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Gradient Descent
min
x2Rd

f(x)

<latexit sha1_base64="6w93Io3ALcX2AgibyD/QBai22pY=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiRS0GXRjcsq9gFNDJPJpB06mYSZibSErtz4K25cKOLWb3Dn3zhps9DWAxcO59zLvff4CaNSWda3sbS8srq2Xtoob25t7+yae/ttGacCkxaOWSy6PpKEUU5aiipGuokgKPIZ6fjDq9zvPBAhaczv1DghboT6nIYUI6UlzzxyIsq9bORQDp0IqYHvZ7eT+2ACw+ro1DMrVs2aAi4SuyAVUKDpmV9OEOM0IlxhhqTs2Vai3AwJRTEjk7KTSpIgPER90tOUo4hIN5u+MYEnWglgGAtdXMGp+nsiQ5GU48jXnfmlct7Lxf+8XqrCCzejPEkV4Xi2KEwZVDHMM4EBFQQrNtYEYUH1rRAPkEBY6eTKOgR7/uVF0j6r2fVa/aZeaVwWcZTAITgGVWCDc9AA16AJWgCDR/AMXsGb8WS8GO/Gx6x1yShmDsAfGJ8/3x2Yuw==</latexit>

xk+1 = xk � �krf(xk)

<latexit sha1_base64="ngK0V0VVfpEuf67fn5ST86ApV8A=">AAACEHicbVDLSgMxFM3UV62vqks3wSJWxDIjBXUhFN24rGAf0Bd30kwNk8kMSUZahn6CG3/FjQtF3Lp059+YPhbaeiBwOOcebu5xI86Utu1vK7WwuLS8kl7NrK1vbG5lt3eqKowloRUS8lDWXVCUM0ErmmlO65GkELic1lz/euTXHqhULBR3ehDRVgA9wTxGQBupkz3stxP/2BniS9xv+/gEN7kJd6Hj46YAlwP28sY46mRzdsEeA88TZ0pyaIpyJ/vV7IYkDqjQhINSDceOdCsBqRnhdJhpxopGQHzo0YahAgKqWsn4oCE+MEoXe6E0T2g8Vn8nEgiUGgSumQxA36tZbyT+5zVi7Z23EiaiWFNBJou8mGMd4lE7uMskJZoPDAEimfkrJvcggWjTYcaU4MyePE+qpwWnWLi4LeZKV9M60mgP7aM8ctAZKqEbVEYVRNAjekav6M16sl6sd+tjMpqyppld9AfW5w+bopsW</latexit>



Gradient Descent
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x2Rd

f(x)
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xk+1 = xk � �krf(xk)
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Gradient Descent

krf(x)�rf(y)k  Lkx� yk

<latexit sha1_base64="qRlDEUfYAA67a/K75LQ61D477hw=">AAACFHicbVDLSsNAFJ34rPUVdelmsAgtYkmkoMuiGxcuKtgHNKFMppN26GQSZibSkPYj3Pgrblwo4taFO//GaRtEWw9cOHPOvcy9x4sYlcqyvoyl5ZXVtfXcRn5za3tn19zbb8gwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG1xN/OY9EZKG/E4lEXED1OPUpxgpLXXME2fkcOQxBP3isARP4c8rKWmLEXjjjIZaT5xRxyxYZWsKuEjsjBRAhlrH/HS6IY4DwhVmSMq2bUXKTZFQFDMyzjuxJBHCA9QjbU05Coh00+lRY3islS70Q6GLKzhVf0+kKJAyCTzdGSDVl/PeRPzPa8fKv3BTyqNYEY5nH/kxgyqEk4RglwqCFUs0QVhQvSvEfSQQVjrHvA7Bnj95kTTOynalXLmtFKqXWRw5cAiOQBHY4BxUwTWogTrA4AE8gRfwajwaz8ab8T5rXTKymQPwB8bHN0gfnHc=</latexit>
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x2Rd

f(x)
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xk+1 = xk � �krf(xk)
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Gradient Descent

krf(x)�rf(y)k  Lkx� yk
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x2Rd

f(x)
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xk+1 = xk � �krf(xk)

<latexit sha1_base64="ngK0V0VVfpEuf67fn5ST86ApV8A=">AAACEHicbVDLSgMxFM3UV62vqks3wSJWxDIjBXUhFN24rGAf0Bd30kwNk8kMSUZahn6CG3/FjQtF3Lp059+YPhbaeiBwOOcebu5xI86Utu1vK7WwuLS8kl7NrK1vbG5lt3eqKowloRUS8lDWXVCUM0ErmmlO65GkELic1lz/euTXHqhULBR3ehDRVgA9wTxGQBupkz3stxP/2BniS9xv+/gEN7kJd6Hj46YAlwP28sY46mRzdsEeA88TZ0pyaIpyJ/vV7IYkDqjQhINSDceOdCsBqRnhdJhpxopGQHzo0YahAgKqWsn4oCE+MEoXe6E0T2g8Vn8nEgiUGgSumQxA36tZbyT+5zVi7Z23EiaiWFNBJou8mGMd4lE7uMskJZoPDAEimfkrJvcggWjTYcaU4MyePE+qpwWnWLi4LeZKV9M60mgP7aM8ctAZKqEbVEYVRNAjekav6M16sl6sd+tjMpqyppld9AfW5w+bopsW</latexit>

�k <
2

L

<latexit sha1_base64="44BJ2e66UBBCF1VTNMOWLJmI/C8=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbAaDYBV2Q0AFi6CNhUUE84DsssxOZpMhsw9mZoWwbOOv2FgoYutn2Pk3TpItNPHAwOGcc7lzj59wJpVlfRulldW19Y3yZmVre2d3z9w/6Mg4FYS2Scxj0fOxpJxFtK2Y4rSXCIpDn9OuP76Z+t1HKiSLowc1Sagb4mHEAkaw0pJnHjlchwfYG6Mr5AQCk6yeZ3e5Z1atmjUDWiZ2QapQoOWZX84gJmlII0U4lrJvW4lyMywUI5zmFSeVNMFkjIe0r2mEQyrdbHZAjk61MkBBLPSLFJqpvycyHEo5CX2dDLEayUVvKv7n9VMVXLgZi5JU0YjMFwUpRypG0zbQgAlKFJ9ogolg+q+IjLBuQenOKroEe/HkZdKp1+xG7fK+UW1eF3WU4RhO4AxsOIcm3EIL2kAgh2d4hTfjyXgx3o2PebRkFDOH8AfG5w/1QZYG</latexit>



Some concerns

1. How do we know L?



Some concerns

1. How do we know L? 
2. What if L doesn’t exist? 

min
U2Rn⇥p,V2Rm⇥p

1

2
kA�UV>k2F

<latexit sha1_base64="9A3KEShwv/oc4ei/DfTsZt1wPmQ="></latexit>



Some concerns

1. How do we know L? 
2. What if L doesn’t exist? 
3. What if we can do better?



Limitations of existing 
methods

1. Bad guarantees (adaptive line search)

�k 2 {2p�k�1 | p 2 Z}

<latexit sha1_base64="wuns7a0r8S7flbrAIeJDp95dZ9s="></latexit>



Limitations of existing 
methods

1. Bad guarantees (adaptive line search) 

2. Lack of adaptivity (line search with decreasing      ) �k

<latexit sha1_base64="dBwGJOJ/NOhgqto2efv6LC+gSbs=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bisYB/SDiWTybShSWZIMkIZ+hVuXCji1s9x59+YTmehrQcCh3POJfeeIOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wuZ373SeqNIvlg5km1Bd4JFnECDZWehxwGw3xcDKs1ty6mwOtEq8gNSjQGla/BmFMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2jfUokF1X6WLzxDZ1YJURQr+6RBufp7IsNC66kIbFJgM9bL3lz8z+unJrryMyaT1FBJFh9FKUcmRvPrUcgUJYZPLcFEMbsrImOsMDG2o4otwVs+eZV0Lupeo35936g1b4o6ynACp3AOHlxCE+6gBW0gIOAZXuHNUc6L8+58LKIlp5g5hj9wPn8AwpeQZw==</latexit>

�k 2
⇢
�k�1,

1

2
�k�1, . . . ,

�

<latexit sha1_base64="HSFYLH+BKqspW6MhKx5ejXgZcrA="></latexit>



Limitations of existing 
methods

1. Bad guarantees (adaptive line search) 

2. Lack of adaptivity (line search with decreasing      ) 

3. Provably divergent (Barzilai-Borwein) 
�k

<latexit sha1_base64="dBwGJOJ/NOhgqto2efv6LC+gSbs=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bisYB/SDiWTybShSWZIMkIZ+hVuXCji1s9x59+YTmehrQcCh3POJfeeIOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wuZ373SeqNIvlg5km1Bd4JFnECDZWehxwGw3xcDKs1ty6mwOtEq8gNSjQGla/BmFMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2jfUokF1X6WLzxDZ1YJURQr+6RBufp7IsNC66kIbFJgM9bL3lz8z+unJrryMyaT1FBJFh9FKUcmRvPrUcgUJYZPLcFEMbsrImOsMDG2o4otwVs+eZV0Lupeo35936g1b4o6ynACp3AOHlxCE+6gBW0gIOAZXuHNUc6L8+58LKIlp5g5hj9wPn8AwpeQZw==</latexit>

�k =
hxk � xk�1,rf(xk)�rf(xk�1)i

krf(xk)�rf(xk�1)k2

<latexit sha1_base64="8zOorTWidmtETU1TggxP7zlcnkQ="></latexit>



Limitations of existing 
methods

1. Bad guarantees (adaptive line search) 

2. Lack of adaptivity (line search with decreasing      ) 

3. Provably divergent (Barzilai-Borwein) 

4. Use unknown information (Polyak stepsize) 

�k

<latexit sha1_base64="dBwGJOJ/NOhgqto2efv6LC+gSbs=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bisYB/SDiWTybShSWZIMkIZ+hVuXCji1s9x59+YTmehrQcCh3POJfeeIOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wuZ373SeqNIvlg5km1Bd4JFnECDZWehxwGw3xcDKs1ty6mwOtEq8gNSjQGla/BmFMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2jfUokF1X6WLzxDZ1YJURQr+6RBufp7IsNC66kIbFJgM9bL3lz8z+unJrryMyaT1FBJFh9FKUcmRvPrUcgUJYZPLcFEMbsrImOsMDG2o4otwVs+eZV0Lupeo35936g1b4o6ynACp3AOHlxCE+6gBW0gIOAZXuHNUc6L8+58LKIlp5g5hj9wPn8AwpeQZw==</latexit>

�k =
f(xk)� f(x⇤)

krf(xk)k2

<latexit sha1_base64="t893FzkmcIXVPOqlciXwhjAMZmo=">AAACHnicbVDLSgMxFM3Ud31VXboJFqEKlpmiqAtBdONSwdpCZxzupJk2NJMZkoxYxn6JG3/FjQtFBFf6N6aPhbYeCDmccy7JPUHCmdK2/W3lpqZnZufmF/KLS8srq4W19RsVp5LQKol5LOsBKMqZoFXNNKf1RFKIAk5rQee879fuqFQsFte6m1AvgpZgISOgjeQXDlxuwk3wO/gEu6EEkoWl+9vOzl7/2t3pZe6DKyDggIe6+3Bb6fmFol22B8CTxBmRIhrh0i98us2YpBEVmnBQquHYifYykJoRTnt5N1U0AdKBFm0YKiCiyssG6/XwtlGaOIylOULjgfp7IoNIqW4UmGQEuq3Gvb74n9dIdXjkZUwkqaaCDB8KU451jPtd4SaTlGjeNQSIZOavmLTBdKRNo3lTgjO+8iS5qZSd/fLx1X7x9GxUxzzaRFuohBx0iE7RBbpEVUTQI3pGr+jNerJerHfrYxjNWaOZDfQH1tcPHTqhQw==</latexit>



Limitations of existing 
methods

1. Bad guarantees (adaptive line search) 

2. Lack of adaptivity (line search with decreasing      ) 

3. Provably divergent (Barzilai-Borwein) 

4. Use unknown information (Polyak stepsize) 

5. Rely on bounded gradients (Adagrad, Adam, etc.)

�k

<latexit sha1_base64="dBwGJOJ/NOhgqto2efv6LC+gSbs=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bisYB/SDiWTybShSWZIMkIZ+hVuXCji1s9x59+YTmehrQcCh3POJfeeIOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wuZ373SeqNIvlg5km1Bd4JFnECDZWehxwGw3xcDKs1ty6mwOtEq8gNSjQGla/BmFMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2jfUokF1X6WLzxDZ1YJURQr+6RBufp7IsNC66kIbFJgM9bL3lz8z+unJrryMyaT1FBJFh9FKUcmRvPrUcgUJYZPLcFEMbsrImOsMDG2o4otwVs+eZV0Lupeo35936g1b4o6ynACp3AOHlxCE+6gBW0gIOAZXuHNUc6L8+58LKIlp5g5hj9wPn8AwpeQZw==</latexit>



Our method

Lk =
krf(xk)�rf(xk�1)k

kxk � xk�1k

<latexit sha1_base64="8tKMDZNddOoYTk23HL7xewGLe84="></latexit>



Our method

Lk =
krf(xk)�rf(xk�1)k

kxk � xk�1k

<latexit sha1_base64="8tKMDZNddOoYTk23HL7xewGLe84="></latexit>

�k = min

⇢p
1 + ✓k�1�k�1,

1

2Lk

�

<latexit sha1_base64="Gcy75Lpm3MmBAV0keNHeoBEl7N8="></latexit>



Our method

Lk =
krf(xk)�rf(xk�1)k

kxk � xk�1k

<latexit sha1_base64="8tKMDZNddOoYTk23HL7xewGLe84="></latexit>

�k = min

⇢p
1 + ✓k�1�k�1,

1

2Lk

�

<latexit sha1_base64="Gcy75Lpm3MmBAV0keNHeoBEl7N8="></latexit>

✓k�1 =
�k�1

�k�2
, ✓0 = +1

<latexit sha1_base64="qh0Gl41U3qUL9BHmaQr8Iv0upyc=">AAACLnicbVBdS8MwFE39nPNr6qMvwSEI6mhFUB8GQxF8nODcYC0jzVIXlqYluRVK6S/yxb+iD4KK+OrPMNv6MD8uBE7Ouecm9/ix4Bps+9WamZ2bX1gsLZWXV1bX1isbm7c6ShRlLRqJSHV8opngkrWAg2CdWDES+oK1/eHFSG/fM6V5JG8gjZkXkjvJA04JGKpXuXRhwID0suGhk+M6dgNFaOYKM6FfsPn09SjPD1xcmOz6vstlAGmvUrVr9rjwX+AUoIqKavYqz24/oknIJFBBtO46dgxeRhRwKlhedhPNYkKH5I51DZQkZNrLxuvmeNcwfRxEyhwJeMxOOzISap2GvukMCQz0b21E/qd1EwhOvYzLOAEm6eShIBEYIjzKDve5YhREagChipu/YjogJjAwCZdNCM7vlf+C26Oac1w7uz6uNs6LOEpoG+2gPeSgE9RAV6iJWoiiB/SE3tC79Wi9WB/W56R1xio8W+hHWV/fRJWosg==</latexit>



Our method

Lk =
krf(xk)�rf(xk�1)k

kxk � xk�1k

<latexit sha1_base64="8tKMDZNddOoYTk23HL7xewGLe84="></latexit>

�k = min

⇢p
1 + ✓k�1�k�1,

1

2Lk

�

<latexit sha1_base64="Gcy75Lpm3MmBAV0keNHeoBEl7N8="></latexit>

✓k�1 =
�k�1

�k�2
, ✓0 = +1
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2. Only use convexity 
3. Let the proof give you a method



Lyapunov function
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Convergence

(convex f)

Only local smoothness is needed
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Converges linearly under  
local strong convexity



Experiments
https://github.com/ymalitsky/adaptive_GD



Experiments: log. reg.
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Data

Regularization



Experiments: log. reg.
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Neural nets, Cifar-10
1. Batch size = 128 
2. No weight decay 
3. Architectures for Cifar-10 from 

https://github.com/kuangliu/pytorch-cifar 
4.  

  
5. Each epoch is twice more 

expensive 

�k = min

⇢p
1 + 0.02✓k�1�k�1,

1

Lk

�

<latexit sha1_base64="f9/ea/Czkly4cse69LZ5otGH32w="></latexit>

https://github.com/kuangliu/pytorch-cifar


ResNet-18, train loss



ResNet-18, test acc



ResNet-18, stepsize



DenseNet-121, test acc



More things in the paper

1. Analysis for SGD 
2. Discussion of estimating 

strong convexity 
3. Experiments on matrix 

factorization problem 

arxiv:1910.09529


