp06RbvuiZRatizQatgr2AIiym1jO/nH5EkoCGinAsZce2YuWmWChGOJ0UnETSGJMRHtCOxhAHVLrpLP4EnWulj/xI6BMqNFN/30hxIOU48PRmFlIue5n4n9dJlH/rpiyME0VDMn/ITzhSEcq6QH0mKFF8rAETwXRWRIZYYKJ0YwVdgr385VVoXlVszfXrYrU+ndeRh1M4gxLYcANVuIcaNIBACs/wCm/G1Hgx3o2P+WrOWFR4DH/G+PwBLy2VbQ==</latexit><latexit sha1_base64="A1IFQPHTuZy4s5GEZaWOJL4DJZw=">AAAB/nicbZBLSwMxFIXv1Fetr1Fx5SZYhFqkzIigy4Ibly3YB3SmJZNm2tDMgyQjlqHQv+LGhSJu/R3u/Ddm2i609ULg45wbcnK8mDOpLOvbyK2tb2xu5bcLO7t7+wfm4VFTRokgtEEiHom2hyXlLKQNxRSn7VhQHHictrzRXea3HqmQLAof1DimboAHIfMZwUpLPfOk5FCFu+VLJ8Bq6Pnp06RbvuiZRatizQatgr2AIiym1jO/nH5EkoCGinAsZce2YuWmWChGOJ0UnETSGJMRHtCOxhAHVLrpLP4EnWulj/xI6BMqNFN/30hxIOU48PRmFlIue5n4n9dJlH/rpiyME0VDMn/ITzhSEcq6QH0mKFF8rAETwXRWRIZYYKJ0YwVdgr385VVoXlVszfXrYrU+ndeRh1M4gxLYcANVuIcaNIBACs/wCm/G1Hgx3o2P+WrOWFR4DH/G+PwBLy2VbQ==</latexit><latexit sha1_base64="A1IFQPHTuZy4s5GEZaWOJL4DJZw=">AAAB/nicbZBLSwMxFIXv1Fetr1Fx5SZYhFqkzIigy4Ibly3YB3SmJZNm2tDMgyQjlqHQv+LGhSJu/R3u/Ddm2i609ULg45wbcnK8mDOpLOvbyK2tb2xu5bcLO7t7+wfm4VFTRokgtEEiHom2hyXlLKQNxRSn7VhQHHictrzRXea3HqmQLAof1DimboAHIfMZwUpLPfOk5FCFu+VLJ8Bq6Pnp06RbvuiZRatizQatgr2AIiym1jO/nH5EkoCGinAsZce2YuWmWChGOJ0UnETSGJMRHtCOxhAHVLrpLP4EnWulj/xI6BMqNFN/30hxIOU48PRmFlIue5n4n9dJlH/rpiyME0VDMn/ITzhSEcq6QH0mKFF8rAETwXRWRIZYYKJ0YwVdgr385VVoXlVszfXrYrU+ndeRh1M4gxLYcANVuIcaNIBACs/wCm/G1Hgx3o2P+WrOWFR4DH/G+PwBLy2VbQ==</latexit><latexit sha1_base64="A1IFQPHTuZy4s5GEZaWOJL4DJZw=">AAAB/nicbZBLSwMxFIXv1Fetr1Fx5SZYhFqkzIigy4Ibly3YB3SmJZNm2tDMgyQjlqHQv+LGhSJu/R3u/Ddm2i609ULg45wbcnK8mDOpLOvbyK2tb2xu5bcLO7t7+wfm4VFTRokgtEEiHom2hyXlLKQNxRSn7VhQHHictrzRXea3HqmQLAof1DimboAHIfMZwUpLPfOk5FCFu+VLJ8Bq6Pnp06RbvuiZRatizQatgr2AIiym1jO/nH5EkoCGinAsZce2YuWmWChGOJ0UnETSGJMRHtCOxhAHVLrpLP4EnWulj/xI6BMqNFN/30hxIOU48PRmFlIue5n4n9dJlH/rpiyME0VDMn/ITzhSEcq6QH0mKFF8rAETwXRWRIZYYKJ0YwVdgr385VVoXlVszfXrYrU+ndeRh1M4gxLYcANVuIcaNIBACs/wCm/G1Hgx3o2P+WrOWFR4DH/G+PwBLy2VbQ==</latexit>



Similar results for the attack problem framework

denotes the classifier. is the radius of the ball.



How to compute the curvature bounds?

Jacobian of           w.r.tJacobian of         w.r.t

• Theorem

• We use this formula to compute the curvature bounds



How to compute the curvature bounds?

H(x) = (W(1))Tdiag
⇣
W(2) � �

00(z(1))
⌘
W(1)

<latexit sha1_base64="vt/B+Lc5u+BjFiK7C3QRJJgES9U="></latexit><latexit sha1_base64="vt/B+Lc5u+BjFiK7C3QRJJgES9U="></latexit><latexit sha1_base64="vt/B+Lc5u+BjFiK7C3QRJJgES9U="></latexit><latexit sha1_base64="vt/B+Lc5u+BjFiK7C3QRJJgES9U="></latexit>

Depends on the input
Depends on weights (not the 

input)

• For activations tanh, sigmoid, softplus we have

hL  �00(x)  hU
<latexit sha1_base64="XeI0xW4XvqBOEBae9n7VWO35KrY=">AAACBHicbZBPS8MwGMbT+W/Of1WPuwSHbF5GK4IeB148eNjAboN1lDRL17CkrUkqjjLQi1/FiwdFvPohvPltzLoddPOBwC/P+74k7+MnjEplWd9GYWV1bX2juFna2t7Z3TP3D9oyTgUmDo5ZLLo+koTRiDiKKka6iSCI+4x0/NHltN65I0LSOLpR44T0ORpGNKAYKW15Zjn0rl1GbqEr6ZCjarV2f5LfQ8/xzIpVt3LBZbDnUAFzNT3zyx3EOOUkUpghKXu2lah+hoSimJFJyU0lSRAeoSHpaYwQJ7Kf5UtM4LF2BjCIhT6Rgrn7eyJDXMox93UnRyqUi7Wp+V+tl6rgop/RKEkVifDsoSBlUMVwmggcUEGwYmMNCAuq/wpxiATCSudW0iHYiysvQ/u0bmtunVUarYdZHEVQBkegBmxwDhrgCjSBAzB4BM/gFbwZT8aL8W58zFoLxjzCQ/BHxucP/IOXdw==</latexit><latexit sha1_base64="XeI0xW4XvqBOEBae9n7VWO35KrY=">AAACBHicbZBPS8MwGMbT+W/Of1WPuwSHbF5GK4IeB148eNjAboN1lDRL17CkrUkqjjLQi1/FiwdFvPohvPltzLoddPOBwC/P+74k7+MnjEplWd9GYWV1bX2juFna2t7Z3TP3D9oyTgUmDo5ZLLo+koTRiDiKKka6iSCI+4x0/NHltN65I0LSOLpR44T0ORpGNKAYKW15Zjn0rl1GbqEr6ZCjarV2f5LfQ8/xzIpVt3LBZbDnUAFzNT3zyx3EOOUkUpghKXu2lah+hoSimJFJyU0lSRAeoSHpaYwQJ7Kf5UtM4LF2BjCIhT6Rgrn7eyJDXMox93UnRyqUi7Wp+V+tl6rgop/RKEkVifDsoSBlUMVwmggcUEGwYmMNCAuq/wpxiATCSudW0iHYiysvQ/u0bmtunVUarYdZHEVQBkegBmxwDhrgCjSBAzB4BM/gFbwZT8aL8W58zFoLxjzCQ/BHxucP/IOXdw==</latexit><latexit sha1_base64="XeI0xW4XvqBOEBae9n7VWO35KrY=">AAACBHicbZBPS8MwGMbT+W/Of1WPuwSHbF5GK4IeB148eNjAboN1lDRL17CkrUkqjjLQi1/FiwdFvPohvPltzLoddPOBwC/P+74k7+MnjEplWd9GYWV1bX2juFna2t7Z3TP3D9oyTgUmDo5ZLLo+koTRiDiKKka6iSCI+4x0/NHltN65I0LSOLpR44T0ORpGNKAYKW15Zjn0rl1GbqEr6ZCjarV2f5LfQ8/xzIpVt3LBZbDnUAFzNT3zyx3EOOUkUpghKXu2lah+hoSimJFJyU0lSRAeoSHpaYwQJ7Kf5UtM4LF2BjCIhT6Rgrn7eyJDXMox93UnRyqUi7Wp+V+tl6rgop/RKEkVifDsoSBlUMVwmggcUEGwYmMNCAuq/wpxiATCSudW0iHYiysvQ/u0bmtunVUarYdZHEVQBkegBmxwDhrgCjSBAzB4BM/gFbwZT8aL8W58zFoLxjzCQ/BHxucP/IOXdw==</latexit><latexit sha1_base64="XeI0xW4XvqBOEBae9n7VWO35KrY=">AAACBHicbZBPS8MwGMbT+W/Of1WPuwSHbF5GK4IeB148eNjAboN1lDRL17CkrUkqjjLQi1/FiwdFvPohvPltzLoddPOBwC/P+74k7+MnjEplWd9GYWV1bX2juFna2t7Z3TP3D9oyTgUmDo5ZLLo+koTRiDiKKka6iSCI+4x0/NHltN65I0LSOLpR44T0ORpGNKAYKW15Zjn0rl1GbqEr6ZCjarV2f5LfQ8/xzIpVt3LBZbDnUAFzNT3zyx3EOOUkUpghKXu2lah+hoSimJFJyU0lSRAeoSHpaYwQJ7Kf5UtM4LF2BjCIhT6Rgrn7eyJDXMox93UnRyqUi7Wp+V+tl6rgop/RKEkVifDsoSBlUMVwmggcUEGwYmMNCAuq/wpxiATCSudW0iHYiysvQ/u0bmtunVUarYdZHEVQBkegBmxwDhrgCjSBAzB4BM/gFbwZT8aL8W58zFoLxjzCQ/BHxucP/IOXdw==</latexit>

8x 2 R
<latexit sha1_base64="Frc/UvXiEi5tyWIrTNpvLAoGcm4=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJRNBlwY3LVuwDmlAm00k7dDIJMxOxhID4K25cKOLWz3Dn3zhpu9DWAwOHc+5wzz1BwpnSjvNtlVZW19Y3ypuVre2d3T17/6Ct4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8XfideyoVi8WdniTUj/BQsJARrI3Ut4+8MJaYc/TgMYG8COtREGS3ed+uOjVnCrRM3DmpwhyNvv3lDWKSRlRowrFSPddJtJ9hqRnhNK94qaIJJmM8pD1DBY6o8rPpATk6NcoAmSTmCY2m6u8fGY6UmkSBmSwSqkWvEP/zeqkOr/yMiSTVVJDZojDlSMeoaAMNmKRE84khmEhmsiIywhITbTqrmBLcxZOXSfu85hrevKjWm4+zOspwDCdwBi5cQh1uoAEtIJDDM7zCm/VkvVjv1sdstGTNKzyEP7A+fwDOBZb7</latexit><latexit sha1_base64="Frc/UvXiEi5tyWIrTNpvLAoGcm4=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJRNBlwY3LVuwDmlAm00k7dDIJMxOxhID4K25cKOLWz3Dn3zhpu9DWAwOHc+5wzz1BwpnSjvNtlVZW19Y3ypuVre2d3T17/6Ct4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8XfideyoVi8WdniTUj/BQsJARrI3Ut4+8MJaYc/TgMYG8COtREGS3ed+uOjVnCrRM3DmpwhyNvv3lDWKSRlRowrFSPddJtJ9hqRnhNK94qaIJJmM8pD1DBY6o8rPpATk6NcoAmSTmCY2m6u8fGY6UmkSBmSwSqkWvEP/zeqkOr/yMiSTVVJDZojDlSMeoaAMNmKRE84khmEhmsiIywhITbTqrmBLcxZOXSfu85hrevKjWm4+zOspwDCdwBi5cQh1uoAEtIJDDM7zCm/VkvVjv1sdstGTNKzyEP7A+fwDOBZb7</latexit><latexit sha1_base64="Frc/UvXiEi5tyWIrTNpvLAoGcm4=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJRNBlwY3LVuwDmlAm00k7dDIJMxOxhID4K25cKOLWz3Dn3zhpu9DWAwOHc+5wzz1BwpnSjvNtlVZW19Y3ypuVre2d3T17/6Ct4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8XfideyoVi8WdniTUj/BQsJARrI3Ut4+8MJaYc/TgMYG8COtREGS3ed+uOjVnCrRM3DmpwhyNvv3lDWKSRlRowrFSPddJtJ9hqRnhNK94qaIJJmM8pD1DBY6o8rPpATk6NcoAmSTmCY2m6u8fGY6UmkSBmSwSqkWvEP/zeqkOr/yMiSTVVJDZojDlSMeoaAMNmKRE84khmEhmsiIywhITbTqrmBLcxZOXSfu85hrevKjWm4+zOspwDCdwBi5cQh1uoAEtIJDDM7zCm/VkvVjv1sdstGTNKzyEP7A+fwDOBZb7</latexit><latexit sha1_base64="Frc/UvXiEi5tyWIrTNpvLAoGcm4=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJRNBlwY3LVuwDmlAm00k7dDIJMxOxhID4K25cKOLWz3Dn3zhpu9DWAwOHc+5wzz1BwpnSjvNtlVZW19Y3ypuVre2d3T17/6Ct4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8XfideyoVi8WdniTUj/BQsJARrI3Ut4+8MJaYc/TgMYG8COtREGS3ed+uOjVnCrRM3DmpwhyNvv3lDWKSRlRowrFSPddJtJ9hqRnhNK94qaIJJmM8pD1DBY6o8rPpATk6NcoAmSTmCY2m6u8fGY6UmkSBmSwSqkWvEP/zeqkOr/yMiSTVVJDZojDlSMeoaAMNmKRE84khmEhmsiIywhITbTqrmBLcxZOXSfu85hrevKjWm4+zOspwDCdwBi5cQh1uoAEtIJDDM7zCm/VkvVjv1sdstGTNKzyEP7A+fwDOBZb7</latexit>

• Example: two layer network



How to compute the curvature bounds?

mI 4 H(x) 4 MI
<latexit sha1_base64="P166v2wOYQzsWcjv8aqeiKhdH7w=">AAACKHicbVDLSsNAFJ34rPUVdelmsAh1UxIRdGfBTV0ILdgHNKFMppN26GQSZyZiCQF/xo2/4kZEkW79EidtRdt6YOBwzr3MPceLGJXKskbG0vLK6tp6biO/ubW9s2vu7TdkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q2uMr95T4SkIb9Vw4i4Aepx6lOMlJY65mXgBEj1PT+5TqGjVzGOBRuSO1gp/jgP6cmsdfO70zELVskaAy4Se0oKYIpqx3xzuiGOA8IVZkjKtm1Fyk2QUBQzkuadWJII4QHqkbamHAVEusk4aAqPtdKFfij04wqO1b8bCQqkHAaenswulPNeJv7ntWPlX7gJ5VGsCMeTj/yYQRXCrDXYpTq+YkNNEBZU3wpxHwmEle42r0uw5yMvksZpyda8dlYo1x4ndeTAITgCRWCDc1AGFVAFdYDBE3gB7+DDeDZejU9jNBldMqYVHoAZGF/fkeun9Q==</latexit><latexit sha1_base64="P166v2wOYQzsWcjv8aqeiKhdH7w=">AAACKHicbVDLSsNAFJ34rPUVdelmsAh1UxIRdGfBTV0ILdgHNKFMppN26GQSZyZiCQF/xo2/4kZEkW79EidtRdt6YOBwzr3MPceLGJXKskbG0vLK6tp6biO/ubW9s2vu7TdkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q2uMr95T4SkIb9Vw4i4Aepx6lOMlJY65mXgBEj1PT+5TqGjVzGOBRuSO1gp/jgP6cmsdfO70zELVskaAy4Se0oKYIpqx3xzuiGOA8IVZkjKtm1Fyk2QUBQzkuadWJII4QHqkbamHAVEusk4aAqPtdKFfij04wqO1b8bCQqkHAaenswulPNeJv7ntWPlX7gJ5VGsCMeTj/yYQRXCrDXYpTq+YkNNEBZU3wpxHwmEle42r0uw5yMvksZpyda8dlYo1x4ndeTAITgCRWCDc1AGFVAFdYDBE3gB7+DDeDZejU9jNBldMqYVHoAZGF/fkeun9Q==</latexit><latexit sha1_base64="P166v2wOYQzsWcjv8aqeiKhdH7w=">AAACKHicbVDLSsNAFJ34rPUVdelmsAh1UxIRdGfBTV0ILdgHNKFMppN26GQSZyZiCQF/xo2/4kZEkW79EidtRdt6YOBwzr3MPceLGJXKskbG0vLK6tp6biO/ubW9s2vu7TdkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q2uMr95T4SkIb9Vw4i4Aepx6lOMlJY65mXgBEj1PT+5TqGjVzGOBRuSO1gp/jgP6cmsdfO70zELVskaAy4Se0oKYIpqx3xzuiGOA8IVZkjKtm1Fyk2QUBQzkuadWJII4QHqkbamHAVEusk4aAqPtdKFfij04wqO1b8bCQqkHAaenswulPNeJv7ntWPlX7gJ5VGsCMeTj/yYQRXCrDXYpTq+YkNNEBZU3wpxHwmEle42r0uw5yMvksZpyda8dlYo1x4ndeTAITgCRWCDc1AGFVAFdYDBE3gB7+DDeDZejU9jNBldMqYVHoAZGF/fkeun9Q==</latexit><latexit sha1_base64="P166v2wOYQzsWcjv8aqeiKhdH7w=">AAACKHicbVDLSsNAFJ34rPUVdelmsAh1UxIRdGfBTV0ILdgHNKFMppN26GQSZyZiCQF/xo2/4kZEkW79EidtRdt6YOBwzr3MPceLGJXKskbG0vLK6tp6biO/ubW9s2vu7TdkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q2uMr95T4SkIb9Vw4i4Aepx6lOMlJY65mXgBEj1PT+5TqGjVzGOBRuSO1gp/jgP6cmsdfO70zELVskaAy4Se0oKYIpqx3xzuiGOA8IVZkjKtm1Fyk2QUBQzkuadWJII4QHqkbamHAVEusk4aAqPtdKFfij04wqO1b8bCQqkHAaenswulPNeJv7ntWPlX7gJ5VGsCMeTj/yYQRXCrDXYpTq+YkNNEBZU3wpxHwmEle42r0uw5yMvksZpyda8dlYo1x4ndeTAITgCRWCDc1AGFVAFdYDBE3gB7+DDeDZejU9jNBldMqYVHoAZGF/fkeun9Q==</latexit>

8x 2 Rn
<latexit sha1_base64="hTT0/qJv05BLIjNOUEpXgvZQ0N0=">AAACC3icbVDLSgMxFL1TX7W+qi7dhBbBVZkRQZcFNy5bsQ/o1JJJM21oJjMkGbEMAy7d+CtuXCji1h9w59+YaWehrQcCJ+fckHOPF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVmEsCW2RkIey62FFORO0pZnmtBtJigOP0443ucz8zh2VioXiRk8j2g/wSDCfEayNNChXXD+UmHPkBliPPT+5T10m8puXXKe3Zqhq1+wZ0DJxclKFHI1B+csdhiQOqNCEY6V6jh3pfoKlZoTTtOTGikaYTPCI9gwVOKCqn8x2SdGxUYbIhDJHaDRTf79IcKDUNPDMZJZRLXqZ+J/Xi7V/0U+YiGJNBZl/5Mcc6RBlxaAhk5RoPjUEE8lMVkTGWGKiTX0lU4KzuPIyaZ/WHMObZ9V682FeRxGOoAIn4MA51OEKGtACAo/wDK/wZj1ZL9a79TEfLVh5hYfwB9bnD9DKm/s=</latexit><latexit sha1_base64="hTT0/qJv05BLIjNOUEpXgvZQ0N0=">AAACC3icbVDLSgMxFL1TX7W+qi7dhBbBVZkRQZcFNy5bsQ/o1JJJM21oJjMkGbEMAy7d+CtuXCji1h9w59+YaWehrQcCJ+fckHOPF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVmEsCW2RkIey62FFORO0pZnmtBtJigOP0443ucz8zh2VioXiRk8j2g/wSDCfEayNNChXXD+UmHPkBliPPT+5T10m8puXXKe3Zqhq1+wZ0DJxclKFHI1B+csdhiQOqNCEY6V6jh3pfoKlZoTTtOTGikaYTPCI9gwVOKCqn8x2SdGxUYbIhDJHaDRTf79IcKDUNPDMZJZRLXqZ+J/Xi7V/0U+YiGJNBZl/5Mcc6RBlxaAhk5RoPjUEE8lMVkTGWGKiTX0lU4KzuPIyaZ/WHMObZ9V682FeRxGOoAIn4MA51OEKGtACAo/wDK/wZj1ZL9a79TEfLVh5hYfwB9bnD9DKm/s=</latexit><latexit sha1_base64="hTT0/qJv05BLIjNOUEpXgvZQ0N0=">AAACC3icbVDLSgMxFL1TX7W+qi7dhBbBVZkRQZcFNy5bsQ/o1JJJM21oJjMkGbEMAy7d+CtuXCji1h9w59+YaWehrQcCJ+fckHOPF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVmEsCW2RkIey62FFORO0pZnmtBtJigOP0443ucz8zh2VioXiRk8j2g/wSDCfEayNNChXXD+UmHPkBliPPT+5T10m8puXXKe3Zqhq1+wZ0DJxclKFHI1B+csdhiQOqNCEY6V6jh3pfoKlZoTTtOTGikaYTPCI9gwVOKCqn8x2SdGxUYbIhDJHaDRTf79IcKDUNPDMZJZRLXqZ+J/Xi7V/0U+YiGJNBZl/5Mcc6RBlxaAhk5RoPjUEE8lMVkTGWGKiTX0lU4KzuPIyaZ/WHMObZ9V682FeRxGOoAIn4MA51OEKGtACAo/wDK/wZj1ZL9a79TEfLVh5hYfwB9bnD9DKm/s=</latexit><latexit sha1_base64="hTT0/qJv05BLIjNOUEpXgvZQ0N0=">AAACC3icbVDLSgMxFL1TX7W+qi7dhBbBVZkRQZcFNy5bsQ/o1JJJM21oJjMkGbEMAy7d+CtuXCji1h9w59+YaWehrQcCJ+fckHOPF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVmEsCW2RkIey62FFORO0pZnmtBtJigOP0443ucz8zh2VioXiRk8j2g/wSDCfEayNNChXXD+UmHPkBliPPT+5T10m8puXXKe3Zqhq1+wZ0DJxclKFHI1B+csdhiQOqNCEY6V6jh3pfoKlZoTTtOTGikaYTPCI9gwVOKCqn8x2SdGxUYbIhDJHaDRTf79IcKDUNPDMZJZRLXqZ+J/Xi7V/0U+YiGJNBZl/5Mcc6RBlxaAhk5RoPjUEE8lMVkTGWGKiTX0lU4KzuPIyaZ/WHMObZ9V682FeRxGOoAIn4MA51OEKGtACAo/wDK/wZj1ZL9a79TEfLVh5hYfwB9bnD9DKm/s=</latexit>

• Similar result for deeper nets (with more complex proof)

• This gives the following matrix inequalities:



Confronting the Hessian

• Newton Step Update (Certificate):

• Since

• Can efficiently be computed via Hessian vector product!

�1

M
 ⌘  �1

m
<latexit sha1_base64="JK+ACKbADxlqK6rctLrlykjLwe0=">AAACEHicbZBLSwMxFIUzPmt9jbp0EyyiG8uMCLosuHEjtGAf0Cklk95pQ5OZMckIZRjwD7jxr7hxoYhbl+78N6adItp6IPBxzg3JPX7MmdKO82UtLC4tr6wW1orrG5tb2/bObkNFiaRQpxGPZMsnCjgLoa6Z5tCKJRDhc2j6w8tx3rwDqVgU3uhRDB1B+iELGCXaWF37yAskoemJm6XXmcfhFnugCc7pJxJZ1y45ZWciPA/uFEpoqmrX/vR6EU0EhJpyolTbdWLdSYnUjHLIil6iICZ0SPrQNhgSAaqTThbK8KFxejiIpDmhxhP3942UCKVGwjeTguiBms3G5n9ZO9HBRSdlYZxoCGn+UJBwrCM8bgf3mASq+cgAoZKZv2I6IKYGbTosmhLc2ZXnoXFadg3XzkqV2n1eRwHtowN0jFx0jiroClVRHVH0gJ7QC3q1Hq1n6816z0cXrGmFe+iPrI9vVf2dOA==</latexit><latexit sha1_base64="JK+ACKbADxlqK6rctLrlykjLwe0=">AAACEHicbZBLSwMxFIUzPmt9jbp0EyyiG8uMCLosuHEjtGAf0Cklk95pQ5OZMckIZRjwD7jxr7hxoYhbl+78N6adItp6IPBxzg3JPX7MmdKO82UtLC4tr6wW1orrG5tb2/bObkNFiaRQpxGPZMsnCjgLoa6Z5tCKJRDhc2j6w8tx3rwDqVgU3uhRDB1B+iELGCXaWF37yAskoemJm6XXmcfhFnugCc7pJxJZ1y45ZWciPA/uFEpoqmrX/vR6EU0EhJpyolTbdWLdSYnUjHLIil6iICZ0SPrQNhgSAaqTThbK8KFxejiIpDmhxhP3942UCKVGwjeTguiBms3G5n9ZO9HBRSdlYZxoCGn+UJBwrCM8bgf3mASq+cgAoZKZv2I6IKYGbTosmhLc2ZXnoXFadg3XzkqV2n1eRwHtowN0jFx0jiroClVRHVH0gJ7QC3q1Hq1n6816z0cXrGmFe+iPrI9vVf2dOA==</latexit><latexit sha1_base64="JK+ACKbADxlqK6rctLrlykjLwe0=">AAACEHicbZBLSwMxFIUzPmt9jbp0EyyiG8uMCLosuHEjtGAf0Cklk95pQ5OZMckIZRjwD7jxr7hxoYhbl+78N6adItp6IPBxzg3JPX7MmdKO82UtLC4tr6wW1orrG5tb2/bObkNFiaRQpxGPZMsnCjgLoa6Z5tCKJRDhc2j6w8tx3rwDqVgU3uhRDB1B+iELGCXaWF37yAskoemJm6XXmcfhFnugCc7pJxJZ1y45ZWciPA/uFEpoqmrX/vR6EU0EhJpyolTbdWLdSYnUjHLIil6iICZ0SPrQNhgSAaqTThbK8KFxejiIpDmhxhP3942UCKVGwjeTguiBms3G5n9ZO9HBRSdlYZxoCGn+UJBwrCM8bgf3mASq+cgAoZKZv2I6IKYGbTosmhLc2ZXnoXFadg3XzkqV2n1eRwHtowN0jFx0jiroClVRHVH0gJ7QC3q1Hq1n6816z0cXrGmFe+iPrI9vVf2dOA==</latexit><latexit sha1_base64="JK+ACKbADxlqK6rctLrlykjLwe0=">AAACEHicbZBLSwMxFIUzPmt9jbp0EyyiG8uMCLosuHEjtGAf0Cklk95pQ5OZMckIZRjwD7jxr7hxoYhbl+78N6adItp6IPBxzg3JPX7MmdKO82UtLC4tr6wW1orrG5tb2/bObkNFiaRQpxGPZMsnCjgLoa6Z5tCKJRDhc2j6w8tx3rwDqVgU3uhRDB1B+iELGCXaWF37yAskoemJm6XXmcfhFnugCc7pJxJZ1y45ZWciPA/uFEpoqmrX/vR6EU0EhJpyolTbdWLdSYnUjHLIil6iICZ0SPrQNhgSAaqTThbK8KFxejiIpDmhxhP3942UCKVGwjeTguiBms3G5n9ZO9HBRSdlYZxoCGn+UJBwrCM8bgf3mASq+cgAoZKZv2I6IKYGbTosmhLc2ZXnoXFadg3XzkqV2n1eRwHtowN0jFx0jiroClVRHVH0gJ7QC3q1Hq1n6816z0cXrGmFe+iPrI9vVf2dOA==</latexit>



Training with Curvature Regularization

• Deep networks computed by standard/adversarial training can have very 
high curvature bounds

• Curvature-based Robust Training (CRT)

Cross entropy
Curvature 
regularization
coefficient

Differentiable 
curvature bound

Computed using our attack optimization

*



Empirical results with Curvature Regularization

• 3 layer fully connected network, sigmoid activations, MNIST



Certified Robust accuracy comparison

Comparison between Convex 

Outer Adversarial Polytope 

(COAP), CROWN-IBP and 

Curvature-based Robust 

Training i.e CRT (ours) with 

Attack radius                 on

the MNIST dataset.



Certificate comparison

Comparison between 

CROWN and Curvature-

based Robustness 

Certificate i.e CRC (ours) on 

the MNIST dataset.



How frequently primal equals dual? 

Certificate success rate is the fraction of points satisfying                 

Attack success rate is the fraction satisfying

Both imply primal=dual. Results are on the MNIST dataset.



Comparison between CRC computed using global and local curvature 

bound on the MNIST dataset with attack radius                for a 2 layer 

network.

Results using local, not global curvature bounds



Comparison between CRC and CNN-Cert for different values of the

regularization parameter     for a single hidden layer convolutional network 

with the tanh activation function [Singla & Feizi, 2019]. For Certified Robust 

Accuracy, we use               .

Extension to convolutional neural networks



ü We derive a closed-form formula for the Hessian of a network with 
smooth activation functions

ü We derive differentiable global upper bounds on the curvatures values of 
the network

Summary
• We derive a new formulation for the robustness certification that uses the

second-order information of the network (i.e. curvature values)

https://github.com/singlasahil14/so-robust

• Curvature-based certificates are exact for significant fraction of test inputs. 

• Our curvature-based certificate is based on two key results:

https://github.com/singlasahil14/so-robust


Questions?


