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Mind the entropy bias in regularized OT :



a metric space 

x

<latexit sha1_base64="U8YpBa3nxZX7iYxsKJ1/TpXSK5U="></latexit>

y

<latexit sha1_base64="FMaQeyoccGdBl5pZME7k0HyEyZY="></latexit>

(X , C)

<latexit sha1_base64="/siwVYyNo+ongTaKSqM1tlUGV8w="></latexit>
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geodesic

C(
x,
y)

<latexit sha1_base64="E+SrHxuBmGD/7BkRrZYVroC0IZw="></latexit>

�

<latexit sha1_base64="ejEUwtlKSMwsg46w9FBEJUB8suc="></latexit>

↵

<latexit sha1_base64="wQzH2NDv6PuEGWqrl+fY9GxEAkU="></latexit>

↵,� 2 P(X )

<latexit sha1_base64="7wqechBW9E9vK19hJ6Uz6wldiCc="></latexit>

OT(↵,�)
def
= min

⇡2P(X⇥X )
⇡1=↵,⇡2=�

Z

X⇥X
C(x, y)d⇡(x, y)

<latexit sha1_base64="nJiAageGVmXkqnhfyPph+WDP1Us="></latexit>

“unit transport cost”
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a metric space 

geodesic

x

<latexit sha1_base64="U8YpBa3nxZX7iYxsKJ1/TpXSK5U="></latexit>

y

<latexit sha1_base64="FMaQeyoccGdBl5pZME7k0HyEyZY="></latexit>

C(
x,
y)

<latexit sha1_base64="E+SrHxuBmGD/7BkRrZYVroC0IZw="></latexit>

�

<latexit sha1_base64="ejEUwtlKSMwsg46w9FBEJUB8suc="></latexit>

↵

<latexit sha1_base64="wQzH2NDv6PuEGWqrl+fY9GxEAkU="></latexit>

(X , C)

<latexit sha1_base64="/siwVYyNo+ongTaKSqM1tlUGV8w="></latexit>

↵,� 2 P(X )

<latexit sha1_base64="7wqechBW9E9vK19hJ6Uz6wldiCc="></latexit>

“Wasserstein distance”
OT(↵,�)

def
= min

⇡2P(X⇥X )
⇡1=↵,⇡2=�

Z

X⇥X
C(x, y)d⇡(x, y)

<latexit sha1_base64="nJiAageGVmXkqnhfyPph+WDP1Us="></latexit>

Linear program
O(n3)

<latexit sha1_base64="A5RUMdULrhJLtOEMrBcRdNg9V0k="></latexit>
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Entropy regularized OT

OT"(↵,�)
def
= min

⇡2P(X⇥X )
⇡1=↵,⇡2=�

Z

X⇥X
C(x, y)d⇡(x, y) + "KL(⇡|m1 ⌦m2)

<latexit sha1_base64="sLtFysX39icnJIlOs8G23tqwyh4="></latexit>

regularizer: relative entropy
reference measures in P(X )

<latexit sha1_base64="4XKrNUtM+yS19d62UIHzoPMqZZI="></latexit>

m1,m2 2

<latexit sha1_base64="Ku755JJXZwMolJxHlzu3e9Z93yM="></latexit>

m1,m2

<latexit sha1_base64="U9N9WhIbFFCGFRpY3QtxYeBbwXA="></latexit>

+ Computational cost: cubic         quadratic

+ Breaks the curse of dimension
- Entropy bias
- Not a metric

argmin
↵

OT"(↵,�) 6= �

<latexit sha1_base64="dvb0gBUGARqDKYMJUgNdU+ELc6g="></latexit>
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Entropy OT barycenters and bias

argmin
↵

KX

k=1

wk OT"(↵k,↵)

<latexit sha1_base64="4FE7G3sRgluu3gru8fMn1N3WQKI="></latexit>

�5DQ�LQ������V

ͅ6͉��SURSRVHG�

�5DQ�LQ������V

ͅ,%3

�5DQ�LQ�������V

ͅ27ഡ͉

�5DQ�LQ��������V

ͅ$͉

�5DQ�LQ�������V

ͅ)6͉��)UHH�VXSSRUW�

�5DQ�LQ�������V

ͅ:
" = 0

<latexit sha1_base64="tokZrSFIk+Ijwro5IdAJ5MZz6p4="></latexit>

X

<latexit sha1_base64="2wD0Cyj/9gIRNSCtp74Bd5f0jc4="></latexit>

finite m1,m2 = U(X )

<latexit sha1_base64="L03KaCUidTYeXF2RmUveYzShoNI="></latexit>

↵1, ↵2 . . .

<latexit sha1_base64="BKDIXMTCwWawbmLqylncV1Ye+wU="></latexit>

↵

<latexit sha1_base64="gfSspWEa5pT+8F45BhvBsaI3gXo="></latexit>

(Benamou et al, 15’)

�5DQ�LQ������V

ͅ6͉��SURSRVHG�

�5DQ�LQ������V

ͅ,%3

�5DQ�LQ�������V

ͅ27ഡ͉

�5DQ�LQ��������V

ͅ$͉

�5DQ�LQ�������V

ͅ)6͉��)UHH�VXSSRUW�

�5DQ�LQ�������V

ͅ:

" = 0.5

<latexit sha1_base64="YQg54KUcO7oeGCR0zdMbidHwgDI="></latexit>

Using Sinkhorn’s algorithm
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Entropy regularized OT

OT"(↵,�)
def
= min

⇡2P(X⇥X )
⇡1=↵,⇡2=�

Z

X⇥X
C(x, y)d⇡(x, y) + "KL(⇡|m1 ⌦m2)

<latexit sha1_base64="sLtFysX39icnJIlOs8G23tqwyh4="></latexit>

regularizer: relative entropy
reference measures in P(X )

<latexit sha1_base64="4XKrNUtM+yS19d62UIHzoPMqZZI="></latexit>

m1,m2 2

<latexit sha1_base64="Ku755JJXZwMolJxHlzu3e9Z93yM="></latexit>

m1,m2

<latexit sha1_base64="U9N9WhIbFFCGFRpY3QtxYeBbwXA="></latexit>

+ Computational cost: cubic         quadratic

+ Breaks the curse of dimension
- Entropy bias
- Not a metric

(Feydy et al, 19): 

S"(↵,�)
def
= OT"(↵,�)�

1

2
(OT"(↵,↵) + OT"(�,�))

<latexit sha1_base64="bz7egL3BCh134I1STyQZjGS4iNw="></latexit>

X

<latexit sha1_base64="2wD0Cyj/9gIRNSCtp74Bd5f0jc4="></latexit>

m1 = ↵

<latexit sha1_base64="+ZMST2vK+OsxpdvXM2cyEOexkgI="></latexit>

m2 = �

<latexit sha1_base64="wx+X+zEF05xMUFJyzN8vT/cJgT4="></latexit>

is compact - Entropy bias
S"(↵,�) � 0;

<latexit sha1_base64="PgZ7HcNo5C8ZBa13clxtp5u6rnM="></latexit>

S"(↵,�) = 0 ) ↵ = �

<latexit sha1_base64="g9mHBmz3DbivL1tlnhhBHYYyd4k="></latexit>

+
+
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Entropy regularized OT

OT"(↵,�)
def
= min

⇡2P(X⇥X )
⇡1=↵,⇡2=�

Z

X⇥X
C(x, y)d⇡(x, y) + "KL(⇡|m1 ⌦m2)

<latexit sha1_base64="sLtFysX39icnJIlOs8G23tqwyh4="></latexit>

regularizer: relative entropy
reference measures in P(X )

<latexit sha1_base64="4XKrNUtM+yS19d62UIHzoPMqZZI="></latexit>

m1,m2 2

<latexit sha1_base64="Ku755JJXZwMolJxHlzu3e9Z93yM="></latexit>

m1,m2

<latexit sha1_base64="U9N9WhIbFFCGFRpY3QtxYeBbwXA="></latexit>

+ Computational cost: cubic         quadratic

+ Breaks the curse of dimension
- Entropy bias
- Not a metric

(Feydy et al, 19): 

S"(↵,�)
def
= OT"(↵,�)�

1

2
(OT"(↵,↵) + OT"(�,�))

<latexit sha1_base64="bz7egL3BCh134I1STyQZjGS4iNw="></latexit>

X

<latexit sha1_base64="2wD0Cyj/9gIRNSCtp74Bd5f0jc4="></latexit>

m1 = ↵

<latexit sha1_base64="+ZMST2vK+OsxpdvXM2cyEOexkgI="></latexit>

m2 = �

<latexit sha1_base64="wx+X+zEF05xMUFJyzN8vT/cJgT4="></latexit>

is compact - Entropy bias
- Not a metric

 + But metrizes 

the weak convergence
↵n * ↵ , S"(↵n,↵) ! 0

<latexit sha1_base64="Evpc5PctKZbZXe9PZsnyJ1gwxTg="></latexit>

Contributions:

2) Depending on              the entropy bias can be blurring or shrinking m1,m2

<latexit sha1_base64="MYoq9Kf4gSYBxiXGlVgl+o7yOxQ="></latexit>

1)         and        are convex and differentiable on non compact spaces (                )S"

<latexit sha1_base64="n+n1f+fWhf6lI+Q5LYy2853U2Ms="></latexit>

X = Rd

<latexit sha1_base64="R8w0nXVQ8LrWMdHb0OacWODAreI="></latexit>

OT"

<latexit sha1_base64="EFJX/3PDfqOkLZC38xLkOKflr/w="></latexit>

3) a Fast modified Sinkhorn algorithm to compute debiased barycenters�5DQ�LQ������V

ͅ6͉��SURSRVHG�

�5DQ�LQ������V

ͅ,%3

�5DQ�LQ�������V

ͅ27ഡ͉

�5DQ�LQ��������V

ͅ$͉

�5DQ�LQ�������V

ͅ)6͉��)UHH�VXSSRUW�

�5DQ�LQ�������V

ͅ:
no entropy

�5DQ�LQ������V

ͅ6͉��SURSRVHG�

�5DQ�LQ������V

ͅ,%3

�5DQ�LQ�������V

ͅ27ഡ͉

�5DQ�LQ��������V

ͅ$͉

�5DQ�LQ�������V

ͅ)6͉��)UHH�VXSSRUW�

�5DQ�LQ�������V

ͅ:

�5DQ�LQ������V

ͅ6͉��SURSRVHG�

�5DQ�LQ������V

ͅ,%3

�5DQ�LQ�������V

ͅ27ഡ͉

�5DQ�LQ��������V

ͅ$͉

�5DQ�LQ�������V

ͅ)6͉��)UHH�VXSSRUW�

�5DQ�LQ�������V

ͅ:

entropy (I)entropy (II)

�5DQ�LQ������V

ͅ6͉��SURSRVHG�

�5DQ�LQ������V

ͅ,%3

�5DQ�LQ�������V

ͅ27ഡ͉

�5DQ�LQ��������V

ͅ$͉

�5DQ�LQ�������V

ͅ)6͉��)UHH�VXSSRUW�

�5DQ�LQ�������V

ͅ:

proposed



8

H. Janati - Inria Saclay
Entropy regularized OT

⇡ ⌧ r

<latexit sha1_base64="/d9cdlJMFZ1LUcRNwSw6By+I1f4="></latexit>

KL(⇡|r) def=
Z

X⇥X
log

✓
d⇡

dr

◆
d⇡

<latexit sha1_base64="UT/tfoeu+xUVSvD0HGxZzpkVTLU="></latexit>

if else +1

<latexit sha1_base64="miS9BjByZeQ1d/r+WUqDccqwZ1M="></latexit>

reference measures in P(X )

<latexit sha1_base64="4XKrNUtM+yS19d62UIHzoPMqZZI="></latexit>

m1,m2 2

<latexit sha1_base64="Ku755JJXZwMolJxHlzu3e9Z93yM="></latexit>

OT"(↵,�)
def
= min

⇡2P(X⇥X )
⇡1=↵,⇡2=�

Z

X⇥X
C(x, y)d⇡(x, y) + "KL(⇡|m1 ⌦m2)

<latexit sha1_base64="sLtFysX39icnJIlOs8G23tqwyh4="></latexit>

regularizer: relative entropy

m1,m2

<latexit sha1_base64="U9N9WhIbFFCGFRpY3QtxYeBbwXA="></latexit>
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(I) Lebesgue continuous case 

OT
L
" (↵,�)

def
= min

⇡2P(X⇥X )
⇡1=↵,⇡2=�

Z

X⇥X
C(x, y)d⇡(x, y) + "KL(⇡|L⌦ L)

<latexit sha1_base64="F+m6pl9snCV2i+sUu8DLFIzBhNA="></latexit>

OT
U
" (↵,�) = min

⇡2Rn⇥n
+

⇡1=↵,⇡>1=�

h(C(xi, xj)ij),⇡i+ "h⇡, log(⇡)� 1i

<latexit sha1_base64="jgmU7mv3vHujNiCjvDtHw+GAj/A="></latexit>

(0) Discrete case X = {x1, . . . , xn}

<latexit sha1_base64="vmnqFtCN2MYAGMwe98iaY/lroGQ="></latexit>

↵,� 2 �n
def
= {x 2 Rd

+|
nX

i=1

xi = 1}

<latexit sha1_base64="eqPEgV+AiBSc1hhztynMqpQEXNM="></latexit>

(Cuturi, Neurips 13’)

(II) General case 

OT
⌦
" (↵,�)

def
= min

⇡2P(X⇥X )
⇡1=↵,⇡2=�

Z

X⇥X
C(x, y)d⇡(x, y) + "KL(⇡|↵⌦ �)

<latexit sha1_base64="PH8QjKAbfDEQpNXSyHqdewA66l0="></latexit>

(Genevay 18’, Feydy 19’)



Entropy smoothing
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(I) Lebesgue continuous case 

(II) General case 

Quantifying the entropy bias

Let        the set of sub-Gaussian measures in      and G

<latexit sha1_base64="BUhzLPKsC4yBUH9S9DLU1a02xTQ="></latexit>

Rd

<latexit sha1_base64="6rzWzmzdsOl5xTQ9L/Zvdm2LQaw="></latexit>

↵k ⇠ N (µk,�
2)

<latexit sha1_base64="UNw7xIm8ip5wQR3cn9ytsBLseI8="></latexit>

↵⌦ def
= argmin

�2G

KX

k=1

wk OT
⌦
" (↵k,�) ⇠ N

✓
µ̄, (�2 � "2

2
)+

◆

<latexit sha1_base64="Xd6c46LKbeD8tQAeigGzhrVl/OM="></latexit>

↵L def
= argmin

�2G

KX

k=1

wk OT
L
" (↵k,�) ⇠ N

✓
µ̄,�2

+
"2

2

◆

<latexit sha1_base64="AdEvC1un8tjV/wOti+RNTKAGSik="></latexit>

µ̄ =
KX

k=1

wkµk

<latexit sha1_base64="bUg1W1R98wEK1RSUhNGWW2WqVvc="></latexit>

then:

Theorem 1

Entropy shrinking

May collapse 

to a dirac

ಜ� � �
����

����

����

����

����
͉� ����

ಜ� � �

͉� ����

ಜ� � �

͉� ����

↵L

<latexit sha1_base64="kdumtGbI4KfAEOtcabuVIKcRMII="></latexit>

↵⌦

<latexit sha1_base64="kUJP8yHbeEzzxDUx0hW+9IfA798="></latexit>

↵ideal

<latexit sha1_base64="i7cj8xKeOY4xKSB8Kb8BCEtxbIk="></latexit>
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(I) Lebesgue continuous case 

(II) General case 

Quantifying the entropy bias

Let        the set of sub-Gaussian measures in      and G

<latexit sha1_base64="BUhzLPKsC4yBUH9S9DLU1a02xTQ="></latexit>

Rd

<latexit sha1_base64="6rzWzmzdsOl5xTQ9L/Zvdm2LQaw="></latexit>

↵k ⇠ N (µk,�
2)

<latexit sha1_base64="UNw7xIm8ip5wQR3cn9ytsBLseI8="></latexit>

↵⌦ def
= argmin

�2G

KX

k=1

wk OT
⌦
" (↵k,�) ⇠ N

✓
µ̄, (�2 � "2

2
)+

◆

<latexit sha1_base64="Xd6c46LKbeD8tQAeigGzhrVl/OM="></latexit>

↵L def
= argmin

�2G

KX

k=1

wk OT
L
" (↵k,�) ⇠ N

✓
µ̄,�2

+
"2

2

◆

<latexit sha1_base64="AdEvC1un8tjV/wOti+RNTKAGSik="></latexit>

µ̄ =
KX

k=1

wkµk

<latexit sha1_base64="bUg1W1R98wEK1RSUhNGWW2WqVvc="></latexit>

then:

Theorem 1

Entropy shrinking

↵ideal

<latexit sha1_base64="i7cj8xKeOY4xKSB8Kb8BCEtxbIk="></latexit>

(Rigollet & Weed, 18’)

“Entropic OT is maximum likelihood deconvolution”

PX = argmin
P

OT�2(P,
nX

i=1

1

n
�yi)

<latexit sha1_base64="lgXNY6Nez2gAY+b0geN6jKQw4eo="></latexit>

Y = X + �2Z, Z ⇠ N (0, Id)

<latexit sha1_base64="Io8+2Zfizhyyq3c4tE9KSZ669Yg="></latexit>

Yet, useful

⌦

<latexit sha1_base64="qLlcvMnJ87tfyRo70Rw4tFn/0ZY="></latexit>
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12

(Feydy et al, 19): 

S"(↵,�)
def
= OT"(↵,�)�

1

2
(OT"(↵,↵) + OT"(�,�))

<latexit sha1_base64="bz7egL3BCh134I1STyQZjGS4iNw="></latexit>

X

<latexit sha1_base64="2wD0Cyj/9gIRNSCtp74Bd5f0jc4="></latexit>

is compact - Entropy bias
S"(↵,�) � 0;

<latexit sha1_base64="PgZ7HcNo5C8ZBa13clxtp5u6rnM="></latexit>

S"(↵,�) = 0 ) ↵ = �

<latexit sha1_base64="g9mHBmz3DbivL1tlnhhBHYYyd4k="></latexit>

+
+

⌦

<latexit sha1_base64="ySNOcLV1tkmk900fsoIgnv10kos="></latexit>

⌦

<latexit sha1_base64="ySNOcLV1tkmk900fsoIgnv10kos="></latexit>

⌦

<latexit sha1_base64="ySNOcLV1tkmk900fsoIgnv10kos="></latexit>

,
G

<latexit sha1_base64="BUhzLPKsC4yBUH9S9DLU1a02xTQ="></latexit>

Rd

<latexit sha1_base64="6rzWzmzdsOl5xTQ9L/Zvdm2LQaw="></latexit>

Let        the set of sub-Gaussian measures in      and ↵k ⇠ N (µk,�
2)

<latexit sha1_base64="UNw7xIm8ip5wQR3cn9ytsBLseI8="></latexit>

Theorem 

µ̄ =
KX

k=1

wkµk

<latexit sha1_base64="bUg1W1R98wEK1RSUhNGWW2WqVvc="></latexit>

C(x, y) = (x� y)2

<latexit sha1_base64="/Gzgyws6CLiCmHh5mfMPvGv+dhQ="></latexit>

then:

↵S def
= argmin

�2G

KX

k=1

wkS"(↵k,�) ⇠ N
�
µ̄,�2

�

<latexit sha1_base64="uQo1SDC2OLClY3nOAw5uHo4DZNw="></latexit>

Why ?

To prove the convexity and differentiability of        and                   

and characterize the barycentric optimality

S"(↵,�)
def
= OT"(↵,�)�

1

2
(OT"(↵,↵) + OT"(�,�))

<latexit sha1_base64="bz7egL3BCh134I1STyQZjGS4iNw="></latexit>

S"(↵,�)
def
= OT"(↵,�)�

1

2
(OT"(↵,↵) + OT"(�,�))

<latexit sha1_base64="bz7egL3BCh134I1STyQZjGS4iNw="></latexit>



H. Janati - Inria SaclayBarycentric Algorithms:  two different views

Lagrangian (Free supports)

 Distributions represented 
by point clouds (positions, weights) 

+    scalable for sparse distributions in high 
dimensions 

-  Optimization over weights and positions:

requires several Sinkhorn loops


Eulerian (Fixed supports)

 Distributions represented 
by histograms on a fixed grid 

Done by (Luise, 19’)

+    Parallelizable on regular grids (e.g. images)

-   Not scalable memory  footprint
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Sinkhorn algorithm and IBP

can be written as a KL projection:↵U def
= argmin

�2�n

KX

k=1

wk OT
U
" (↵k,�)

<latexit sha1_base64="7mgycSqQgX0V/KZakyqStHbLqoE="></latexit>

min
⇡1,...,⇡K2Rn⇥n

+
⇡k1=↵k

⇡>
1 1=···=⇡>

K1

KX

k=1

wkKL(⇡k|e�
(Cij)

" )

<latexit sha1_base64="vMq7pJ25NYRBNFpdmJecnEIQ9IE="></latexit>

Solved using 

“Iterative Bregman Projections” (IBP)

 a.k.a. generalized Sinkhorn

Not possible with the product measure as reference :(

↵⌦ def
= argmin

�2�n

KX

k=1

wk OT
⌦
" (↵k,�)

<latexit sha1_base64="N3Vnui8w/oOK5k/6LZNkOou6Bb0="></latexit>

What about


             ?S"(↵,�)
def
= OT"(↵,�)�

1

2
(OT"(↵,↵) + OT"(�,�))

<latexit sha1_base64="bz7egL3BCh134I1STyQZjGS4iNw="></latexit>
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Debiased Sinkhorn algorithm and IBP

⇡ 2 P(X ⇥ X ), ⇡1 = ↵ and ⇡2 = �

<latexit sha1_base64="xUXfqRv7L+RIIEY8vYGBIZWFudU="></latexit>

KL(⇡|m1 ⌦m2) = KL(⇡|↵⌦ �) + KL(↵|m1) + KL(�|m2)

<latexit sha1_base64="IyAw7JSbCC+tik5eTqDS1/AlsYk="></latexit>

then:

(Di marino, 19’)

S"(↵,�)
def
= OT"(↵,�)�

1

2
(OT"(↵,↵) + OT"(�,�))

<latexit sha1_base64="bz7egL3BCh134I1STyQZjGS4iNw="></latexit>

Then      is independent of the reference measure:

SU
" (↵,�) = S⌦

" (↵,�)

<latexit sha1_base64="umwmf/s1cegC5JqxpBJyFA9Vzvs="></latexit>

If discrete:

If Lebesgue-continuous: SL
" (↵,�) = S⌦

" (↵,�)

<latexit sha1_base64="gdfMTgZLow90ExcnNQzp8DlkKo8="></latexit>

(Special thanks to T. Séjourné & F-X Vialard)
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Debiased Sinkhorn algorithm and IBP

SU
" (↵,�) = S⌦

" (↵,�)

<latexit sha1_base64="umwmf/s1cegC5JqxpBJyFA9Vzvs="></latexit>

↵S def
= argmin

�2�n

KX

k=1

wkS
U
" (↵k,�)

<latexit sha1_base64="nqg592frnbyDtYotblHBoRSWsPM="></latexit>

Using

equivalent to:

min
⇡1,...,⇡K2Rn⇥n

+
⇡k1=↵k

⇡>
1 1=···=⇡>

K1
d2Rn

+

KX

k=1

wkKL(⇡k|e�
(Cij)

" dj) +
"

2
hd� 1, e�

(Cij)

" (d� 1)i

<latexit sha1_base64="+LNurD2JHs5ZdYSQqs3wlx8urdw="></latexit>

Alternating block minimization:


1) IBP loop


2) Symmetric Sinkhorn
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Debiased Sinkhorn algorithm and IBP

� � � � � � �
WLPH��V�

��ಜ�

��ಜ�

��ಜ�

��ಜ�

��ಜ�

��ಜ�
__ͅ

൐
ಜ
ͅ�
O� _
_ ನ

ͅ27�͉ ��,%3�
ͅ6͉��$OJ���



H. Janati - Inria Saclay

Take home message

The entropic barycenter of univariate Gaussians is Gaussian


The entropic bias can be smoothing or shrinking


The debiased barycenter can be computed on 
a GPU-friendly modified Sinkhorn algorithm


