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Motivation
• Machine Learning models may be discriminatory 

[Barocas et al 2016, Buolamwini et al 2018] 

• Many fairness notions based on parity 
[Feldman et al 2015, Hardt et al 2016, Zafar et al 2017]

• Perfect Fairness and optimality may not be possible 
[Kaplow et al 1999, Chen et al 2018]

• Less work done on scenarios were optimality is desired
[Ustun et al 2019]
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Motivation
• Machine Learning models may be discriminatory 

[Barocas et al 2016, Buolamwini et al 2018] 

• Many fairness notions based on parity 
[Feldman et al 2015, Hardt et al 2016, Zafar et al 2017]

• Perfect Fairness and optimality may not be possible 
[Kaplow et al 1999, Chen et al 2018]

• Less work done on scenarios were optimality is desired
[Ustun et al 2019]

Our Focus

• Characterizing the optimal solutions (Pareto front) 

• Fairest model without unnecessary harm (preserve optimality)
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General Overview
Minimax Pareto Fairness (MMPF)
• Fairest model without unnecessary harm (preserve optimality)

• Fairness as a multi-objective optimization problem (MOOP)

Population risk: ra(h) = EX,Y |A=a[`(Y, h(X))]

<latexit sha1_base64="yAIwr2fIte+ovDd8WHp5Um97P7Q=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vQQimJVHRTqIrgsoJ90YYwmU6aoZNJmJkIJXbvxl9x40IRt/6AO//G6WOhrQcuHM65l3vvcSNGpTLNbyO1srq2vpHezGxt7+zuZfcPmjKMBSYNHLJQtF0kCaOcNBRVjLQjQVDgMtJyh1cTv3VPhKQhv1OjiNgBGnDqUYyUlpxsTjio4BdhFV47SbvUebioonG3RxgrdEp+oV0s2k42b5bNKeAyseYkD+aoO9mvXj/EcUC4wgxJ2bXMSNkJEopiRsaZXixJhPAQDUhXU44CIu1k+ssYHmulD71Q6OIKTtXfEwkKpBwFru4MkPLlojcR//O6sfLO7YTyKFaE49kiL2ZQhXASDOxTQbBiI00QFlTfCrGPBMJKx5fRIViLLy+T5knZqpRPbyv52uU8jjQ4AjlQABY4AzVwA+qgATB4BM/gFbwZT8aL8W58zFpTxnzmEPyB8fkD+dmYew==</latexit>

Risk tradeoffs

Pareto Curve

r0(h)

<latexit sha1_base64="jyzDZBtr3GQXj1gTtpp4X3W6Z8s=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISqeix6MVjBfsBbQib7aZdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7Le5gkzIvIUPKQUwJG8u1yH9gjBGGmpr5THZ35dsWpOXPgVeLmpIJyNH37qz+IaRoxCVQQrXuuk4CXEQWcCjYt9VPNEkLHZMh6hkoSMe1l88On+NQoAxzGypQEPFd/T2Qk0noSBaYzIjDSy95M/M/rpRBeeRmXSQpM0sWiMBUYYjxLAQ+4YhTExBBCFTe3YjoiilAwWZVMCO7yy6ukfV5z67WLu3qlcZ3HUUTH6ARVkYsuUQPdoiZqIYpS9Ixe0Zv1ZL1Y79bHorVg5TNH6A+szx9anZLk</latexit>

r 1
(h
)

<latexit sha1_base64="2LVcFBR1pFj02CHeAvtprTgUyK8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISqeix6MVjBfsBbQib7aZdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7Le5gkzIvIUPKQUwJG8u1yH9gjBGGmpr5bHZ35dsWpOXPgVeLmpIJyNH37qz+IaRoxCVQQrXuuk4CXEQWcCjYt9VPNEkLHZMh6hkoSMe1l88On+NQoAxzGypQEPFd/T2Qk0noSBaYzIjDSy95M/M/rpRBeeRmXSQpM0sWiMBUYYjxLAQ+4YhTExBBCFTe3YjoiilAwWZVMCO7yy6ukfV5z67WLu3qlcZ3HUUTH6ARVkYsuUQPdoiZqIYpS9Ixe0Zv1ZL1Y79bHorVg5TNH6A+szx9cJJLl</latexit>

r0(
h)

= r1(
h)

<latexit sha1_base64="Eucv+A/OZInWLxE2S2I+M2GyxDk=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgxCbsSkQbIWhjGcFcIFmW2clsMmT2wsxZMSzpbXwVGwtFbH0BO9/G2WQLTfxh4Oc753Dm/F4suALL+jYKK6tr6xvFzdLW9s7unrl/0FZRIilr0UhEsusRxQQPWQs4CNaNJSOBJ1jHG19n9c49k4pH4R1MYuYEZBhyn1MCGrlmuQ/sATw/lVPXqo5O8CX+ReyMuGbFqlkz4WVj56aCcjVd86s/iGgSsBCoIEr1bCsGJyUSOBVsWuonisWEjsmQ9bQNScCUk85umeJjTQbYj6R+IeAZ/T2RkkCpSeDpzoDASC3WMvhfrZeAf+GkPIwTYCGdL/ITgSHCWTB4wCWjICbaECq5/iumIyIJBR1fSYdgL568bNqnNbteO7utVxpXeRxFdITKqIpsdI4a6AY1UQtR9Iie0St6M56MF+Pd+Ji3Fox85hD9kfH5AzAMmds=</latexit>

Feasible region

2 Population example :
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<latexit sha1_base64="2LVcFBR1pFj02CHeAvtprTgUyK8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISqeix6MVjBfsBbQib7aZdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7Le5gkzIvIUPKQUwJG8u1yH9gjBGGmpr5bHZ35dsWpOXPgVeLmpIJyNH37qz+IaRoxCVQQrXuuk4CXEQWcCjYt9VPNEkLHZMh6hkoSMe1l88On+NQoAxzGypQEPFd/T2Qk0noSBaYzIjDSy95M/M/rpRBeeRmXSQpM0sWiMBUYYjxLAQ+4YhTExBBCFTe3YjoiilAwWZVMCO7yy6ukfV5z67WLu3qlcZ3HUUTH6ARVkYsuUQPdoiZqIYpS9Ixe0Zv1ZL1Y79bHorVg5TNH6A+szx9cJJLl</latexit>
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= r1(
h)

<latexit sha1_base64="Eucv+A/OZInWLxE2S2I+M2GyxDk=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgxCbsSkQbIWhjGcFcIFmW2clsMmT2wsxZMSzpbXwVGwtFbH0BO9/G2WQLTfxh4Oc753Dm/F4suALL+jYKK6tr6xvFzdLW9s7unrl/0FZRIilr0UhEsusRxQQPWQs4CNaNJSOBJ1jHG19n9c49k4pH4R1MYuYEZBhyn1MCGrlmuQ/sATw/lVPXqo5O8CX+ReyMuGbFqlkz4WVj56aCcjVd86s/iGgSsBCoIEr1bCsGJyUSOBVsWuonisWEjsmQ9bQNScCUk85umeJjTQbYj6R+IeAZ/T2RkkCpSeDpzoDASC3WMvhfrZeAf+GkPIwTYCGdL/ITgSHCWTB4wCWjICbaECq5/iumIyIJBR1fSYdgL568bNqnNbteO7utVxpXeRxFdITKqIpsdI4a6AY1UQtR9Iie0St6M56MF+Pd+Ji3Fox85hD9kfH5AzAMmds=</latexit>
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Naïve
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General Overview
Minimax Pareto Fairness (MMPF)
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Equal Risk

Naïve
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)
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r0(
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= r1(
h)
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Equal Risk

Naïve

Unnecessary 
harm
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<latexit sha1_base64="2LVcFBR1pFj02CHeAvtprTgUyK8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISqeix6MVjBfsBbQib7aZdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7Le5gkzIvIUPKQUwJG8u1yH9gjBGGmpr5bHZ35dsWpOXPgVeLmpIJyNH37qz+IaRoxCVQQrXuuk4CXEQWcCjYt9VPNEkLHZMh6hkoSMe1l88On+NQoAxzGypQEPFd/T2Qk0noSBaYzIjDSy95M/M/rpRBeeRmXSQpM0sWiMBUYYjxLAQ+4YhTExBBCFTe3YjoiilAwWZVMCO7yy6ukfV5z67WLu3qlcZ3HUUTH6ARVkYsuUQPdoiZqIYpS9Ixe0Zv1ZL1Y79bHorVg5TNH6A+szx9cJJLl</latexit>

r0(
h)

= r1(
h)

<latexit sha1_base64="Eucv+A/OZInWLxE2S2I+M2GyxDk=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgxCbsSkQbIWhjGcFcIFmW2clsMmT2wsxZMSzpbXwVGwtFbH0BO9/G2WQLTfxh4Oc753Dm/F4suALL+jYKK6tr6xvFzdLW9s7unrl/0FZRIilr0UhEsusRxQQPWQs4CNaNJSOBJ1jHG19n9c49k4pH4R1MYuYEZBhyn1MCGrlmuQ/sATw/lVPXqo5O8CX+ReyMuGbFqlkz4WVj56aCcjVd86s/iGgSsBCoIEr1bCsGJyUSOBVsWuonisWEjsmQ9bQNScCUk85umeJjTQbYj6R+IeAZ/T2RkkCpSeDpzoDASC3WMvhfrZeAf+GkPIwTYCGdL/ITgSHCWTB4wCWjICbaECq5/iumIyIJBR1fSYdgL568bNqnNbteO7utVxpXeRxFdITKqIpsdI4a6AY1UQtR9Iie0St6M56MF+Pd+Ji3Fox85hD9kfH5AzAMmds=</latexit>

Equal Risk

Naïve

Unnecessary 
harm

Minimax Pareto
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General Overview
Minimax Pareto Fairness (MMPF)
• Fairest model without unnecessary harm (preserve optimality)

• Fairness as a multi-objective optimization problem (MOOP)

h⇤ = min
h2H

(r1(h), ..., r|A|(h))

<latexit sha1_base64="AYTlqlv3N+IqoQffiWgN5Vqq1q8="></latexit>

• MMPF Objective

MOOP:

r⇤ = r(h⇤)

<latexit sha1_base64="c0CIjNcRUEfC5u3ZgcrN7kU08mg=">AAACB3icbVDLSgMxFM34rPU16lKQYBFqF2VGKroRim5cVrAPaKclk2ba0MyD5I5Yhu7c+CtuXCji1l9w59+YtgNq64ELJ+fcS+49biS4Asv6MhYWl5ZXVjNr2fWNza1tc2e3psJYUlaloQhlwyWKCR6wKnAQrBFJRnxXsLo7uBr79TsmFQ+DWxhGzPFJL+AepwS01DEPWsDuwfUSOWoX8AX+eeb77cJxx8xZRWsCPE/slORQikrH/Gx1Qxr7LAAqiFJN24rASYgETgUbZVuxYhGhA9JjTU0D4jPlJJM7RvhIK13shVJXAHii/p5IiK/U0Hd1p0+gr2a9sfif14zBO3cSHkQxsIBOP/JigSHE41Bwl0tGQQw1IVRyvSumfSIJBR1dVodgz548T2onRbtUPL0p5cqXaRwZtI8OUR7Z6AyV0TWqoCqi6AE9oRf0ajwaz8ab8T5tXTDSmT30B8bHNxKymMs=</latexit>

h⇤ 2 argmin
h2PA,H

||r(h)||1

<latexit sha1_base64="y4huNfhcPqmoxXANR7oXoHqBXpY="></latexit>

Population risk: ra(h) = EX,Y |A=a[`(Y, h(X))]

<latexit sha1_base64="yAIwr2fIte+ovDd8WHp5Um97P7Q=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vQQimJVHRTqIrgsoJ90YYwmU6aoZNJmJkIJXbvxl9x40IRt/6AO//G6WOhrQcuHM65l3vvcSNGpTLNbyO1srq2vpHezGxt7+zuZfcPmjKMBSYNHLJQtF0kCaOcNBRVjLQjQVDgMtJyh1cTv3VPhKQhv1OjiNgBGnDqUYyUlpxsTjio4BdhFV47SbvUebioonG3RxgrdEp+oV0s2k42b5bNKeAyseYkD+aoO9mvXj/EcUC4wgxJ2bXMSNkJEopiRsaZXixJhPAQDUhXU44CIu1k+ssYHmulD71Q6OIKTtXfEwkKpBwFru4MkPLlojcR//O6sfLO7YTyKFaE49kiL2ZQhXASDOxTQbBiI00QFlTfCrGPBMJKx5fRIViLLy+T5knZqpRPbyv52uU8jjQ4AjlQABY4AzVwA+qgATB4BM/gFbwZT8aL8W58zFpTxnzmEPyB8fkD+dmYew==</latexit>

Risk tradeoffs

Pareto Curve

r0(h)

<latexit sha1_base64="jyzDZBtr3GQXj1gTtpp4X3W6Z8s=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISqeix6MVjBfsBbQib7aZdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7Le5gkzIvIUPKQUwJG8u1yH9gjBGGmpr5THZ35dsWpOXPgVeLmpIJyNH37qz+IaRoxCVQQrXuuk4CXEQWcCjYt9VPNEkLHZMh6hkoSMe1l88On+NQoAxzGypQEPFd/T2Qk0noSBaYzIjDSy95M/M/rpRBeeRmXSQpM0sWiMBUYYjxLAQ+4YhTExBBCFTe3YjoiilAwWZVMCO7yy6ukfV5z67WLu3qlcZ3HUUTH6ARVkYsuUQPdoiZqIYpS9Ixe0Zv1ZL1Y79bHorVg5TNH6A+szx9anZLk</latexit>

r 1
(h
)

<latexit sha1_base64="2LVcFBR1pFj02CHeAvtprTgUyK8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISqeix6MVjBfsBbQib7aZdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7Le5gkzIvIUPKQUwJG8u1yH9gjBGGmpr5bHZ35dsWpOXPgVeLmpIJyNH37qz+IaRoxCVQQrXuuk4CXEQWcCjYt9VPNEkLHZMh6hkoSMe1l88On+NQoAxzGypQEPFd/T2Qk0noSBaYzIjDSy95M/M/rpRBeeRmXSQpM0sWiMBUYYjxLAQ+4YhTExBBCFTe3YjoiilAwWZVMCO7yy6ukfV5z67WLu3qlcZ3HUUTH6ARVkYsuUQPdoiZqIYpS9Ixe0Zv1ZL1Y79bHorVg5TNH6A+szx9cJJLl</latexit>

r0(
h)

= r1(
h)

<latexit sha1_base64="Eucv+A/OZInWLxE2S2I+M2GyxDk=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgxCbsSkQbIWhjGcFcIFmW2clsMmT2wsxZMSzpbXwVGwtFbH0BO9/G2WQLTfxh4Oc753Dm/F4suALL+jYKK6tr6xvFzdLW9s7unrl/0FZRIilr0UhEsusRxQQPWQs4CNaNJSOBJ1jHG19n9c49k4pH4R1MYuYEZBhyn1MCGrlmuQ/sATw/lVPXqo5O8CX+ReyMuGbFqlkz4WVj56aCcjVd86s/iGgSsBCoIEr1bCsGJyUSOBVsWuonisWEjsmQ9bQNScCUk85umeJjTQbYj6R+IeAZ/T2RkkCpSeDpzoDASC3WMvhfrZeAf+GkPIwTYCGdL/ITgSHCWTB4wCWjICbaECq5/iumIyIJBR1fSYdgL568bNqnNbteO7utVxpXeRxFdITKqIpsdI4a6AY1UQtR9Iie0St6M56MF+Pd+Ji3Fox85hD9kfH5AzAMmds=</latexit>

Equal Risk

Naïve

Unnecessary 
harm

Minimax Pareto
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Outline

• Problem formulation

• Pareto solutions

• Optimization

• Experiments

• Conclusions and future work

Minimax Pareto Fairness (MMPF)

• Motivation

• General overview
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Learning Setting

• Input, target, and population variables

MMPF: Problem Formulation

ra(h) = EX,Y |A=a[`(Y, h(X))]

<latexit sha1_base64="yAIwr2fIte+ovDd8WHp5Um97P7Q=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vQQimJVHRTqIrgsoJ90YYwmU6aoZNJmJkIJXbvxl9x40IRt/6AO//G6WOhrQcuHM65l3vvcSNGpTLNbyO1srq2vpHezGxt7+zuZfcPmjKMBSYNHLJQtF0kCaOcNBRVjLQjQVDgMtJyh1cTv3VPhKQhv1OjiNgBGnDqUYyUlpxsTjio4BdhFV47SbvUebioonG3RxgrdEp+oV0s2k42b5bNKeAyseYkD+aoO9mvXj/EcUC4wgxJ2bXMSNkJEopiRsaZXixJhPAQDUhXU44CIu1k+ssYHmulD71Q6OIKTtXfEwkKpBwFru4MkPLlojcR//O6sfLO7YTyKFaE49kiL2ZQhXASDOxTQbBiI00QFlTfCrGPBMJKx5fRIViLLy+T5knZqpRPbyv52uU8jjQ4AjlQABY4AzVwA+qgATB4BM/gFbwZT8aL8W58zFpTxnzmEPyB8fkD+dmYew==</latexit>

` : [0, 1]|Y| ⇥ [0, 1]|Y| ! R+

<latexit sha1_base64="Q9t4IhYZMVEgbC3IrStuR2k5/tg=">AAACMXicdVDLSgMxFM34rPU16tJNsAiCUmakorgquumyin1IZ1oyadqGZh4kd5Qy7S+58U/ETReKuPUnTB8LbfVA4HDOveTc40WCK7CsobGwuLS8sppaS69vbG5tmzu7ZRXGkrISDUUoqx5RTPCAlYCDYNVIMuJ7glW87vXIrzwwqXgY3EEvYq5P2gFvcUpASw2z4DAhLnHNOrHdetJ3fAIdSkRyP+gPsAPcZ+o/U/J2B4iU4SO+rR83zIyVtcbA88SekgyaotgwX5xmSGOfBUAFUapmWxG4CZHAqWCDtBMrFhHaJW1W0zQgOoqbjC8e4EOtNHErlPoFgMfqz42E+Er1fE9PjkKrWW8k/uXVYmhduAkPohhYQCcftWKBIcSj+nCTS0ZB9DQhVHKdFdMOkYSCLjmtS7BnT54n5dOsncue3eQy+atpHSm0jw7QEbLROcqjAiqiEqLoCb2iN/RuPBtD48P4nIwuGNOdPfQLxtc3B16qKA==</latexit>

• Hypothesis class (e.g., DNN Classifier) H = {h : X ! [0, 1]|Y|
}

<latexit sha1_base64="Iynpgom7l7ZpxcWe7kI/0d4Iz4M="></latexit>

• Loss function

Multi-Objective Optimization Problem

(X,Y,A)

<latexit sha1_base64="mBa5qLKGYzDBZFPmEsEqBy8hSkQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJUKGVXKnqsevFYwX5Iu5Rsmm1Ds8mSZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJPiwYxj6kd4IFjICDZWapXa5cfy9VmvUHQr7gxomXgZKUKGeq/w1e1LkkRUGMKx1h3PjY2fYmUY4XSS7yaaxpiM8IB2LBU4otpPZ+dO0KlV+iiUypYwaKb+nkhxpPU4CmxnhM1QL3pT8T+vk5jwyk+ZiBNDBZkvChOOjETT31GfKUoMH1uCiWL2VkSGWGFibEJ5G4K3+PIyaZ5XvGrl4r5arN1kceTgGE6gBB5cQg3uoA4NIDCCZ3iFNyd2Xpx352PeuuJkM0fwB87nD4R8jmM=</latexit>

• Population risk

h⇤ = min
h2H

(r1(h), ..., r|A|(h))

<latexit sha1_base64="AYTlqlv3N+IqoQffiWgN5Vqq1q8="></latexit>



Risk tradeoffs

Pareto Curve

r0(h)

<latexit sha1_base64="jyzDZBtr3GQXj1gTtpp4X3W6Z8s=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISqeix6MVjBfsBbQib7aZdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7Le5gkzIvIUPKQUwJG8u1yH9gjBGGmpr5THZ35dsWpOXPgVeLmpIJyNH37qz+IaRoxCVQQrXuuk4CXEQWcCjYt9VPNEkLHZMh6hkoSMe1l88On+NQoAxzGypQEPFd/T2Qk0noSBaYzIjDSy95M/M/rpRBeeRmXSQpM0sWiMBUYYjxLAQ+4YhTExBBCFTe3YjoiilAwWZVMCO7yy6ukfV5z67WLu3qlcZ3HUUTH6ARVkYsuUQPdoiZqIYpS9Ixe0Zv1ZL1Y79bHorVg5TNH6A+szx9anZLk</latexit>

r 1
(h
)

<latexit sha1_base64="2LVcFBR1pFj02CHeAvtprTgUyK8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISqeix6MVjBfsBbQib7aZdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7Le5gkzIvIUPKQUwJG8u1yH9gjBGGmpr5bHZ35dsWpOXPgVeLmpIJyNH37qz+IaRoxCVQQrXuuk4CXEQWcCjYt9VPNEkLHZMh6hkoSMe1l88On+NQoAxzGypQEPFd/T2Qk0noSBaYzIjDSy95M/M/rpRBeeRmXSQpM0sWiMBUYYjxLAQ+4YhTExBBCFTe3YjoiilAwWZVMCO7yy6ukfV5z67WLu3qlcZ3HUUTH6ARVkYsuUQPdoiZqIYpS9Ixe0Zv1ZL1Y79bHorVg5TNH6A+szx9cJJLl</latexit>

r0(
h)

= r1(
h)

<latexit sha1_base64="Eucv+A/OZInWLxE2S2I+M2GyxDk=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgxCbsSkQbIWhjGcFcIFmW2clsMmT2wsxZMSzpbXwVGwtFbH0BO9/G2WQLTfxh4Oc753Dm/F4suALL+jYKK6tr6xvFzdLW9s7unrl/0FZRIilr0UhEsusRxQQPWQs4CNaNJSOBJ1jHG19n9c49k4pH4R1MYuYEZBhyn1MCGrlmuQ/sATw/lVPXqo5O8CX+ReyMuGbFqlkz4WVj56aCcjVd86s/iGgSsBCoIEr1bCsGJyUSOBVsWuonisWEjsmQ9bQNScCUk85umeJjTQbYj6R+IeAZ/T2RkkCpSeDpzoDASC3WMvhfrZeAf+GkPIwTYCGdL/ITgSHCWTB4wCWjICbaECq5/iumIyIJBR1fSYdgL568bNqnNbteO7utVxpXeRxFdITKqIpsdI4a6AY1UQtR9Iie0St6M56MF+Pd+Ji3Fox85hD9kfH5AzAMmds=</latexit>

Utopia Point

13

PA,H = {h 2 H : @h0
2 H|r(h0) � r(h)}

<latexit sha1_base64="WAayMQZnTW13DHet9BI9irJJEG4="></latexit>

Pr
A,H = {r 2 R+|A| : 9h 2 PA,H, r = r(h)}

<latexit sha1_base64="jOvevhlDw6n27/PJ52qWu+VU/E8="></latexit>

MMPF: Problem Formulation
Optimal Tradeoffs
• Pareto hypotheses

• Pareto risks

Feasible region
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r⇤ = r(h⇤)

<latexit sha1_base64="c0CIjNcRUEfC5u3ZgcrN7kU08mg=">AAACB3icbVDLSgMxFM34rPU16lKQYBFqF2VGKroRim5cVrAPaKclk2ba0MyD5I5Yhu7c+CtuXCji1l9w59+YtgNq64ELJ+fcS+49biS4Asv6MhYWl5ZXVjNr2fWNza1tc2e3psJYUlaloQhlwyWKCR6wKnAQrBFJRnxXsLo7uBr79TsmFQ+DWxhGzPFJL+AepwS01DEPWsDuwfUSOWoX8AX+eeb77cJxx8xZRWsCPE/slORQikrH/Gx1Qxr7LAAqiFJN24rASYgETgUbZVuxYhGhA9JjTU0D4jPlJJM7RvhIK13shVJXAHii/p5IiK/U0Hd1p0+gr2a9sfif14zBO3cSHkQxsIBOP/JigSHE41Bwl0tGQQw1IVRyvSumfSIJBR1dVodgz548T2onRbtUPL0p5cqXaRwZtI8OUR7Z6AyV0TWqoCqi6AE9oRf0ajwaz8ab8T5tXTDSmT30B8bHNxKymMs=</latexit>

MMPF: Problem Formulation

h⇤ 2 argmin
h2PA,H

||r(h)||1

<latexit sha1_base64="y4huNfhcPqmoxXANR7oXoHqBXpY="></latexit>

Minimax Pareto Fair model (MMPF) Risk tradeoffs

Pareto Curve

r0(h)

<latexit sha1_base64="jyzDZBtr3GQXj1gTtpp4X3W6Z8s=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISqeix6MVjBfsBbQib7aZdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7Le5gkzIvIUPKQUwJG8u1yH9gjBGGmpr5THZ35dsWpOXPgVeLmpIJyNH37qz+IaRoxCVQQrXuuk4CXEQWcCjYt9VPNEkLHZMh6hkoSMe1l88On+NQoAxzGypQEPFd/T2Qk0noSBaYzIjDSy95M/M/rpRBeeRmXSQpM0sWiMBUYYjxLAQ+4YhTExBBCFTe3YjoiilAwWZVMCO7yy6ukfV5z67WLu3qlcZ3HUUTH6ARVkYsuUQPdoiZqIYpS9Ixe0Zv1ZL1Y79bHorVg5TNH6A+szx9anZLk</latexit>

r 1
(h
)

<latexit sha1_base64="2LVcFBR1pFj02CHeAvtprTgUyK8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISqeix6MVjBfsBbQib7aZdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7Le5gkzIvIUPKQUwJG8u1yH9gjBGGmpr5bHZ35dsWpOXPgVeLmpIJyNH37qz+IaRoxCVQQrXuuk4CXEQWcCjYt9VPNEkLHZMh6hkoSMe1l88On+NQoAxzGypQEPFd/T2Qk0noSBaYzIjDSy95M/M/rpRBeeRmXSQpM0sWiMBUYYjxLAQ+4YhTExBBCFTe3YjoiilAwWZVMCO7yy6ukfV5z67WLu3qlcZ3HUUTH6ARVkYsuUQPdoiZqIYpS9Ixe0Zv1ZL1Y79bHorVg5TNH6A+szx9cJJLl</latexit>

r0(
h)

= r1(
h)

<latexit sha1_base64="Eucv+A/OZInWLxE2S2I+M2GyxDk=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgxCbsSkQbIWhjGcFcIFmW2clsMmT2wsxZMSzpbXwVGwtFbH0BO9/G2WQLTfxh4Oc753Dm/F4suALL+jYKK6tr6xvFzdLW9s7unrl/0FZRIilr0UhEsusRxQQPWQs4CNaNJSOBJ1jHG19n9c49k4pH4R1MYuYEZBhyn1MCGrlmuQ/sATw/lVPXqo5O8CX+ReyMuGbFqlkz4WVj56aCcjVd86s/iGgSsBCoIEr1bCsGJyUSOBVsWuonisWEjsmQ9bQNScCUk85umeJjTQbYj6R+IeAZ/T2RkkCpSeDpzoDASC3WMvhfrZeAf+GkPIwTYCGdL/ITgSHCWTB4wCWjICbaECq5/iumIyIJBR1fSYdgL568bNqnNbteO7utVxpXeRxFdITKqIpsdI4a6AY1UQtR9Iie0St6M56MF+Pd+Ji3Fox85hD9kfH5AzAMmds=</latexit>

Equal Risk

Naïve

Unnecessary 
harm

Minimax Pareto

Utopia Point
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r⇤ = r(h⇤)

<latexit sha1_base64="c0CIjNcRUEfC5u3ZgcrN7kU08mg=">AAACB3icbVDLSgMxFM34rPU16lKQYBFqF2VGKroRim5cVrAPaKclk2ba0MyD5I5Yhu7c+CtuXCji1l9w59+YtgNq64ELJ+fcS+49biS4Asv6MhYWl5ZXVjNr2fWNza1tc2e3psJYUlaloQhlwyWKCR6wKnAQrBFJRnxXsLo7uBr79TsmFQ+DWxhGzPFJL+AepwS01DEPWsDuwfUSOWoX8AX+eeb77cJxx8xZRWsCPE/slORQikrH/Gx1Qxr7LAAqiFJN24rASYgETgUbZVuxYhGhA9JjTU0D4jPlJJM7RvhIK13shVJXAHii/p5IiK/U0Hd1p0+gr2a9sfif14zBO3cSHkQxsIBOP/JigSHE41Bwl0tGQQw1IVRyvSumfSIJBR1dVodgz548T2onRbtUPL0p5cqXaRwZtI8OUR7Z6AyV0TWqoCqi6AE9oRf0ajwaz8ab8T5tXTDSmT30B8bHNxKymMs=</latexit>

• Lemma 3.1. If equal risk is Pareto then it is MMPF.

MMPF: Problem Formulation

h⇤ 2 argmin
h2PA,H

||r(h)||1

<latexit sha1_base64="y4huNfhcPqmoxXANR7oXoHqBXpY="></latexit>

Minimax Pareto Fair model (MMPF)

• Lemma 3.2. Best equal risk is obtained by adding noise to MMPF. 

Risk tradeoffs

Pareto Curve

r0(h)

<latexit sha1_base64="jyzDZBtr3GQXj1gTtpp4X3W6Z8s=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISqeix6MVjBfsBbQib7aZdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7Le5gkzIvIUPKQUwJG8u1yH9gjBGGmpr5THZ35dsWpOXPgVeLmpIJyNH37qz+IaRoxCVQQrXuuk4CXEQWcCjYt9VPNEkLHZMh6hkoSMe1l88On+NQoAxzGypQEPFd/T2Qk0noSBaYzIjDSy95M/M/rpRBeeRmXSQpM0sWiMBUYYjxLAQ+4YhTExBBCFTe3YjoiilAwWZVMCO7yy6ukfV5z67WLu3qlcZ3HUUTH6ARVkYsuUQPdoiZqIYpS9Ixe0Zv1ZL1Y79bHorVg5TNH6A+szx9anZLk</latexit>

r 1
(h
)

<latexit sha1_base64="2LVcFBR1pFj02CHeAvtprTgUyK8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISqeix6MVjBfsBbQib7aZdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7Le5gkzIvIUPKQUwJG8u1yH9gjBGGmpr5bHZ35dsWpOXPgVeLmpIJyNH37qz+IaRoxCVQQrXuuk4CXEQWcCjYt9VPNEkLHZMh6hkoSMe1l88On+NQoAxzGypQEPFd/T2Qk0noSBaYzIjDSy95M/M/rpRBeeRmXSQpM0sWiMBUYYjxLAQ+4YhTExBBCFTe3YjoiilAwWZVMCO7yy6ukfV5z67WLu3qlcZ3HUUTH6ARVkYsuUQPdoiZqIYpS9Ixe0Zv1ZL1Y79bHorVg5TNH6A+szx9cJJLl</latexit>

r0(
h)

= r1(
h)

<latexit sha1_base64="Eucv+A/OZInWLxE2S2I+M2GyxDk=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgxCbsSkQbIWhjGcFcIFmW2clsMmT2wsxZMSzpbXwVGwtFbH0BO9/G2WQLTfxh4Oc753Dm/F4suALL+jYKK6tr6xvFzdLW9s7unrl/0FZRIilr0UhEsusRxQQPWQs4CNaNJSOBJ1jHG19n9c49k4pH4R1MYuYEZBhyn1MCGrlmuQ/sATw/lVPXqo5O8CX+ReyMuGbFqlkz4WVj56aCcjVd86s/iGgSsBCoIEr1bCsGJyUSOBVsWuonisWEjsmQ9bQNScCUk85umeJjTQbYj6R+IeAZ/T2RkkCpSeDpzoDASC3WMvhfrZeAf+GkPIwTYCGdL/ITgSHCWTB4wCWjICbaECq5/iumIyIJBR1fSYdgL568bNqnNbteO7utVxpXeRxFdITKqIpsdI4a6AY1UQtR9Iie0St6M56MF+Pd+Ji3Fox85hD9kfH5AzAMmds=</latexit>

Equal Risk

Naïve

Unnecessary 
harm

Minimax Pareto

Utopia Point
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Convex           fully characterized by    

||µ||11 = 1

<latexit sha1_base64="tJGNTKrAxZejujHQeoSdkS7pZ7Y=">AAACA3icbVDJSgNBEO1xjXEb9aaXxkTwFGYkohch6MVjBLNAZgw9nZ6kSc9Cd40YZgJe/BUvHhTx6k9482/sLAdNfFDweK+KqnpeLLgCy/o2FhaXlldWc2v59Y3NrW1zZ7euokRSVqORiGTTI4oJHrIacBCsGUtGAk+whte/GvmNeyYVj8JbGMTMDUg35D6nBLTUNvezzAH2AJ6fFp0gKQ6zrG3f2fgC222zYJWsMfA8saekgKaots0vpxPRJGAhUEGUatlWDG5KJHAq2DDvJIrFhPZJl7U0DUnAlJuOfxjiI610sB9JXSHgsfp7IiWBUoPA050BgZ6a9Ubif14rAf/cTXkYJ8BCOlnkJwJDhEeB4A6XjIIYaEKo5PpWTHtEEgo6trwOwZ59eZ7UT0p2uXR6Uy5ULqdx5NABOkTHyEZnqIKuURXVEEWP6Bm9ojfjyXgx3o2PSeuCMZ3ZQ39gfP4ApfKW2w==</latexit>

µa > 0

<latexit sha1_base64="vTaz4B96v1VG2jwoOmiyI8xbEOI=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoicpevFYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1OySGCa5Yw3IrWDvRjMhQsFY4up36rSemDY/Vgx0nLJBkoHjEKbFOeuzKtEfwNfZ65YpX9WbAy8TPSQVy1Hvlr24/pqlkylJBjOn4XmKDjGjLqWCTUjc1LCF0RAas46gikpkgmx08wSdO6eMo1q6UxTP190RGpDFjGbpOSezQLHpT8T+vk9roKsi4SlLLFJ0vilKBbYyn3+M+14xaMXaEUM3drZgOiSbUuoxKLgR/8eVl0jyr+ufVi/vzSu0mj6MIR3AMp+DDJdTgDurQAAoSnuEV3pBGL+gdfcxbCyifOYQ/QJ8/dDiPiA==</latexit>

Pr
A,H = {r 2 R+|A| : 9h 2 PA,H, r = r(h)}

<latexit sha1_base64="jOvevhlDw6n27/PJ52qWu+VU/E8="></latexit>

H

<latexit sha1_base64="0/NBCd4TTG8eKgsJgOG9+DCnYt0=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS0WXRTZcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuH0Pvd7T0wbruQjzBIWxGQsecQpASv5g5jAhBKRtebDas2tuwvgdeIVpIYKtIfVr8FI0TRmEqggxviem0CQEQ2cCjavDFLDEkKnZMx8SyWJmQmyReQ5vrDKCEdK2ycBL9TfGxmJjZnFoZ3MI5pVLxf/8/wUotsg4zJJgUm6/ChKBQaF8/vxiGtGQcwsIVRzmxXTCdGEgm2pYkvwVk9eJ92ruteoXz80as27oo4yOkPn6BJ56AY1UQu1UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHfYmRZg==</latexit>

{ra(h)}a2A

<latexit sha1_base64="v2B/McX74OZJcvhyV2Pad/JFKk4=">AAACD3icbVC7TsNAEDzzJrwClDQnIlBoIhuBoOTRUIJEIFIcWevLOTlxPlt3a0Rk+Q9o+BUaChCipaXjb7g8CkgYaaXRzK52d8JUCoOu++1MTc/Mzs0vLJaWlldW18rrGzcmyTTjdZbIRDdCMFwKxesoUPJGqjnEoeS34d1537+959qIRF1jL+WtGDpKRIIBWiko7/q5j/wBwyjXRQDV7p5fBDn4QlE/BuwykPlpUQTliltzB6CTxBuRChnhMih/+e2EZTFXyCQY0/TcFFs5aBRM8qLkZ4anwO6gw5uWKoi5aeWDfwq6Y5U2jRJtSyEdqL8ncoiN6cWh7ezfaMa9vvif18wwOm7lQqUZcsWGi6JMUkxoPxzaFpozlD1LgGlhb6WsCxoY2ghLNgRv/OVJcrNf8w5qh1cHlZOzURwLZItskyrxyBE5IRfkktQJI4/kmbySN+fJeXHenY9h65Qzmtkkf+B8/gDMR50l</latexit>

• Convex hypothesis class

• Convex risk functions

|A|X

a=1

µara(h)

<latexit sha1_base64="QoqYjyqHJrORn8suFmRFAZhGaYA=">AAACGHicbVBNS8NAEN34bf2qevSyWIR6qYlU9CL4cfGoYK3Q1DDZbuzS3STsTsQS8zO8+Fe8eFDEqzf/jdvag18PBh7vzTAzL0ylMOi6H87Y+MTk1PTMbGlufmFxqby8cmGSTDPeYIlM9GUIhksR8wYKlPwy1RxUKHkz7B0P/OYN10Yk8Tn2U95WcB2LSDBAKwXlLd9kKshh3yuu8jtfAXYZyPywuCt8lQVAfeS3GEa5LgKodjeDcsWtuUPQv8QbkQoZ4TQov/udhGWKx8gkGNPy3BTbOWgUTPKi5GeGp8B6cM1blsaguGnnw8cKumGVDo0SbStGOlS/T+SgjOmr0HYOLje/vYH4n9fKMNpr5yJOM+Qx+1oUZZJiQgcp0Y7QnKHsWwJMC3srZV3QwNBmWbIheL9f/ksutmtevbZzVq8cHI3imCFrZJ1UiUd2yQE5IaekQRi5J4/kmbw4D86T8+q8fbWOOaOZVfIDzvsnEeGhBw==</latexit>

h 2 H

<latexit sha1_base64="jgAKWt4D8+YLgWStdYlMq/tEn8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0WXRTZcV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnO/+0ClYrG419OE+hEeCRYygrWRBnZ1jDwmkBdhPSaYZ83ZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidVbxU0QSTCR7RvqECR1T52Tz6DJ0aZYjCWJonNJqrvzcyHCk1jQIzmUdUy14u/uf1Ux1e+xkTSaqpIItDYcqRjlHeAxoySYnmU0MwkcxkRWSMJSbatFUxJbjLX14lnfO6e1G/vLuoNW6KOspwDCdwBi5cQQOa0II2EHiEZ3iFN+vJerHerY/FaMkqdo7gD6zPH7zXk64=</latexit>

hµ = argmin

<latexit sha1_base64="r/r3IP8PLxQrn35Xwgvwyknif70=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrFb0IRS8eK9gPaNeSTbNtaJJdkmyhLP0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//wD08auo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVju5mfmtMlWaxfDSThAYCDySLGMHGSj3XHT5lXZFO0Q3CaiCYlcpexZsDrRI/J2XIUe+5X91+TFJBpSEca93xvcQEGVaGEU6npW6qaYLJCA9ox1KJBdVBNr98is6s0kdRrGxJg+bq74kMC60nIrSdApuhXvZm4n9eJzXRdZAxmaSGSrJYFKUcmRjNYkB9pigxfGIJJorZWxEZYoWJsWGVbAj+8surpHlR8auVy4dquXabx1GEEziFc/DhCmpwD3VoAIExPMMrvDmZ8+K8Ox+L1oKTzxzDHzifPw0Ek0o=</latexit>

r(hµ) :

<latexit sha1_base64="zNga2AxPezfqss+QbMBKkEqGeGc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuimJVBRXRTcuK9gHNLFMppN26OTBzI1YQsBfceNCEbd+hzv/xmmbhbYeuHA4517uvceLBVdgWd9GYWl5ZXWtuF7a2Nza3jF391oqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6Prid9+YFLxKLyDcczcgAxC7nNKQEs988AB9gien8qsMrxPnSDJTvBlzyxbVWsKvEjsnJRRjkbP/HL6EU0CFgIVRKmubcXgpkQCp4JlJSdRLCZ0RAasq2lIAqbcdHp+ho+10sd+JHWFgKfq74mUBEqNA093BgSGat6biP953QT8CzflYZwAC+lskZ8IDBGeZIH7XDIKYqwJoZLrWzEdEkko6MRKOgR7/uVF0jqt2rXq2W2tXL/K4yiiQ3SEKshG56iOblADNRFFKXpGr+jNeDJejHfjY9ZaMPKZffQHxucP/GaVfw==</latexit>

MMPF: Pareto Solutions

,

Theorem 4.1.
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Convex           fully characterized by    

||µ||11 = 1

<latexit sha1_base64="tJGNTKrAxZejujHQeoSdkS7pZ7Y=">AAACA3icbVDJSgNBEO1xjXEb9aaXxkTwFGYkohch6MVjBLNAZgw9nZ6kSc9Cd40YZgJe/BUvHhTx6k9482/sLAdNfFDweK+KqnpeLLgCy/o2FhaXlldWc2v59Y3NrW1zZ7euokRSVqORiGTTI4oJHrIacBCsGUtGAk+whte/GvmNeyYVj8JbGMTMDUg35D6nBLTUNvezzAH2AJ6fFp0gKQ6zrG3f2fgC222zYJWsMfA8saekgKaots0vpxPRJGAhUEGUatlWDG5KJHAq2DDvJIrFhPZJl7U0DUnAlJuOfxjiI610sB9JXSHgsfp7IiWBUoPA050BgZ6a9Ubif14rAf/cTXkYJ8BCOlnkJwJDhEeB4A6XjIIYaEKo5PpWTHtEEgo6trwOwZ59eZ7UT0p2uXR6Uy5ULqdx5NABOkTHyEZnqIKuURXVEEWP6Bm9ojfjyXgx3o2PSeuCMZ3ZQ39gfP4ApfKW2w==</latexit>

µa > 0

<latexit sha1_base64="vTaz4B96v1VG2jwoOmiyI8xbEOI=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoicpevFYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1OySGCa5Yw3IrWDvRjMhQsFY4up36rSemDY/Vgx0nLJBkoHjEKbFOeuzKtEfwNfZ65YpX9WbAy8TPSQVy1Hvlr24/pqlkylJBjOn4XmKDjGjLqWCTUjc1LCF0RAas46gikpkgmx08wSdO6eMo1q6UxTP190RGpDFjGbpOSezQLHpT8T+vk9roKsi4SlLLFJ0vilKBbYyn3+M+14xaMXaEUM3drZgOiSbUuoxKLgR/8eVl0jyr+ufVi/vzSu0mj6MIR3AMp+DDJdTgDurQAAoSnuEV3pBGL+gdfcxbCyifOYQ/QJ8/dDiPiA==</latexit>

Pr
A,H = {r 2 R+|A| : 9h 2 PA,H, r = r(h)}

<latexit sha1_base64="jOvevhlDw6n27/PJ52qWu+VU/E8="></latexit>

H

<latexit sha1_base64="0/NBCd4TTG8eKgsJgOG9+DCnYt0=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS0WXRTZcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuH0Pvd7T0wbruQjzBIWxGQsecQpASv5g5jAhBKRtebDas2tuwvgdeIVpIYKtIfVr8FI0TRmEqggxviem0CQEQ2cCjavDFLDEkKnZMx8SyWJmQmyReQ5vrDKCEdK2ycBL9TfGxmJjZnFoZ3MI5pVLxf/8/wUotsg4zJJgUm6/ChKBQaF8/vxiGtGQcwsIVRzmxXTCdGEgm2pYkvwVk9eJ92ruteoXz80as27oo4yOkPn6BJ56AY1UQu1UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHfYmRZg==</latexit>

{ra(h)}a2A

<latexit sha1_base64="v2B/McX74OZJcvhyV2Pad/JFKk4=">AAACD3icbVC7TsNAEDzzJrwClDQnIlBoIhuBoOTRUIJEIFIcWevLOTlxPlt3a0Rk+Q9o+BUaChCipaXjb7g8CkgYaaXRzK52d8JUCoOu++1MTc/Mzs0vLJaWlldW18rrGzcmyTTjdZbIRDdCMFwKxesoUPJGqjnEoeS34d1537+959qIRF1jL+WtGDpKRIIBWiko7/q5j/wBwyjXRQDV7p5fBDn4QlE/BuwykPlpUQTliltzB6CTxBuRChnhMih/+e2EZTFXyCQY0/TcFFs5aBRM8qLkZ4anwO6gw5uWKoi5aeWDfwq6Y5U2jRJtSyEdqL8ncoiN6cWh7ezfaMa9vvif18wwOm7lQqUZcsWGi6JMUkxoPxzaFpozlD1LgGlhb6WsCxoY2ghLNgRv/OVJcrNf8w5qh1cHlZOzURwLZItskyrxyBE5IRfkktQJI4/kmbySN+fJeXHenY9h65Qzmtkkf+B8/gDMR50l</latexit>

• Convex hypothesis class

• Convex risk functions

|A|X

a=1

µara(h)

<latexit sha1_base64="QoqYjyqHJrORn8suFmRFAZhGaYA=">AAACGHicbVBNS8NAEN34bf2qevSyWIR6qYlU9CL4cfGoYK3Q1DDZbuzS3STsTsQS8zO8+Fe8eFDEqzf/jdvag18PBh7vzTAzL0ylMOi6H87Y+MTk1PTMbGlufmFxqby8cmGSTDPeYIlM9GUIhksR8wYKlPwy1RxUKHkz7B0P/OYN10Yk8Tn2U95WcB2LSDBAKwXlLd9kKshh3yuu8jtfAXYZyPywuCt8lQVAfeS3GEa5LgKodjeDcsWtuUPQv8QbkQoZ4TQov/udhGWKx8gkGNPy3BTbOWgUTPKi5GeGp8B6cM1blsaguGnnw8cKumGVDo0SbStGOlS/T+SgjOmr0HYOLje/vYH4n9fKMNpr5yJOM+Qx+1oUZZJiQgcp0Y7QnKHsWwJMC3srZV3QwNBmWbIheL9f/ksutmtevbZzVq8cHI3imCFrZJ1UiUd2yQE5IaekQRi5J4/kmbw4D86T8+q8fbWOOaOZVfIDzvsnEeGhBw==</latexit>

h 2 H

<latexit sha1_base64="jgAKWt4D8+YLgWStdYlMq/tEn8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0WXRTZcV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnO/+0ClYrG419OE+hEeCRYygrWRBnZ1jDwmkBdhPSaYZ83ZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidVbxU0QSTCR7RvqECR1T52Tz6DJ0aZYjCWJonNJqrvzcyHCk1jQIzmUdUy14u/uf1Ux1e+xkTSaqpIItDYcqRjlHeAxoySYnmU0MwkcxkRWSMJSbatFUxJbjLX14lnfO6e1G/vLuoNW6KOspwDCdwBi5cQQOa0II2EHiEZ3iFN+vJerHerY/FaMkqdo7gD6zPH7zXk64=</latexit>

hµ = argmin

<latexit sha1_base64="r/r3IP8PLxQrn35Xwgvwyknif70=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrFb0IRS8eK9gPaNeSTbNtaJJdkmyhLP0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//wD08auo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVju5mfmtMlWaxfDSThAYCDySLGMHGSj3XHT5lXZFO0Q3CaiCYlcpexZsDrRI/J2XIUe+5X91+TFJBpSEca93xvcQEGVaGEU6npW6qaYLJCA9ox1KJBdVBNr98is6s0kdRrGxJg+bq74kMC60nIrSdApuhXvZm4n9eJzXRdZAxmaSGSrJYFKUcmRjNYkB9pigxfGIJJorZWxEZYoWJsWGVbAj+8surpHlR8auVy4dquXabx1GEEziFc/DhCmpwD3VoAIExPMMrvDmZ8+K8Ox+L1oKTzxzDHzifPw0Ek0o=</latexit>

r(hµ) :

<latexit sha1_base64="zNga2AxPezfqss+QbMBKkEqGeGc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuimJVBRXRTcuK9gHNLFMppN26OTBzI1YQsBfceNCEbd+hzv/xmmbhbYeuHA4517uvceLBVdgWd9GYWl5ZXWtuF7a2Nza3jF391oqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6Prid9+YFLxKLyDcczcgAxC7nNKQEs988AB9gien8qsMrxPnSDJTvBlzyxbVWsKvEjsnJRRjkbP/HL6EU0CFgIVRKmubcXgpkQCp4JlJSdRLCZ0RAasq2lIAqbcdHp+ho+10sd+JHWFgKfq74mUBEqNA093BgSGat6biP953QT8CzflYZwAC+lskZ8IDBGeZIH7XDIKYqwJoZLrWzEdEkko6MRKOgR7/uVF0jqt2rXq2W2tXL/K4yiiQ3SEKshG56iOblADNRFFKXpGr+jNeDJejHfjY9ZaMPKZffQHxucP/GaVfw==</latexit>

MMPF: Pareto Solutions

Classification with Cross Entropy (similar for Brier Score):
Y 2 Y, |Y| < 1

<latexit sha1_base64="F1VxjQAn6706P3EhGnO3kPWmWIU=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgKUhKp6MJF0Y3LCvZFE8pkOmmHTiZhZiKEtN/gxl9x40IRt67c+TdO2ixq64GBM+fcy733eBGjUlnWj7G0vLK6tl7YKG5ube/smnv7DRnGApM6DlkoWh6ShFFO6ooqRlqRICjwGGl6w9vMbz4SIWnIH1QSETdAfU59ipHSUtc8bUOHcugESA0wYml7fAZHM78RvM4KfJV0zZJVtiaAi8TOSQnkqHXNb6cX4jggXGGGpOzYVqTcFAlFMSPjohNLEiE8RH3S0ZSjgEg3nZw0hsda6UE/FPpxBSfqbEeKAimTwNOV2bJy3svE/7xOrPwrN6U8ihXheDrIjxlUIczygT0qCFYs0QRhQfWuEA+QQFjpFIs6BHv+5EXSOC/blfLFfaVUvcnjKIBDcAROgA0uQRXcgRqoAwyewAt4A+/Gs/FqfBif09IlI+85AH9gfP0CjfGdbQ==</latexit>

hµ(x) =

P|A|
a=1 µap(x|a)p(y|x, a)
P|A|

a=1 µap(x|a)

<latexit sha1_base64="goNhYXamLESiecTdKS/EAq1c544="></latexit>

rCE = EX,Y [�h�Y , ln(h(X))i]

<latexit sha1_base64="q/GyqcUd365CcS7QOtHF6M/SNBU="></latexit>

p(y|X, a) = {p(Y = y|X,A = a)}y2Y

<latexit sha1_base64="qzurvtv+re03UoifFfjEMqk6xb4=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WooCURRTcFHxuXFay2NKXcTKc6dDIJMxMhxHyFG3/FjQtF3Io7/8ZJ7UJbDwycOede7r3HjzhT2nG+rMLU9MzsXHG+tLC4tLxir65dqTCWhDZIyEPZ9EFRzgRtaKY5bUaSQuBzeu0PznL/+o5KxUJxqZOIdgK4EazPCGgjde3dqJLcN3dgu+alUaVVyz8nNdj2sm6aYI8J7AWgbwnwtJVlXbvsVJ0h8CRxR6SMRqh37U+vF5I4oEITDkq1XSfSnRSkZoTTrOTFikZABnBD24YKCKjqpMOzMrxllB7uh9I8ofFQ/d2RQqBUEvimMt9RjXu5+J/XjnX/qJMyEcWaCvIzqB9zrEOcZ4R7TFKieWIIEMnMrpjcggSiTZIlE4I7fvIkudqruvvVg4v98vHpKI4i2kCbqIJcdIiO0TmqowYi6AE9oRf0aj1az9ab9f5TWrBGPevoD6yPb57FnnY=</latexit>

r
CE
a (µ) = H(Y |X, a) + EX|a

h
DKL

⇣
p(y|X, a)

����hµ(X)
⌘i

<latexit sha1_base64="y6ApiNBvZCr+qRply22oNc76CVM="></latexit>

,

Theorem 4.1.
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Convex           fully characterized by    

||µ||11 = 1

<latexit sha1_base64="tJGNTKrAxZejujHQeoSdkS7pZ7Y=">AAACA3icbVDJSgNBEO1xjXEb9aaXxkTwFGYkohch6MVjBLNAZgw9nZ6kSc9Cd40YZgJe/BUvHhTx6k9482/sLAdNfFDweK+KqnpeLLgCy/o2FhaXlldWc2v59Y3NrW1zZ7euokRSVqORiGTTI4oJHrIacBCsGUtGAk+whte/GvmNeyYVj8JbGMTMDUg35D6nBLTUNvezzAH2AJ6fFp0gKQ6zrG3f2fgC222zYJWsMfA8saekgKaots0vpxPRJGAhUEGUatlWDG5KJHAq2DDvJIrFhPZJl7U0DUnAlJuOfxjiI610sB9JXSHgsfp7IiWBUoPA050BgZ6a9Ubif14rAf/cTXkYJ8BCOlnkJwJDhEeB4A6XjIIYaEKo5PpWTHtEEgo6trwOwZ59eZ7UT0p2uXR6Uy5ULqdx5NABOkTHyEZnqIKuURXVEEWP6Bm9ojfjyXgx3o2PSeuCMZ3ZQ39gfP4ApfKW2w==</latexit>

µa > 0

<latexit sha1_base64="vTaz4B96v1VG2jwoOmiyI8xbEOI=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoicpevFYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1OySGCa5Yw3IrWDvRjMhQsFY4up36rSemDY/Vgx0nLJBkoHjEKbFOeuzKtEfwNfZ65YpX9WbAy8TPSQVy1Hvlr24/pqlkylJBjOn4XmKDjGjLqWCTUjc1LCF0RAas46gikpkgmx08wSdO6eMo1q6UxTP190RGpDFjGbpOSezQLHpT8T+vk9roKsi4SlLLFJ0vilKBbYyn3+M+14xaMXaEUM3drZgOiSbUuoxKLgR/8eVl0jyr+ufVi/vzSu0mj6MIR3AMp+DDJdTgDurQAAoSnuEV3pBGL+gdfcxbCyifOYQ/QJ8/dDiPiA==</latexit>

Pr
A,H = {r 2 R+|A| : 9h 2 PA,H, r = r(h)}

<latexit sha1_base64="jOvevhlDw6n27/PJ52qWu+VU/E8="></latexit>

H

<latexit sha1_base64="0/NBCd4TTG8eKgsJgOG9+DCnYt0=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS0WXRTZcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuH0Pvd7T0wbruQjzBIWxGQsecQpASv5g5jAhBKRtebDas2tuwvgdeIVpIYKtIfVr8FI0TRmEqggxviem0CQEQ2cCjavDFLDEkKnZMx8SyWJmQmyReQ5vrDKCEdK2ycBL9TfGxmJjZnFoZ3MI5pVLxf/8/wUotsg4zJJgUm6/ChKBQaF8/vxiGtGQcwsIVRzmxXTCdGEgm2pYkvwVk9eJ92ruteoXz80as27oo4yOkPn6BJ56AY1UQu1UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHfYmRZg==</latexit>

{ra(h)}a2A

<latexit sha1_base64="v2B/McX74OZJcvhyV2Pad/JFKk4=">AAACD3icbVC7TsNAEDzzJrwClDQnIlBoIhuBoOTRUIJEIFIcWevLOTlxPlt3a0Rk+Q9o+BUaChCipaXjb7g8CkgYaaXRzK52d8JUCoOu++1MTc/Mzs0vLJaWlldW18rrGzcmyTTjdZbIRDdCMFwKxesoUPJGqjnEoeS34d1537+959qIRF1jL+WtGDpKRIIBWiko7/q5j/wBwyjXRQDV7p5fBDn4QlE/BuwykPlpUQTliltzB6CTxBuRChnhMih/+e2EZTFXyCQY0/TcFFs5aBRM8qLkZ4anwO6gw5uWKoi5aeWDfwq6Y5U2jRJtSyEdqL8ncoiN6cWh7ezfaMa9vvif18wwOm7lQqUZcsWGi6JMUkxoPxzaFpozlD1LgGlhb6WsCxoY2ghLNgRv/OVJcrNf8w5qh1cHlZOzURwLZItskyrxyBE5IRfkktQJI4/kmbySN+fJeXHenY9h65Qzmtkkf+B8/gDMR50l</latexit>

• Convex hypothesis class

• Convex risk functions

|A|X

a=1

µara(h)

<latexit sha1_base64="QoqYjyqHJrORn8suFmRFAZhGaYA=">AAACGHicbVBNS8NAEN34bf2qevSyWIR6qYlU9CL4cfGoYK3Q1DDZbuzS3STsTsQS8zO8+Fe8eFDEqzf/jdvag18PBh7vzTAzL0ylMOi6H87Y+MTk1PTMbGlufmFxqby8cmGSTDPeYIlM9GUIhksR8wYKlPwy1RxUKHkz7B0P/OYN10Yk8Tn2U95WcB2LSDBAKwXlLd9kKshh3yuu8jtfAXYZyPywuCt8lQVAfeS3GEa5LgKodjeDcsWtuUPQv8QbkQoZ4TQov/udhGWKx8gkGNPy3BTbOWgUTPKi5GeGp8B6cM1blsaguGnnw8cKumGVDo0SbStGOlS/T+SgjOmr0HYOLje/vYH4n9fKMNpr5yJOM+Qx+1oUZZJiQgcp0Y7QnKHsWwJMC3srZV3QwNBmWbIheL9f/ksutmtevbZzVq8cHI3imCFrZJ1UiUd2yQE5IaekQRi5J4/kmbw4D86T8+q8fbWOOaOZVfIDzvsnEeGhBw==</latexit>

h 2 H

<latexit sha1_base64="jgAKWt4D8+YLgWStdYlMq/tEn8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0WXRTZcV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnO/+0ClYrG419OE+hEeCRYygrWRBnZ1jDwmkBdhPSaYZ83ZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidVbxU0QSTCR7RvqECR1T52Tz6DJ0aZYjCWJonNJqrvzcyHCk1jQIzmUdUy14u/uf1Ux1e+xkTSaqpIItDYcqRjlHeAxoySYnmU0MwkcxkRWSMJSbatFUxJbjLX14lnfO6e1G/vLuoNW6KOspwDCdwBi5cQQOa0II2EHiEZ3iFN+vJerHerY/FaMkqdo7gD6zPH7zXk64=</latexit>

hµ = argmin

<latexit sha1_base64="r/r3IP8PLxQrn35Xwgvwyknif70=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrFb0IRS8eK9gPaNeSTbNtaJJdkmyhLP0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//wD08auo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVju5mfmtMlWaxfDSThAYCDySLGMHGSj3XHT5lXZFO0Q3CaiCYlcpexZsDrRI/J2XIUe+5X91+TFJBpSEca93xvcQEGVaGEU6npW6qaYLJCA9ox1KJBdVBNr98is6s0kdRrGxJg+bq74kMC60nIrSdApuhXvZm4n9eJzXRdZAxmaSGSrJYFKUcmRjNYkB9pigxfGIJJorZWxEZYoWJsWGVbAj+8surpHlR8auVy4dquXabx1GEEziFc/DhCmpwD3VoAIExPMMrvDmZ8+K8Ox+L1oKTzxzDHzifPw0Ek0o=</latexit>

r(hµ) :

<latexit sha1_base64="zNga2AxPezfqss+QbMBKkEqGeGc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuimJVBRXRTcuK9gHNLFMppN26OTBzI1YQsBfceNCEbd+hzv/xmmbhbYeuHA4517uvceLBVdgWd9GYWl5ZXWtuF7a2Nza3jF391oqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6Prid9+YFLxKLyDcczcgAxC7nNKQEs988AB9gien8qsMrxPnSDJTvBlzyxbVWsKvEjsnJRRjkbP/HL6EU0CFgIVRKmubcXgpkQCp4JlJSdRLCZ0RAasq2lIAqbcdHp+ho+10sd+JHWFgKfq74mUBEqNA093BgSGat6biP953QT8CzflYZwAC+lskZ8IDBGeZIH7XDIKYqwJoZLrWzEdEkko6MRKOgR7/uVF0jqt2rXq2W2tXL/K4yiiQ3SEKshG56iOblADNRFFKXpGr+jNeDJejHfjY9ZaMPKZffQHxucP/GaVfw==</latexit>

MMPF: Pareto Solutions

Classification with Cross Entropy (similar for Brier Score):
Y 2 Y, |Y| < 1

<latexit sha1_base64="F1VxjQAn6706P3EhGnO3kPWmWIU=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgKUhKp6MJF0Y3LCvZFE8pkOmmHTiZhZiKEtN/gxl9x40IRt67c+TdO2ixq64GBM+fcy733eBGjUlnWj7G0vLK6tl7YKG5ube/smnv7DRnGApM6DlkoWh6ShFFO6ooqRlqRICjwGGl6w9vMbz4SIWnIH1QSETdAfU59ipHSUtc8bUOHcugESA0wYml7fAZHM78RvM4KfJV0zZJVtiaAi8TOSQnkqHXNb6cX4jggXGGGpOzYVqTcFAlFMSPjohNLEiE8RH3S0ZSjgEg3nZw0hsda6UE/FPpxBSfqbEeKAimTwNOV2bJy3svE/7xOrPwrN6U8ihXheDrIjxlUIczygT0qCFYs0QRhQfWuEA+QQFjpFIs6BHv+5EXSOC/blfLFfaVUvcnjKIBDcAROgA0uQRXcgRqoAwyewAt4A+/Gs/FqfBif09IlI+85AH9gfP0CjfGdbQ==</latexit>

hµ(x) =

P|A|
a=1 µap(x|a)p(y|x, a)
P|A|

a=1 µap(x|a)

<latexit sha1_base64="goNhYXamLESiecTdKS/EAq1c544="></latexit>

rCE = EX,Y [�h�Y , ln(h(X))i]

<latexit sha1_base64="q/GyqcUd365CcS7QOtHF6M/SNBU="></latexit>

p(y|X, a) = {p(Y = y|X,A = a)}y2Y

<latexit sha1_base64="qzurvtv+re03UoifFfjEMqk6xb4=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WooCURRTcFHxuXFay2NKXcTKc6dDIJMxMhxHyFG3/FjQtF3Io7/8ZJ7UJbDwycOede7r3HjzhT2nG+rMLU9MzsXHG+tLC4tLxir65dqTCWhDZIyEPZ9EFRzgRtaKY5bUaSQuBzeu0PznL/+o5KxUJxqZOIdgK4EazPCGgjde3dqJLcN3dgu+alUaVVyz8nNdj2sm6aYI8J7AWgbwnwtJVlXbvsVJ0h8CRxR6SMRqh37U+vF5I4oEITDkq1XSfSnRSkZoTTrOTFikZABnBD24YKCKjqpMOzMrxllB7uh9I8ofFQ/d2RQqBUEvimMt9RjXu5+J/XjnX/qJMyEcWaCvIzqB9zrEOcZ4R7TFKieWIIEMnMrpjcggSiTZIlE4I7fvIkudqruvvVg4v98vHpKI4i2kCbqIJcdIiO0TmqowYi6AE9oRf0aj1az9ab9f5TWrBGPevoD6yPb57FnnY=</latexit>

r
CE
a (µ) = H(Y |X, a) + EX|a

h
DKL

⇣
p(y|X, a)

����hµ(X)
⌘i

<latexit sha1_base64="y6ApiNBvZCr+qRply22oNc76CVM="></latexit>

Lemma 4.3. No tradeoffs exist if                       or Y ? A|X

<latexit sha1_base64="m+wvmoxgi7F3DsRjkKA81gHkv00=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexKRY9VLx4r2A/ZLiWbzrah2WxIskJZ+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8UHKmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0kmqKDRpwhPVCYkGzgQ0DTMcOlIBiUMO7XB0M/Xbj6A0S8S9GUsIYjIQLGKUGCv5D7grQUl89dTplStu1Z0BLxMvJxWUo9Erf3X7CU1jEIZyorXvudIEGVGGUQ6TUjfVIAkdkQH4lgoSgw6y2ckTfGKVPo4SZUsYPFN/T2Qk1noch7YzJmaoF72p+J/npya6DDImZGpA0PmiKOXYJHj6P+4zBdTwsSWEKmZvxXRIFKHGplSyIXiLLy+T1lnVq1XP72qV+nUeRxEdoWN0ijx0geroFjVQE1GUoGf0it4c47w4787HvLXg5DOH6A+czx9nYJCx</latexit>

H(A|X) ! 0

<latexit sha1_base64="GJT41qrcq6wc3aZE28r8OAQZvbQ=">AAAB/XicbVDLTgJBEOzFF+Jrfdy8TCQmeCG7BqNH1AtHTOSRwIbMDgNMmN3ZzMxqcCX+ihcPGuPV//Dm3zjAHhSspJNKVXe6u/yIM6Ud59vKLC2vrK5l13Mbm1vbO/buXl2JWBJaI4IL2fSxopyFtKaZ5rQZSYoDn9OGP7ye+I07KhUT4a0eRdQLcD9kPUawNlLHPqgULh+bJ6gtWX+gsZTiHjkdO+8UnSnQInFTkocU1Y791e4KEgc01IRjpVquE2kvwVIzwuk4144VjTAZ4j5tGRrigCovmV4/RsdG6aKekKZCjabq74kEB0qNAt90BlgP1Lw3Ef/zWrHuXXgJC6NY05DMFvVijrRAkyhQl0lKNB8Zgolk5lZEBlhiok1gOROCO//yIqmfFt1S8eymlC9fpXFk4RCOoAAunEMZKlCFGhB4gGd4hTfryXqx3q2PWWvGSmf24Q+szx/nD5Q+</latexit>

,

Theorem 4.1.
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• Find minimax weight 

|A|X

a=1

µara(h)

<latexit sha1_base64="QoqYjyqHJrORn8suFmRFAZhGaYA=">AAACGHicbVBNS8NAEN34bf2qevSyWIR6qYlU9CL4cfGoYK3Q1DDZbuzS3STsTsQS8zO8+Fe8eFDEqzf/jdvag18PBh7vzTAzL0ylMOi6H87Y+MTk1PTMbGlufmFxqby8cmGSTDPeYIlM9GUIhksR8wYKlPwy1RxUKHkz7B0P/OYN10Yk8Tn2U95WcB2LSDBAKwXlLd9kKshh3yuu8jtfAXYZyPywuCt8lQVAfeS3GEa5LgKodjeDcsWtuUPQv8QbkQoZ4TQov/udhGWKx8gkGNPy3BTbOWgUTPKi5GeGp8B6cM1blsaguGnnw8cKumGVDo0SbStGOlS/T+SgjOmr0HYOLje/vYH4n9fKMNpr5yJOM+Qx+1oUZZJiQgcp0Y7QnKHsWwJMC3srZV3QwNBmWbIheL9f/ksutmtevbZzVq8cHI3imCFrZJ1UiUd2yQE5IaekQRi5J4/kmbw4D86T8+q8fbWOOaOZVfIDzvsnEeGhBw==</latexit>

h 2 H

<latexit sha1_base64="jgAKWt4D8+YLgWStdYlMq/tEn8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0WXRTZcV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnO/+0ClYrG419OE+hEeCRYygrWRBnZ1jDwmkBdhPSaYZ83ZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidVbxU0QSTCR7RvqECR1T52Tz6DJ0aZYjCWJonNJqrvzcyHCk1jQIzmUdUy14u/uf1Ux1e+xkTSaqpIItDYcqRjlHeAxoySYnmU0MwkcxkRWSMJSbatFUxJbjLX14lnfO6e1G/vLuoNW6KOspwDCdwBi5cQQOa0II2EHiEZ3iFN+vJerHerY/FaMkqdo7gD6zPH7zXk64=</latexit>

{arg}min

<latexit sha1_base64="7NOyzKntRa97AZ4wX30tWQCeFEo=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2Ad2hpJJM21okhmSjFCG/oUbF4q49W/c+Tem01lo64HA4Zx7b+49YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8epIrRNYh6rXog15UzStmGG016iKBYhp91wcjv3u09UaRbLBzNNaCDwSLKIEWys9OhnWI38mWByUK25dTcHWiVeQWpQoDWofvnDmKSCSkM41rrvuYkJ7DzDCKezip9qmmAywSPat1RiQXWQ5RvP0JlVhiiKlX3SoFz93ZFhofVUhLZSYDPWy95c/M/rpya6DjImk9RQSRYfRSlHJkbz89GQKUoMn1qCiWJ2V0TGWGFibEgVG4K3fPIq6VzUvUb98r5Ra94UcZThBE7hHDy4gibcQQvaQEDCM7zCm6OdF+fd+ViUlpyi5xj+wPn8AefykRQ=</latexit>

Solver (e.g.: SGD)

hµ, r(hµ)

<latexit sha1_base64="2WISaKNynIKDdSvN13NUDr4ePR0=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREKrosunFZwT6giWUynbRDJw9mbsQSsnHjr7hxoYhb/8Gdf+O0zUKrBy4czrmXe+/xYsEVWNaXUVhYXFpeKa6W1tY3NrfM7Z2WihJJWZNGIpIdjygmeMiawEGwTiwZCTzB2t7ocuK375hUPApvYBwzNyCDkPucEtBSz9wf3qZOkGTH2AF2D56fyqySa0c9s2xVrSnwX2LnpIxyNHrmp9OPaBKwEKggSnVtKwY3JRI4FSwrOYliMaEjMmBdTUMSMOWm0y8yfKiVPvYjqSsEPFV/TqQkUGoceLozIDBU895E/M/rJuCfuykP4wRYSGeL/ERgiPAkEtznklEQY00IlVzfiumQSEJBB1fSIdjzL/8lrZOqXaueXtfK9Ys8jiLaQweogmx0huroCjVQE1H0gJ7QC3o1Ho1n4814n7UWjHxmF/2C8fENr4CYsw==</latexit>

µ

<latexit sha1_base64="lG7FIiiKXoaP/QH6JOg5fL4Cy0w=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoseiF48V3LbQLiWbZtvQJLskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelApurOd9o9La+sbmVnm7srO7t39QPTxqmSTTlAU0EYnuRMQwwRULLLeCdVLNiIwEa0fju5nffmLa8EQ92knKQkmGisecEuukIO/JbNqv1ry6NwdeJX5BalCg2a9+9QYJzSRTlgpiTNf3UhvmRFtOBZtWeplhKaFjMmRdRxWRzIT5/NgpPnPKAMeJdqUsnqu/J3IijZnIyHVKYkdm2ZuJ/3ndzMY3Yc5Vmlmm6GJRnAlsEzz7HA+4ZtSKiSOEau5uxXRENKHW5VNxIfjLL6+S1kXdv6xfPVzWGrdFHGU4gVM4Bx+uoQH30IQAKHB4hld4Qwq9oHf0sWgtoWLmGP4Aff4AJPCO6g==</latexit>

Minimax 
weight

estimation

||r(h)||1

<latexit sha1_base64="Mckb302AcGgAVE2K2GRdJziC7dU=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiRS0WXRjcsK9gFtKJPppB06mYSZG7GkWbjxV9y4UMStH+HOv3H6WGjrgQuHc+7l3nv8WHANjvNtrayurW9s5rby2zu7e/v2wWFDR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8nvjNe6Y0j+QdjGLmhaQvecApASN17cJ43AH2AH6Qqqw0OB2Pu2mHywBGGe7aRafsTIGXiTsnRTRHrWt/dXoRTUImgQqiddt1YvBSooBTwbJ8J9EsJnRI+qxtqCQh0146fSLDJ0bp4SBSpiTgqfp7IiWh1qPQN50hgYFe9Cbif147geDSS7mME2CSzhYFicAQ4UkiuMcVoyBGhhCquLkV0wFRhILJLW9CcBdfXiaNs7JbKZ/fVorVq3kcOVRAx6iEXHSBqugG1VAdUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+jE5i6</latexit>

h 2 PA,H

<latexit sha1_base64="0nrdbEQzq9jISIf7kwKzH8yDf6I=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiCUhKp6LLqpssK9gFNCJPppB06mYSZiVBCPsKNv+LGhSJuXbjzb5y0oWjrgYEz59zLvff4MaNSWda3sbS8srq2Xtoob25t7+yae/ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fij29zvPBAhacTv1TgmbogGnAYUI6UlzzwdQody6IRIDTFiaTPz0tnnOjub8UaWeWbFqloTwEViF6QCCjQ988vpRzgJCVeYISl7thUrN0VCUcxIVnYSSWKER2hAeppyFBLpppOjMnislT4MIqEfV3Ci/u5IUSjlOPR1Zb6jnPdy8T+vl6jgyk0pjxNFOJ4OChIGVQTzhGCfCoIVG2uCsKB6V4iHSCCsdI5lHYI9f/IiaZ9X7Vr14q5Wqd8UcZTAITgCJ8AGl6AOGqAJWgCDR/AMXsGb8WS8GO/Gx7R0ySh6DsAfGJ8/ffmfIg==</latexit>

h⇤ = argmin

<latexit sha1_base64="xjKN0IvPfPZccC72wTgM3U+46ls=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRZBPJRdqehFKHrxWMF+QLuWbJptQ5PskmSFsvRvePGgiFf/jDf/jdl2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg289tPVGkWyQcziakv8FCykBFsrNQbPZ6ha4TVUDDZL1fcqjsDWiZeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUslFlT76ezmKTqxygCFkbIlDZqpvydSLLSeiMB2CmxGetHLxP+8bmLCKz9lMk4MlWS+KEw4MhHKAkADpigxfGIJJorZWxEZYYWJsTGVbAje4svLpHVe9WrVi/tapX6Tx1GEIziGU/DgEupwBw1oAoEYnuEV3pzEeXHenY95a8HJZw7hD5zPH8zukOU=</latexit>

µ⇤ : hµ⇤
2

<latexit sha1_base64="J9mTuQWqd+T5nsjfQsQTSfDfHOY=">AAAB/nicbZDLSgMxFIYz9VbrrSqu3ASLIF2UGakoropuXFawF+hMSybNtKFJZkgyQhkGfBU3LhRx63O4823MtLPQ1h8CH/85h3Py+xGjStv2t1VYWV1b3yhulra2d3b3yvsHbRXGEpMWDlkouz5ShFFBWppqRrqRJIj7jHT8yW1W7zwSqWgoHvQ0Ih5HI0EDipE21qB8lLg8TvvV63E/o341hS41fsWu2TPBZXByqIBczUH5yx2GOOZEaMyQUj3HjrSXIKkpZiQtubEiEcITNCI9gwJxorxkdn4KT40zhEEozRMaztzfEwniSk25bzo50mO1WMvM/2q9WAdXXkJFFGsi8HxREDOoQ5hlAYdUEqzZ1ADCkppbIR4jibA2iZVMCM7il5ehfV5z6rWL+3qlcZPHUQTH4AScAQdcgga4A03QAhgk4Bm8gjfryXqx3q2PeWvBymcOwR9Znz+1wpVU</latexit>

MMPF: Optimization
Objective
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MMPF: Optimization
Minimax weight estimation: APStar
Theorem 5.1. 

e1

<latexit sha1_base64="4eIWhSpg5uC8iWBSJBV/EwvknfU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0sWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUxMfMm/bLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mx07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGafkwFXyIyYWEKZ4vZWwkZUUWZsPiUbgrf88ippXVS9WvXyvlap3+RxFOEETuEcPLiCOtxBA5rAgMMzvMKbI50X5935WLQWnHzmGP7A+fwBtD+OoA==</latexit>

e2

<latexit sha1_base64="g1rdcvRVwxv/3/0dYBjVUQMEgKk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWMF0xbaWDbbabt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGPosFrFqh1Sj4BJ9w43AdqKQRqHAVji+nfmtJ1Sax/LBTBIMIjqUfMAZNVby8TGrTnulsltx5yCrxMtJGXI0eqWvbj9maYTSMEG17nhuYoKMKsOZwGmxm2pMKBvTIXYslTRCHWTzY6fk3Cp9MoiVLWnIXP09kdFI60kU2s6ImpFe9mbif14nNYPrIOMySQ1Ktlg0SAUxMZl9TvpcITNiYgllittbCRtRRZmx+RRtCN7yy6ukWa14tcrlfa1cv8njKMApnMEFeHAFdbiDBvjAgMMzvMKbI50X5935WLSuOfnMCfyB8/kDtcSOoQ==</latexit>

e3

<latexit sha1_base64="eHGL2k04iy7q4o0eZG4Ur1PGDN8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHASmaHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1FjpHh/Pu8WSW3ZnIMvEy0gJMtS6xa9OL2JJiNIwQbVue25s/JQqw5nASaGTaIwpG9EBti2VNETtp7NTJ+TEKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Ss/5TJODEo2X9RPBDERmf5NelwhM2JsCWWK21sJG1JFmbHpFGwI3uLLy6RxVvYq5Yu7Sql6ncWRhyM4hlPw4BKqcAs1qAODATzDK7w5wnlx3p2PeWvOyWYO4Q+czx/yyo2W</latexit>

2D simplex

Ni = {µ : ri(µ) < r̄}

<latexit sha1_base64="gAdVW1BYjCKJwFSzTmeLJ5u0n6c=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxC3ZQZqSiiUHTjSirYC3SGIZOmbWiSGZKMUIbZuvFV3LhQxK1v4M63MW1noa0/BD7+cw4n5w9jRpV2nG9rYXFpeWW1sFZc39jc2rZ3dpsqSiQmDRyxSLZDpAijgjQ01Yy0Y0kQDxlphcPrcb31QKSikbjXo5j4HPUF7VGMtLECG94GFF5CL009nmTnMqBlA0cXXohkKjMvC+ySU3EmgvPg5lACueqB/eV1I5xwIjRmSKmO68TaT5HUFDOSFb1EkRjhIeqTjkGBOFF+Orkkg4fG6cJeJM0TGk7c3xMp4kqNeGg6OdIDNVsbm//VOonunfkpFXGiicDTRb2EQR3BcSywSyXBmo0MICyp+SvEAyQR1ia8ognBnT15HprHFbdaObmrlmpXeRwFsA8OQBm44BTUwA2ogwbA4BE8g1fwZj1ZL9a79TFtXbDymT3wR9bnD5AtmaY=</latexit>

r̄ > min
µ2�|A|�1

||r(µ)||1

<latexit sha1_base64="X5xFo7rKJPZtr7FW8RL2E79+LEs="></latexit>

i 2 A

<latexit sha1_base64="huOctYy+CJDTnjukl4O+G54S5SA=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0WXVjcsK9gFNKJPppB06mYSZiVJiP8WNC0Xc+iXu/BsnbRbaemDgcM693DMnSDhT2nG+rdLK6tr6RnmzsrW9s7tnV/fbKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnGN7nfeaBSsVjc60lC/QgPBQsZwdpIfbvKkMcE8iKsRwTz7Grat2tO3ZkBLRO3IDUo0OzbX94gJmlEhSYcK9VznUT7GZaaEU6nFS9VNMFkjIe0Z6jAEVV+Nos+RcdGGaAwluYJjWbq740MR0pNosBM5hHVopeL/3m9VIeXfsZEkmoqyPxQmHKkY5T3gAZMUqL5xBBMJDNZERlhiYk2bVVMCe7il5dJ+7TuntXP785qjeuijjIcwhGcgAsX0IBbaEILCDzCM7zCm/VkvVjv1sd8tGQVOwfwB9bnD7PIk6g=</latexit>

• Weight loss landscape                                    ,          is star-shaped.

• Minimax weight                      .

• .
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• We propose the following weight update

MMPF: Optimization
Minimax weight estimation: APStar

Current minimax

e1

<latexit sha1_base64="4eIWhSpg5uC8iWBSJBV/EwvknfU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0sWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUxMfMm/bLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mx07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGafkwFXyIyYWEKZ4vZWwkZUUWZsPiUbgrf88ippXVS9WvXyvlap3+RxFOEETuEcPLiCOtxBA5rAgMMzvMKbI50X5935WLQWnHzmGP7A+fwBtD+OoA==</latexit>

e2

<latexit sha1_base64="g1rdcvRVwxv/3/0dYBjVUQMEgKk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWMF0xbaWDbbabt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGPosFrFqh1Sj4BJ9w43AdqKQRqHAVji+nfmtJ1Sax/LBTBIMIjqUfMAZNVby8TGrTnulsltx5yCrxMtJGXI0eqWvbj9maYTSMEG17nhuYoKMKsOZwGmxm2pMKBvTIXYslTRCHWTzY6fk3Cp9MoiVLWnIXP09kdFI60kU2s6ImpFe9mbif14nNYPrIOMySQ1Ktlg0SAUxMZl9TvpcITNiYgllittbCRtRRZmx+RRtCN7yy6ukWa14tcrlfa1cv8njKMApnMEFeHAFdbiDBvjAgMMzvMKbI50X5935WLSuOfnMCfyB8/kDtcSOoQ==</latexit>

e3

<latexit sha1_base64="eHGL2k04iy7q4o0eZG4Ur1PGDN8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHASmaHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1FjpHh/Pu8WSW3ZnIMvEy0gJMtS6xa9OL2JJiNIwQbVue25s/JQqw5nASaGTaIwpG9EBti2VNETtp7NTJ+TEKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Ss/5TJODEo2X9RPBDERmf5NelwhM2JsCWWK21sJG1JFmbHpFGwI3uLLy6RxVvYq5Yu7Sql6ncWRhyM4hlPw4BKqcAs1qAODATzDK7w5wnlx3p2PeWvOyWYO4Q+czx/yyo2W</latexit>
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• We propose the following weight update

MMPF: Optimization
Minimax weight estimation: APStar

Current minimax

e1

<latexit sha1_base64="4eIWhSpg5uC8iWBSJBV/EwvknfU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0sWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUxMfMm/bLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mx07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGafkwFXyIyYWEKZ4vZWwkZUUWZsPiUbgrf88ippXVS9WvXyvlap3+RxFOEETuEcPLiCOtxBA5rAgMMzvMKbI50X5935WLQWnHzmGP7A+fwBtD+OoA==</latexit>

e2

<latexit sha1_base64="g1rdcvRVwxv/3/0dYBjVUQMEgKk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWMF0xbaWDbbabt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGPosFrFqh1Sj4BJ9w43AdqKQRqHAVji+nfmtJ1Sax/LBTBIMIjqUfMAZNVby8TGrTnulsltx5yCrxMtJGXI0eqWvbj9maYTSMEG17nhuYoKMKsOZwGmxm2pMKBvTIXYslTRCHWTzY6fk3Cp9MoiVLWnIXP09kdFI60kU2s6ImpFe9mbif14nNYPrIOMySQ1Ktlg0SAUxMZl9TvpcITNiYgllittbCRtRRZmx+RRtCN7yy6ukWa14tcrlfa1cv8njKMApnMEFeHAFdbiDBvjAgMMzvMKbI50X5935WLSuOfnMCfyB8/kDtcSOoQ==</latexit>

e3

<latexit sha1_base64="eHGL2k04iy7q4o0eZG4Ur1PGDN8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHASmaHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1FjpHh/Pu8WSW3ZnIMvEy0gJMtS6xa9OL2JJiNIwQbVue25s/JQqw5nASaGTaIwpG9EBti2VNETtp7NTJ+TEKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Ss/5TJODEo2X9RPBDERmf5NelwhM2JsCWWK21sJG1JFmbHpFGwI3uLLy6RxVvYq5Yu7Sql6ncWRhyM4hlPw4BKqcAs1qAODATzDK7w5wnlx3p2PeWvOyWYO4Q+czx/yyo2W</latexit>
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• We propose the following weight update

MMPF: Optimization
Minimax weight estimation: APStar

Current minimax

e1

<latexit sha1_base64="4eIWhSpg5uC8iWBSJBV/EwvknfU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0sWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUxMfMm/bLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mx07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGafkwFXyIyYWEKZ4vZWwkZUUWZsPiUbgrf88ippXVS9WvXyvlap3+RxFOEETuEcPLiCOtxBA5rAgMMzvMKbI50X5935WLQWnHzmGP7A+fwBtD+OoA==</latexit>

e2

<latexit sha1_base64="g1rdcvRVwxv/3/0dYBjVUQMEgKk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWMF0xbaWDbbabt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGPosFrFqh1Sj4BJ9w43AdqKQRqHAVji+nfmtJ1Sax/LBTBIMIjqUfMAZNVby8TGrTnulsltx5yCrxMtJGXI0eqWvbj9maYTSMEG17nhuYoKMKsOZwGmxm2pMKBvTIXYslTRCHWTzY6fk3Cp9MoiVLWnIXP09kdFI60kU2s6ImpFe9mbif14nNYPrIOMySQ1Ktlg0SAUxMZl9TvpcITNiYgllittbCRtRRZmx+RRtCN7yy6ukWa14tcrlfa1cv8njKMApnMEFeHAFdbiDBvjAgMMzvMKbI50X5935WLSuOfnMCfyB8/kDtcSOoQ==</latexit>

e3

<latexit sha1_base64="eHGL2k04iy7q4o0eZG4Ur1PGDN8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHASmaHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1FjpHh/Pu8WSW3ZnIMvEy0gJMtS6xa9OL2JJiNIwQbVue25s/JQqw5nASaGTaIwpG9EBti2VNETtp7NTJ+TEKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Ss/5TJODEo2X9RPBDERmf5NelwhM2JsCWWK21sJG1JFmbHpFGwI3uLLy6RxVvYq5Yu7Sql6ncWRhyM4hlPw4BKqcAs1qAODATzDK7w5wnlx3p2PeWvOyWYO4Q+czx/yyo2W</latexit>
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• We propose the following weight update

MMPF: Optimization
Minimax weight estimation: APStar

Current minimax

e1

<latexit sha1_base64="4eIWhSpg5uC8iWBSJBV/EwvknfU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0sWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUxMfMm/bLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mx07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGafkwFXyIyYWEKZ4vZWwkZUUWZsPiUbgrf88ippXVS9WvXyvlap3+RxFOEETuEcPLiCOtxBA5rAgMMzvMKbI50X5935WLQWnHzmGP7A+fwBtD+OoA==</latexit>

e2

<latexit sha1_base64="g1rdcvRVwxv/3/0dYBjVUQMEgKk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWMF0xbaWDbbabt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGPosFrFqh1Sj4BJ9w43AdqKQRqHAVji+nfmtJ1Sax/LBTBIMIjqUfMAZNVby8TGrTnulsltx5yCrxMtJGXI0eqWvbj9maYTSMEG17nhuYoKMKsOZwGmxm2pMKBvTIXYslTRCHWTzY6fk3Cp9MoiVLWnIXP09kdFI60kU2s6ImpFe9mbif14nNYPrIOMySQ1Ktlg0SAUxMZl9TvpcITNiYgllittbCRtRRZmx+RRtCN7yy6ukWa14tcrlfa1cv8njKMApnMEFeHAFdbiDBvjAgMMzvMKbI50X5935WLSuOfnMCfyB8/kDtcSOoQ==</latexit>

e3

<latexit sha1_base64="eHGL2k04iy7q4o0eZG4Ur1PGDN8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHASmaHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1FjpHh/Pu8WSW3ZnIMvEy0gJMtS6xa9OL2JJiNIwQbVue25s/JQqw5nASaGTaIwpG9EBti2VNETtp7NTJ+TEKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Ss/5TJODEo2X9RPBDERmf5NelwhM2JsCWWK21sJG1JFmbHpFGwI3uLLy6RxVvYq5Yu7Sql6ncWRhyM4hlPw4BKqcAs1qAODATzDK7w5wnlx3p2PeWvOyWYO4Q+czx/yyo2W</latexit>
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• We propose the following weight update

MMPF: Optimization
Minimax weight estimation: APStar

Current minimax

e1

<latexit sha1_base64="4eIWhSpg5uC8iWBSJBV/EwvknfU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0sWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUxMfMm/bLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mx07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGafkwFXyIyYWEKZ4vZWwkZUUWZsPiUbgrf88ippXVS9WvXyvlap3+RxFOEETuEcPLiCOtxBA5rAgMMzvMKbI50X5935WLQWnHzmGP7A+fwBtD+OoA==</latexit>

e2

<latexit sha1_base64="g1rdcvRVwxv/3/0dYBjVUQMEgKk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWMF0xbaWDbbabt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGPosFrFqh1Sj4BJ9w43AdqKQRqHAVji+nfmtJ1Sax/LBTBIMIjqUfMAZNVby8TGrTnulsltx5yCrxMtJGXI0eqWvbj9maYTSMEG17nhuYoKMKsOZwGmxm2pMKBvTIXYslTRCHWTzY6fk3Cp9MoiVLWnIXP09kdFI60kU2s6ImpFe9mbif14nNYPrIOMySQ1Ktlg0SAUxMZl9TvpcITNiYgllittbCRtRRZmx+RRtCN7yy6ukWa14tcrlfa1cv8njKMApnMEFeHAFdbiDBvjAgMMzvMKbI50X5935WLSuOfnMCfyB8/kDtcSOoQ==</latexit>

e3

<latexit sha1_base64="eHGL2k04iy7q4o0eZG4Ur1PGDN8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHASmaHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1FjpHh/Pu8WSW3ZnIMvEy0gJMtS6xa9OL2JJiNIwQbVue25s/JQqw5nASaGTaIwpG9EBti2VNETtp7NTJ+TEKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Ss/5TJODEo2X9RPBDERmf5NelwhM2JsCWWK21sJG1JFmbHpFGwI3uLLy6RxVvYq5Yu7Sql6ncWRhyM4hlPw4BKqcAs1qAODATzDK7w5wnlx3p2PeWvOyWYO4Q+czx/yyo2W</latexit>
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• We propose the following weight update

MMPF: Optimization
Minimax weight estimation: APStar

Current minimax

e1

<latexit sha1_base64="4eIWhSpg5uC8iWBSJBV/EwvknfU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0sWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUxMfMm/bLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mx07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGafkwFXyIyYWEKZ4vZWwkZUUWZsPiUbgrf88ippXVS9WvXyvlap3+RxFOEETuEcPLiCOtxBA5rAgMMzvMKbI50X5935WLQWnHzmGP7A+fwBtD+OoA==</latexit>

e2

<latexit sha1_base64="g1rdcvRVwxv/3/0dYBjVUQMEgKk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWMF0xbaWDbbabt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGPosFrFqh1Sj4BJ9w43AdqKQRqHAVji+nfmtJ1Sax/LBTBIMIjqUfMAZNVby8TGrTnulsltx5yCrxMtJGXI0eqWvbj9maYTSMEG17nhuYoKMKsOZwGmxm2pMKBvTIXYslTRCHWTzY6fk3Cp9MoiVLWnIXP09kdFI60kU2s6ImpFe9mbif14nNYPrIOMySQ1Ktlg0SAUxMZl9TvpcITNiYgllittbCRtRRZmx+RRtCN7yy6ukWa14tcrlfa1cv8njKMApnMEFeHAFdbiDBvjAgMMzvMKbI50X5935WLSuOfnMCfyB8/kDtcSOoQ==</latexit>

e3

<latexit sha1_base64="eHGL2k04iy7q4o0eZG4Ur1PGDN8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHASmaHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1FjpHh/Pu8WSW3ZnIMvEy0gJMtS6xa9OL2JJiNIwQbVue25s/JQqw5nASaGTaIwpG9EBti2VNETtp7NTJ+TEKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Ss/5TJODEo2X9RPBDERmf5NelwhM2JsCWWK21sJG1JFmbHpFGwI3uLLy6RxVvYq5Yu7Sql6ncWRhyM4hlPw4BKqcAs1qAODATzDK7w5wnlx3p2PeWvOyWYO4Q+czx/yyo2W</latexit>
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Synthetic data
• Performance evaluation on sampled star-sets

MMPF: Experiments and Results

µt+1 = e�r(µ
t)µt

<latexit sha1_base64="5+Ke9aixlDr/kxwfNrcG19Dh00E=">AAACGHicbVDLSgMxFM3Ud31VXboJFqEi1BlRdCOIblxWsCp0asmkd9pgMjMkd8QyzGe48VfcuFDEbXf+jeljodUDgcM553JzT5BIYdB1v5zC1PTM7Nz8QnFxaXlltbS2fm3iVHOo81jG+jZgBqSIoI4CJdwmGpgKJNwE9+cD/+YBtBFxdIW9BJqKdSIRCs7QSq3Snq/Suwx3vfyEwl3md5hSjPoIjxiEmc4rAx938lEs91ulslt1h6B/iTcmZTJGrVXq++2Ypwoi5JIZ0/DcBJsZ0yi4hLzopwYSxu9ZBxqWRkyBaWbDw3K6bZU2DWNtX4R0qP6cyJgypqcCm1QMu2bSG4j/eY0Uw+NmJqIkRYj4aFGYSooxHbRE20IDR9mzhHEt7F8p7zLNONoui7YEb/Lkv+R6v+odVA8vD8qnZ+M65skm2SIV4pEjckouSI3UCSdP5IW8kXfn2Xl1PpzPUbTgjGc2yC84/W9SHqCc</latexit>

Multiplicative Weights Updates by Chen et al 2017: 

*

*



28

Predicting Mortality in ICU (MIMIC III) from Medical Notes 

MMPF: Experiments and Results

• H = Hardt et al 2016
• Comparisons using Friedler et al 2019 benchmark 

• 8 Sensitive Groups 
Accuracy Comparison
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Skin Lesion Classification (HAM10000)

MMPF: Experiments and Results

• 7 Classes.
• Imbalanced classification problem                .(Y = A)

<latexit sha1_base64="m09WNJMS2vlfr6p/bZMHkomMwI8=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBahXkoiFb0IVS8eK5i20oay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUHCmdKO820VVlbX1jeKm6Wt7Z3dPXv/oKniVBLqkZjHsh1gRTkT1NNMc9pOJMVRwGkrGN1O/dYTlYrF4kGPE+pHeCBYyAjWRvIqj1fXpz277FSdGdAycXNShhyNnv3V7cckjajQhGOlOq6TaD/DUjPC6aTUTRVNMBnhAe0YKnBElZ/Njp2gE6P0URhLU0Kjmfp7IsORUuMoMJ0R1kO16E3F/7xOqsNLP2MiSTUVZL4oTDnSMZp+jvpMUqL52BBMJDO3IjLEEhNt8imZENzFl5dJ86zq1qrn97Vy/SaPowhHcAwVcOEC6nAHDfCAAINneIU3S1gv1rv1MW8tWPnMIfyB9fkDibGN3A==</latexit>

Accuracy Comparison

Brier Score Comparison
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Conclusions
• Recover an efficient model that reduces worst-case group risks.

• We characterized Pareto solutions for DNN models and CE, BS 
risks.

• APStar improves minimax group risk, with no test-time access to 
group membership. 

Future work

• Convergence proof for APStar algorithm.

• Automatically identify high-risk sub-populations.

• Use the Pareto front to inform fairness policies.

MMPF: Conclusion and Future Work



Thanks!
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Code: https://github.com/natalialmg/MMPF

https://github.com/natalialmg/MMPF

