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“Adaptive Controlu Transition x,. | = A, x, + B, u, + w,

Costc, = x,' Ox, + u'Ru,

Minimize regret (costs) when A, , B, are unknown Optimal Policy 1, = — K, x,

i.i.d noise w, ~ N (0,6%1)

Important Milestones:

1. Non-efficient ﬁ regret - Abbasi-Yadkori and Szepesvari (2011)

2. Efficient 777 regret - Dean et al. (2018)
3. First efficient ﬁ regret - Cohen et al. (2019) , Mania et al. (2019)
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Main Results Transition x, | = A*xt + B*ut + w,

Costc, = x,' Ox, + u'Ru,

log T regret is possible, sometimes... Optimal Policy u, = — K,x,
i.i.d noise w, ~ N (0,6%1)

o If A, unknown (B, known) = efficient algorithm with é(log T) regret

- log T
o If B, unknown (A, known) = efficient algorithm with O S — | regret
Amin(K K

O only hides polynomial dependence on problem parameters
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... but in general, \/7 regret is unavoidable

e First* Q(ﬁ ) regret lower bound for the adaptive LQR problem
e Holds even when A, is known

e Construction relies on small ﬂmin(K*KI)

* concurrently with Simchowitz and Foster (2020)



Formalities Transition x,,; = A, x, + B, u, + w,

Costc, = x,' Ox, + u'Ru,

Linear Quadratic Control

Optimal Policy u, = — K, x,
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Choose iy, U,, ... that minimize J = lim E | — Z C, .i.d noise w;, ~ A (0,6°7)
=0 3 |
Objective J = lim E
I'—o0
e Optimal policy: u, = — K, x,, Optimal infinite horizon average cost: J(K, )

e K, .=K,(A,,B,, O, R) can be efficiently calculated (Riccati equation)
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e K, .=K,(A,,B,, O, R) can be efficiently calculated (Riccati equation)

Learning Objective

Regret minimization under parameter uncertainty.

T
Regret = [E Z (c, — J(K,))
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Transition x,. | = A, x, + B, u, + w,
Costc, = x,' Ox, + u'Ru,

Optimal Policy u, = — K, X,

i.i.d noise w, ~ N (0,6%1)
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Regret Reparameterization
Optimal Policy u, = — K, X,
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*As long as K, does not change too often



Formalities
Regret Reparameterization
N T
Playing u, = — K.x, = Regret ~ [ Z (J(K) — J(K,))

=1

*As long as K, does not change too often

Strong Stability (Cohen et al. 2018)

Playingu, = — Kx, = [ 7 > J(K)

1 « exponentially
2 ¢
=1
Definition:
K € R*¥djs (k, y)-strongly stable for A, B, if 3H, L such that:
1. A, +B,K=HLH™!
2. |ILI £ 1 =y,and [[HILIHLIK] < &
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Transition x,. | = A, x, + B, u, + w,

A Recipe for \ﬁ’ Regret?
Costc, = x,' Ox, + u'Ru,

First order estimation Optimal Policy u, = — K, x,

Assuming J(K) is Lipschitz: .i.d noise w, ~ #(0,6°I)

I I
Regret ~ [ [Z(J(Kt) —J(K*))] S E [Z HKt_K*H] Objective]:Tli_)ngo[E
=1
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A Recipe for \ﬁ’ Regret?

Costc, = x,' Ox, + u'Ru,

First order estimation Optimal Policy u, = — K, x,
Assuming J(K) is Lipschitz: .i.d noise w, ~ #(0,6°I)
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Regret ~ E | ) (J(K) —JK )| SE| D IIK, - K, Objective / = lim
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v

Perform minimal exploration to get ||K, — K || < l/ﬁ and then play K

Regret ~ ﬁ + exploration cost

Challenges
o Estimation rateis [|K, — K || l/ﬁ

o Exploration can be expensive! e.g., in previous work ||K, — K, || < T4
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Casel: Unknown A, (Known B )

Cost c, = x'Ox, + u' Ru,
B, known — y, =x,.; — B, u, Optimal Policy u, = — K, x,
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Objective / = Iim E
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Least Squares Estimation (At) Error:

O

\//Imin( Z§=1 Wsw;r)

X T—1/2

Free Exploration
By w,_!

1A, — A, ||




Objective Structure Transition x,,, = A, x, + B, 1+ w,

Costc, = x,' Ox, + u'Ru,

Results by Mania et al. (2019)

Optimal Policy u, = — K, X,

) | § o .i.d noise w, ~ N (0,06°1)
e “Strong Convexity”: -

Objective J = lim E

T— o0

JK) —J(K,) < ¢|lK—K,||*

e System estimation = Policy estimation:

1K (A B) = K, (A BOI < cmax { I = A, ILIB - B, |

10
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i.i.d noise w, ~ N (0,6%1)
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J(K) = J(K,) < cillK = K, |I*
e System estimation = Policy estimation:
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1 - | | ? 1
» 7 estimation —> " optimal policy =— 2 = = log T regret
[ t
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Objective Structure Transition x,,, = A, x, + B, 1+ w,

Costc, = x,' Ox, + u'Ru,

Results by Mania et al. (2019)

Optimal Policy u, = — K, X,

gEEr N} .i.d noise w, ~ #(0,6°I)
e “Strong Convexity”: ]

Objective J = lim E

T— o0

J(K) = J(K,) < cillK = K, |I*
e System estimation = Policy estimation:

1K (A B) = K, (A BOI < cmax { I = A, ILIB - B, |

1 - | | ? 1
» 7 estimation —> " optimal policy =— 2 = = log T regret
[ t

Not Quite...

e K, isnotstable — J(K,) = oo

| ow probability event contributes unbounded regret
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Algorithm and Abort Mechanism Transition x., | = A, x, + B, u, + w,
Cost c, = x'Ox, + u' Ru,

“Abor.t”

Optimal Policy u, = — K, X,

At every round before playing:

i.i.d noise w, ~ N (0,6%1)

o |[x||,||K || bounded in high probability bounds? = Low probability trigger

Objective J = lim E

T— o0

o Otherwise “abort”: Play K, forever =~ — Constant regret

Assumed /

Stable
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Algorithm and Abort Mechanism Transition x,,., = A, x, + B,ut, + w,
Cost c, = x'Ox, + u' Ru,

“Abort”
Optimal Policy u, = — K x,

At every round before playing:

i.i.d noise w, ~ N (0,6%1)

e |[x]||,||K;|| bounded in high probability bounds? = Low probability trigger

Objective / = Iim [E

T— o0

e Otherwise “abort”: Play K, forever =~ — Constant regret

|
Stable Overall low order regret term!

Algorithm for Unknown A,

‘ ‘ ‘ ‘ ‘f B “ T

Play K*(Ai, B, ) if no “abort”

Epoch  start:
Estimate (LSE) A,

Calculate greedy K*(Al-, B,)

11



Analysis Overview Transition x,, ; = A x, + B, u, + w,

Costc, = x,' Ox, + u'Ru,

Regret Decomposition
Optimal Policy u, = — K, X,

T
Regret S E Z (J(K) — J(K,))| no abort | + Switching Cost + Abort Cost .i.d noise w, ~ #(0,6°1)

=1
/ Objective J = Iim E
I'—o0

< constant - #epochs =~ log T

< constant - low probability ~ constant
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Analysis Overview Transition X, = A,x, + B, it, + w,

Costc, = x,' Ox, + u'Ru,

Regret Decomposition
Optimal Policy u, = — K x,

T
Regret S E Z (J(K) — J(K,))| no abort | + Switching Cost + Abort Cost .i.d noise w, ~ #(0,6°1)

=1
/ Objective / = lIim [
I'—o0

< constant - #epochs =~ log T

< constant - low probability ~ constant

Putting it all together

T #epochs
= | Y UK —J(K)) | noabort| § ) 21lA; — A, |I* S #epochs ~ log T

=1 =1

< 270D = epoch length
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Transition x,. | = A, x, + B, u, + w,

Case2: Unknown B, (Known A )

Cost c, = x'Ox, + u' Ru,
Assume A, isknown = y, =x, | — A, X, Optimal Policy u, = — K, x,

i.i.d noise w, ~ N (0,6%1)
Free Exploration
By K;w;_

Observed

A/Unknoh

Exploration with K K.'

Noise

e« KK' - K. K] = Musthave K, K > pu,I
e Convergence ensured by Adaptive Warm-up!

 No need to know i,
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Lower Bound

Construction inspired by upper bound = k, near degenerate
1

— k, R F¢
— 2 2
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Lower Bound

Main Ildeas

Construction inspired by upper bound = k, near degenerate

Construction in 1-D

1
X, 1 =—X, XU, +w
+1 A 4 A -
2 — k, X Fe

2 2
C, =X, + U

Good exploration but Regret 2, Y u?

T / =1

Bad exploration = Failed to identify sign(k, )

Learner’s

Dilemma

e =T — Best Tradeoff gives Q(azﬁ ) regret lower bound
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Summary

o log T regret is possible sometimes:
) A, unknown (B, known)

i) B, unknown (A, known) & K, non-degenerate

e |n general ﬁ regret is unavoidable

See you at the Q&A session!
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