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Introduction

Non-convex optimization problem: min f (x)

Fractional Langevin Algorithm (FLA) (Simsekli, 2017):

W k+1 = W k − ηcα∇f (W k) +
(
η/β

)1/α
∆Lαk+1

− {∆Lαk }k∈N+ : α-stable random variables
− α ∈ (1, 2]: the characteristic index, cα: a known constant

α-stable Distribution α-stable Lévy Motion:
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Generalizes Stochastic Gradient Langevin Dynamics (α = 2)
(Welling and Teh, 2011)

Strong links with SGD for Deep Neural Networks (Simsekli et al. 2019)

Our Goal: Analyze E[f (W k)− f ?], where f ? , min f (x)
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Method of Analysis

Define three stochastic processes:

dX1(t) = −cα∇f (X1(t−))dt + β−1/αdLα(t),

dX2(t) = −cα
∞∑

k=0

∇f (X2(jη))I[jη,(j+1)η[(t)dt + β−1/αdLα(t),

dX3(t) = −Dα−2
xi

(
φ(X3(t−))

∂f (X3(t−))

∂xi

))
/φ(X3(t−))dt + β−1/αdLα(t).

− D: Riesz fractional (directional) derivative
− X1 is the continuous-time limit of the FLA algorithm
− X2 is a linearly interpolated version of W k : X2(kη) = W k , ∀k ∈ N+

− X3 admits π ∝ exp(−βf (x))dx as its unique invariant distribution
Decompose the error Ef (W k)− f ∗ as:

[ Ef (X2(kη))− Ef (X1(kη))] + [Ef (X1(kη))− Ef (X3(kη))]

+ [Ef (X3(kη))− Ef (Ŵ )] + [Ef (Ŵ )− f ∗]

− Ŵ ∼ π ∝ exp(−βf (x))dx
− Relate these terms to Wasserstein distance between processes
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Thanh Huy Nguyen, Umut Şimşekli, Gaël Richard Non-Asymptotic Analysis of FLMC for Non-Convex Optimization



Main Result

Main assumptions:

1) Hölder continuous gradients: cα‖∇f (x)−∇f (y)‖ ≤ M‖x − y‖γ

2) Dissipativity: cα〈x ,∇f (x)〉 ≥ m‖x‖1+γ − b

Theorem

For 0 < η < m/M2, there exists C > 0 such that:

E[f (W k)]− f ∗ ≤C
{
k1+max{ 1

q ,γ+ γ
q }η

1
q +

k1+max{ 1
q ,γ+ γ

q }η
1
q + γ

αq d

β
(q−1)γ

αq

+
βb + d

m
exp(−λ∗kη

β
)

}
+

Mc−1
α

βγ+1(1 + γ)

+
1

β
log

(2e(b + d
β ))

d
2 Γ( d

2 + 1)βd

(dm)
d
2

.

− Worse dependency on η and k than the case α = 2
− Requires smaller η
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Additional Results

Posterior Sampling: sampling from π ∝ exp(−βf (x))dx
Stochastic Gradients:

f (x) , 1
n

∑n
i=1 f

(i)(x)

∇f ≈ ∇fk(x) ,
(∑

i∈Ωk
∇f (i)(x)

)
/ns

For more information/questions, come to our poster #198!

NON-ASYMPTOTIC ANALYSIS OF FRACTIONAL LANGEVIN MONTE
CARLO FOR NON-CONVEX OPTIMIZATION

Thanh Huy Nguyen1, Umut Şimşekli1, Gaël Richard1
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Our Goal: Analyze the expected error: E[f(W k)− f?], where

f? , min f(x)
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dX3(t) = b(X3(t−), α)dt + β−1/αdLα(t).

with b1(x, α) ,− cα∇f(x),

b2(X2, α) ,− cα
∞∑

k=0

∇f(X2(jη))I[jη,(j+1)η[(t),

(b(x, α))i ,−Dα−2
xi

(
φ(x)

∂f(x)

∂xi

))
/φ(x).

− D: Riesz fractional (directional) derivative
− X2(kη) = W k for all k ∈ N+ (i.e. linear interpolation)
− X3 targets π ∝ exp(−βf(x))dx

Decompose the error Ef(W k)− f∗ as:

[ Ef(X2(kη))− Ef(X1(kη))] + [Ef(X1(kη))− Ef(X3(kη))]

+ [Ef(X3(kη))− Ef(Ŵ )] + [Ef(Ŵ )− f∗],

− Ŵ ∼ π ∝ exp(−βf(x))dx
− Relate these terms to Wasserstein distance between processes

ASSUMPTIONS & INTERMEDIATE RESULTS

Assumption: There exist constants M > 0, 0 ≤ γ < 1:

cα‖∇f(x)−∇f(y)‖ ≤M‖x− y‖γ , x, y ∈ Rd.

Assumption: For some m > 0 and b ≥ 0:

cα〈x,∇f(x)〉 ≥ m‖x‖1+γ − b, x ∈ Rd.

Assumption: ∃p, q, p1, q1 > 0 such that: q < α, γp < 1, γq1 <
1, (q − 1)p1 < 1 and 1/p+ 1/q = 1/p1 + 1/q1 = 1.

Assumption: 1) For some γ̄ ∈ [0, 1], l0 ≥ 0, K1,K2 > 0:

〈b(x)− b(y), x− y〉
‖x− y‖ ≤

{
K1‖x− y‖γ̄ , ‖x− y‖ < l0,

−K2‖x− y‖, ‖x− y‖ ≥ l0.
,

2) For any coupling Pt of X3(t) and Ŵ ∼ π, ∃C∗ > 0:∫
‖X3(t)− Ŵ‖γ̂dPt < C∗, t > 0, γ̂ ∈ (0, α).

Assumption: There exists L > 0 such that L < m and

sup
x∈Rd

‖cα∇f(x) + b(x, α)‖ ≤ L.

Lemma 1 Let V ∼ µ and W ∼ ν and let g ∈ C1(Rd,R). Assume
that for some c1 > 0, c2 ≥ 0 and 0 ≤ γ < 1,

‖∇g(x)‖ ≤ c1‖x‖γ + c2, ∀x ∈ Rd

and max
{(

E‖W‖γp
) 1
p

,
(
E‖V ‖γp

) 1
p
}
<∞. Then we have:

∣∣E[g(V )− g(W )]
∣∣ ≤ CWq(µ, ν), for some C > 0.

Lemma 2 We have the following identity: Wλ(µit, µjt) =

inf
{(

E
[ ∫ t

0

λ ‖∆Xij(s)‖λ−2〈∆Xij(s),∆bij(s−)〉ds
])1/λ}

,

where the infimum is taken over the couplings and

∆Xij(s) , Xi(s)−Xj(s)

∆bij(s−) , bi(Xi(s−), α)− bj(Xj(s−), α).

MAIN RESULT

Theorem 1 For 0 < η < m/M2, there exists C > 0 such that:

E[f(W k)]− f∗ ≤C
{
k1+max{ 1

q ,γ+ γ
q }η

1
q +

k1+max{ 1
q ,γ+ γ

q }η
1
q+ γ

αq d

β
(q−1)γ
αq

+
βb+ d

m
exp(−λ∗kη

β
)

}
+

Mc−1
α

βγ+1(1 + γ)

+
1

β
log

(2e(b+ d
β ))

d
2 Γ(d2 + 1)βd

(dm)d/2
.

−Worse dependency on η and k than the case α = 2
− Requires smaller η

ADDITIONAL RESULTS
Posterior Sampling: If our aim is only to draw samples from

the distribution π, we have the result:

Corollary 1 For 0 < η ≤ m/M2, the following bound holds:

Wq(µ2t, π) ≤C
(
k

max{2,q+γ}
q η

1
q + k

max{2,q+γ}
q η

1
q+ γ

qα β−
γ(q−1)
qα d

1
q

+ βe−λ∗
kη
β

)
.

Stochastic Gradients: Assume: f(x) , 1
n

∑n
i=1 f

(i)(x)

− Approximate∇f by: ∇fk(x) ,
(∑

i∈Ωk
∇f (i)(x)

)
/ns

− Ωk is a random subset of {1, . . . , n}with |Ωk| = ns � n.

Theorem 2 If there exists δ ∈ [0, 1) such that, for any k,

EΩk‖cα(∇f(x)−∇fk(x))‖q1 ≤δq1Mq1‖x‖γq1 , x ∈ Rd,

then we have the following bound:

Wq
q (µ1t, µ2t) ≤C(1 + δ)(k2η + k2η1+γ/αβ−γ(q−1)/αd).

REFERENCES
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tions for Markov Chain Monte Carlo." ICML 2017.
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namics: a nonasymptotic analysis." COLT 2017.
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Neural Networks." ICML 2019.
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‖X3(t)− Ŵ‖γ̂dPt < C∗, t > 0, γ̂ ∈ (0, α).

Assumption: There exists L > 0 such that L < m and

sup
x∈Rd

‖cα∇f(x) + b(x, α)‖ ≤ L.

Lemma 1 Let V ∼ µ and W ∼ ν and let g ∈ C1(Rd,R). Assume
that for some c1 > 0, c2 ≥ 0 and 0 ≤ γ < 1,

‖∇g(x)‖ ≤ c1‖x‖γ + c2, ∀x ∈ Rd

and max
{(

E‖W‖γp
) 1
p

,
(
E‖V ‖γp

) 1
p
}
<∞. Then we have:

∣∣E[g(V )− g(W )]
∣∣ ≤ CWq(µ, ν), for some C > 0.

Lemma 2 We have the following identity: Wλ(µit, µjt) =

inf
{(

E
[ ∫ t

0

λ ‖∆Xij(s)‖λ−2〈∆Xij(s),∆bij(s−)〉ds
])1/λ}

,

where the infimum is taken over the couplings and

∆Xij(s) , Xi(s)−Xj(s)

∆bij(s−) , bi(Xi(s−), α)− bj(Xj(s−), α).

MAIN RESULT

Theorem 1 For 0 < η < m/M2, there exists C > 0 such that:

E[f(W k)]− f∗ ≤C
{
k1+max{ 1

q ,γ+ γ
q }η

1
q +

k1+max{ 1
q ,γ+ γ

q }η
1
q+ γ

αq d

β
(q−1)γ
αq

+
βb+ d

m
exp(−λ∗kη

β
)

}
+

Mc−1
α

βγ+1(1 + γ)

+
1

β
log

(2e(b+ d
β ))

d
2 Γ(d2 + 1)βd

(dm)d/2
.

−Worse dependency on η and k than the case α = 2
− Requires smaller η

ADDITIONAL RESULTS
Posterior Sampling: If our aim is only to draw samples from

the distribution π, we have the result:

Corollary 1 For 0 < η ≤ m/M2, the following bound holds:

Wq(µ2t, π) ≤C
(
k

max{2,q+γ}
q η

1
q + k

max{2,q+γ}
q η

1
q+ γ

qα β−
γ(q−1)
qα d

1
q

+ βe−λ∗
kη
β

)
.

Stochastic Gradients: Assume: f(x) , 1
n

∑n
i=1 f

(i)(x)

− Approximate∇f by: ∇fk(x) ,
(∑

i∈Ωk
∇f (i)(x)

)
/ns

− Ωk is a random subset of {1, . . . , n}with |Ωk| = ns � n.

Theorem 2 If there exists δ ∈ [0, 1) such that, for any k,

EΩk‖cα(∇f(x)−∇fk(x))‖q1 ≤δq1Mq1‖x‖γq1 , x ∈ Rd,

then we have the following bound:

Wq
q (µ1t, µ2t) ≤C(1 + δ)(k2η + k2η1+γ/αβ−γ(q−1)/αd).
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