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a metric space (X', C)

C(x,y)dmr(z,y)

“unit transport cost”

H. Janati - Inria Saclay




H. Janati - Inria Saclay

a metric space (X C )

OT(a, )= min /X . C(x,y)dn(x,y)

TEP(X XX)
7T1:CV7772:6

“Wasserstein distance”

Linear program

O(n?)

o, 5 € P(X)
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Entropy regularized OT

M, 12

OT. (o, )<

TEP(XXX)

1 :Oé,T('Q:/B

min / C(x,y)dr(x,y) + eKL(7m|m1 ® ms)
X XX

regularizer: relative entropy
mi, Mo € reference measures in P (X)

+ Computational cost: cubic — quadratic Entropy bias

+ Breaks the curse of dimension Not a metric

arg min OT.(a, 5) # (3
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Entropy OT barycenters and bias

X finite mi, mo = U(X)

— ]
—on 011 Ranin 92,91

Using Sinkhorn’s algorithm

(Benamou et al, 15°)
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Entropy regularized OT

Q, j C(x,y)dm(x,y) + eKL %
Tl )™ min [ Claydn(e.y) + KLrlms @ ma)

7'('1:04,7'('2:6

regularizer: relative entropy
mi, Mo € reference measures in P (X)

+ Computational cost: cubic — quadratic Entropy bias

+ Breaks the curse of dimension Not a metric

(Feydyetal, 19: X iscompact mi = Mo = (3

-0, 5) & OT.(a, 5) — 5 (OT. (0, 0) + OT (5, 5)
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Entropy regularized OT

% O @ P Y 2)

regularizer: relative entropy

Contributions:
1) S. and OT.are convex and differentiable on non compact spaces (X’ —

a)

2) Depending on 1, M2 the entropy bias can be blurring or shrinking

3) a Fast modified Sinkhorn algorithm to compute-gettiased barycenters

-—

oroposed entropy () entropy (I) no entropy

i e ..._.-—"-._...
TR o s
. - -I.--. .-.. .I .l- ] u .:.-.. _-.-’
o
Ran in 0.86 s Ranin 13.17 s Ranin 0.11 s Ran in 92.91 s
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Entropy regularized OT

M1, TNo
’ def

OT. ()™ wmin [ Claydn(o.y) + KLixlmy ©ms)
WEP(XXX) X XX

7'('1:04,7'('2:6

regularizer: relative entropy

mi, Mo € reference measuresin P (X)

e d
KL(7|r) d:f/ log (;T) dm if m<<r else 400
X X X r
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(0) Discrete case X = {x1,...,z,}

a,B €N, E{xc RY|Y a; =1}
=1

OT (a,f) =  min  ((C(zi,z;)ij), ) +(m, log(m) — 1)
e Ri Xn (Cuturi, Neurips 13’)

() Lebesgue continuous case

OT% (e, B) < min / C(x,y)dr(z,y) + cKL(7|L ® L)
WEP(XXX) X XX

7'('1:04,7'('2:5

(Il) General case

OT? ()™ _min | Clagina.y) +KLirla 1)
i X

L L (Genevay 18°, Feydy 19’)
T =—C&,T02 —/6
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Quantifying the entropy bias

:ukvO-Q)

moothlng

PEY k=1

(Il) General case
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to a dirac [T~

a® ¥ = arg min Z wy, OT® (o, B) ~ N (,u, Ca
PeY =1 3

_Entropy shrinking
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Quantifying the entropy bias
Theorem 1

Let G the set of sub-Gaussian measures in R and v ~ N(uk, 02)

“Entropic OT is maximum likelihood deconvolution”

Y =X+0"Z, Z~N(0,I )
PX—argmmOT PZ — 0y,

aF = argmmek OT[’ (g, ) N [, o

PEY k=1

(Il) General case

rdeal

(Rigollet & Weed, 18°)

®defargmm2wk OT?(ap,B) ~ N (,u,(

PEY =1 _Entropy shrinking '
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~Ixing the entropy bias

(Feydy etal, 19): X is compact
® 1 )

5
Se(a, ) < OT<(a, ) — 5 (OT<(a,a) + OT.(5,5))

‘Theorem _Why ?

et Q the set of sub Gaussmn measures in R and ai ~ N (g, 2)
Zwkuk (z,y) = (z —y)° then:

12



Barycentric Algorithms: two different views - Janat = Ina Saclay

Lagrangian (Free supports) Eulerian (Fixed supports)

Distributions represented Distributions represented

by point clouds (positions, weights)

by histograms on a fixed grid

+ scalable for sparse distributions in high + Parallelizable on regular grids (e.g. images)
dimensions

Optimization over weights and positions: Not scalable memory footprint

requires several Sinkhorn loops \

Done by (Luise, 19)
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Sinkhorn algorithm and IBP

K
def
Z/{ — al'g min E Wi OTM (ak, ﬁ) can be written as a KL projection:
BEAL
(ng) "
min Z wiKL(mple™ =) Solved using

“Iterative Bregman Projections” (IBP)
a.k.a. generalized Sinkhorn

7'(-]_ ﬂ_KGRTLX’n
7Tk]l — X[
T, I=-=m 1

k=1

Not possible with the product measure as reference :( What about

@defargmmz:fw/zC OT? (g, 3) Se ?
PEAn =1
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Debiased Sinkhorn algorithm and IBP

TeEPAXXxX), m =aand =/ then:

KL(7|m; @ ms) = KL(x|a ® 8) + KL(alm:) + KL(53|ms)|

(Di marino, 19’)

Then S; is independent of the reference measure:

If discrete: Sg(oz, 6) — S? (Oé, 6)
If Lebesgue-continuous: Sf(oz, ﬁ) — S? (Oé, ﬁ)

(Special thanks to T. Sejourne & F-X Vialard)
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Debiased Sinkhorn algorithm and IBP

Using Sg(oz,ﬂ) — S?(C%ﬁ)

K
def :
CVS = arg min g wksg(ak,ﬁ) equivalent to:
PEAn =1
K
. (Cij) 5 (Cij)
min ZkaL(Wk\e = d)+=(d—1,e = (d—1))
Wl,...,ﬂKGR?I_Xn —1 2
1=
wf?:--j;-};]l Alternating block minimization:
deR’

1) IBP loop

2) Symmetric Sinkhorn
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Debiased Sinkhorn algorithm and IBP

Algorithm 1 Debiased Sinkhorn Barycenter

e
Input: a1,...,ag, K =¢e" =

Output: ag_
Initialize all scalings (b ), d to 1,
repeat
for £ =1 to K do
Al < ( ok

Kb,
end for

& <_ Hllle(KTak)wk
for Kk =1to K do

1 2 3 45 6 7
time (s)

unfil convergence
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Take home message

O The entropic barycenter of univariate Gaussians is Gaussian
O The entropic bias can be smoothing or shrinking

O The debiased barycenter can be computed on
a GPU-friendly modified Sinkhorn algorithm



