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Abstract

We propose a conditional gradient framework
for a composite convex minimization template
with broad applications. Our approach combines
smoothing and homotopy techniques under the
CGM framework, and provably achieves the opti-
mal O(1/

p
k) convergence rate. We demonstrate

that the same rate holds if the linear subproblems
are solved approximately with additive or multi-
plicative error. In contrast with the relevant work,
we are able to characterize the convergence when
the non-smooth term is an indicator function. Spe-
cific applications of our framework include the
non-smooth minimization, semidefinite program-
ming, and minimization with linear inclusion con-
straints over a compact domain. Numerical evi-
dence demonstrates the benefits of our framework.

1. Introduction

The importance of convex optimization in machine learning
has increased dramatically in the last decade due to the new
theory in structured sparsity, rank minimization and statisti-
cal learning models like support vector machines. Indeed, a
large class of learning formulations can be addressed by the
following composite convex minimization template:

min
x2X

F (x) := f(x) + g(Ax), (1.1)

where X ⇢ Rn is compact (nonempty, bounded, closed) and
its 0-dimensional faces (i.e., its vertices) are called atoms.
f : Rn

! R [ {+1} is a smooth proper closed convex
function, A 2 Rd⇥n, and g : Rd

! R [ {+1} is a proper
closed convex function which is possibly non-smooth.
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By using the powerful proximal gradient framework, prob-
lems belonging to the template (1.1) can be solved nearly
as efficiently as if they were fully smooth with fast con-
vergence rates. By proximal (prox) operator, we mean the
resolvent of the following optimization problem:

proxg(v) = arg min
y2Rd

g(y) +
1

2
ky � vk2.

These methods make use of the gradient of the smooth
function f along with the prox of the non-smooth function
g, and are optimal as they match the iteration lower-bounds.

Surprisingly, the proximal operator can impose an undesir-
able computational burden and even intractability on these
gradient-based methods, such as the computation of a full
singular value decomposition in the ambient dimension or
the computation of proximal mapping for the latent group
lasso (Jaggi, 2013). Moreover, the linear mapping A often
complicates the computation of the prox itself, and require
more sophisticated splitting or primal-dual methods.

As a result, the conditional gradient method (CGM, aka
Frank-Wolfe method) has recently increased in popularity,
since it requires only a linear minimization oracle (lmo). By
lmo, we mean a resolvent of the following problem:

lmoX (v) = argmin
x2X

⌦
x, v

↵
.

CGM features significantly reduced computational costs
(e.g., when X is the spectrahedron), tractability (e.g., when
X is a latent group lasso norm), and interpretability (e.g.,
they generate solutions as a combination of atoms of X ).
The method is shown in Algorithm 1 when g(Ax) = 0:

Algorithm 1 CGM for smooth minimization
Input: x1 2 X

for k = 1, 2, . . . , do

⌘k = 2/(k + 1)
sk = argminx2X

⌦
rf(xk), x

↵

xk+1 = xk + ⌘k(sk � xk)
end for

The method itself is optimal for this particular template
(Lan, 2014). Unfortunately, CGM provably cannot handle
the non-smooth g(Ax) term in (1.1) (cf., Section 5.3 for a
counter example by Nesterov (2017)).

The conditional gradient method (CGM)

X

{x : f(x) Æ f(xk)}
≠Òf(xk)

xk

sk

xk+1

min
xœX

f(x)

for k Ω 0, 1, 2, 3, . . . do

sk œ arg min
xœX

Èx, Òf(xk)Í

xk+1 = (1 ≠ ÷k)xk + ÷ksk

CGM cannot handle nonsmooth problems!
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min
x2X

f(x)
<latexit sha1_base64="3gBcBo+cM9T3mVcxfXZMDy1T/mU=">AAACGHicbVBNS8NAEN34WeNX1aOXxSLopSYq6FH04rGC1UJTymY7sUs3m7A7kZYQ/4UX/4oXD4p49ea/cVt70NYHA4/3ZpiZF6ZSGPS8L2dmdm5+YbG05C6vrK6tlzc2b0ySaQ51nshEN0JmQAoFdRQooZFqYHEo4TbsXQz923vQRiTqGgcptGJ2p0QkOEMrtcsHQaY61gfM+zQQigYxwy5nMm8URR4g9DGPhSoK98GN9vr77XLFq3oj0Gnij0mFjFFrlz+DTsKzGBRyyYxp+l6KrZxpFFxC4QaZgZTxHruDpqWKxWBa+eixgu5apUOjRNtSSEfq74mcxcYM4tB2Ds82k95Q/M9rZhidtnKh0gxB8Z9FUSYpJnSYEu0IDRzlwBLGtbC3Ut5lmnG0Wbk2BH/y5Wlyc1j1j6qHV8eVs/NxHCWyTXbIHvHJCTkjl6RG6oSTR/JMXsmb8+S8OO/Ox0/rjDOe2SJ/4Hx+A7peoMo=</latexit>

Conditional	Gradient	Method	(CGM) (Frank & Wolfe, 1956) 
(Hazan, 2008) 
(Jaggi, 2013)

. X ⇢ Rd is a convex compact set

. f : X ! R is a smooth function
<latexit sha1_base64="RoyT/UDNIvBWr3fMXjIksatLfHw="></latexit>



Stochastic	Templates

. X ⇢ Rd is a convex compact set

. f and fi are di↵erentiable and possibly non-convex

. ⇠ ⇠ P is a random variable
<latexit sha1_base64="7nHqQi0aznUZ/ioMH2iN7ggVSJw="></latexit>

minimize
x2X

F (x)
<latexit sha1_base64="IfgMHnIhnbQyDS0SgB39jv7JclE=">AAACHnicbVDLSgNBEJz17fqKevQyGAS9hF0f6DEoiEcFo4FsCLOTjg7OzC4zvZK4rD/ixV/x4kERwZP+jZOYg6+ChqKqm+6uOJXCYhB8eCOjY+MTk1PT/szs3PxCaXHpzCaZ4VDjiUxMPWYWpNBQQ4ES6qkBpmIJ5/HVQd8/vwZjRaJPsZdCU7ELLTqCM3RSq7QTZbrtfMC8SyOhaaQYXnIm83pR5BFCF3MltFDiBorCv731D9e7G61SOagEA9C/JBySMhniuFV6i9oJzxRo5JJZ2wiDFJs5Myi4hMKPMgsp41fsAhqOaqbANvPBewVdc0qbdhLjSiMdqN8ncqas7anYdfaPt7+9vvif18iws9fMhU4zBM2/FnUySTGh/axoWxjgKHuOMG6Eu5XyS2YYR5eY70IIf7/8l5xtVsKtyubJdrm6P4xjiqyQVbJOQrJLquSIHJMa4eSOPJAn8uzde4/ei/f61TriDWeWyQ9475/ZKKOC</latexit>

F (x) :=

8
<

:
E⇠f(x, ⇠) (expectation)

1
n

Pn
i=1 fi(x) (finite-sum)

<latexit sha1_base64="ROkSgvqJEucZzN9/35VXFP2E998="></latexit>
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8
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1
n

Pn
i=1 fi(x) (finite-sum)

<latexit sha1_base64="ROkSgvqJEucZzN9/35VXFP2E998="></latexit>

Erf(x, ⇠) = rF (x)
<latexit sha1_base64="vPGU97LXDY2t+Adnvdx4yMDsv0Y=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgpSEmqoBuhKIrLCvYBTSiT6aQdOpmEmYm0hP6CG3/FjQtF3Lpz5984bSNo64ELh3Pu5d57/JhRqWz7y1hYXFpeWc2t5dc3Nre2zZ3duowSgUkNRywSTR9JwignNUUVI81YEBT6jDT8/uXYb9wTIWnE79QwJl6IupwGFCOlpbZpuSFSPd9Pr0bQ5chnCAbW4Mgd0CI8/1GurUGxbRbskj0BnCdORgogQ7VtfrqdCCch4QozJGXLsWPlpUgoihkZ5d1EkhjhPuqSlqYchUR66eSjETzUSgcGkdDFFZyovydSFEo5DH3dOb5fznpj8T+vlajgzEspjxNFOJ4uChIGVQTH8cAOFQQrNtQEYUH1rRD3kEBY6RDzOgRn9uV5Ui+XnONS+fakULnI4siBfXAALOCAU1ABN6AKagCDB/AEXsCr8Wg8G2/G+7R1wchm9sAfGB/fehubfg==</latexit>

unbiased	estimates

Ekrf(x, ⇠)�rF (x)k2  �2 < +1, 8x 2 X
<latexit sha1_base64="Y5iF1+MDf+rt+2jTCwGYK7YvEJQ="></latexit>

bounded	variance

Ekrf(x, ⇠)�rf(y, ⇠)k2   Lkx� yk2, 8(x, y) 2 X 2
<latexit sha1_base64="paWYIr46CjipjFm3o/yAaO8JZus="></latexit>

averaged	smoothness

Assumptions



we	study	the	theoretical	complexity	of	
stochastic	and	finite-sum	Frank-Wolfe	variants
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averaged	smoothness

Assumptions



Stochastic	first-order	oracle	(sfo)

Incremental	first-order	oracle	(ifo)

Linear	minimization	oracle	(lmo)

for	stochastic	function	 E⇠f(x, ⇠)
<latexit sha1_base64="LISVU224GZdn1kDagEvkaf0e+To=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKUpAq6LIrgsoK9QBPCZDpph04mYWYiLSG48VXcuFDErU/hzrdx0nahrT8MfPznHOac348Zlcqyvo3C0vLK6lpxvbSxubW9Y+7utWSUCEyaOGKR6PhIEkY5aSqqGOnEgqDQZ6TtD6/zevuBCEkjfq/GMXFD1Oc0oBgpbXnmgRMiNfD99CbzUmdEMxhURqcaTjyzbFWtieAi2DMog5kanvnl9CKchIQrzJCUXduKlZsioShmJCs5iSQxwkPUJ12NHIVEuunkhAwea6cHg0joxxWcuL8nUhRKOQ593ZkvLOdruflfrZuo4NJNKY8TRTiefhQkDKoI5nnAHhUEKzbWgLCgeleIB0ggrHRqJR2CPX/yIrRqVfusWrs7L9evZnEUwSE4AhVggwtQB7egAZoAg0fwDF7Bm/FkvBjvxse0tWDMZvbBHxmfP7rolvw=</latexit>

with	 ⇠ ⇠ P
<latexit sha1_base64="ATkyMssGD1fDCD1vH0GDR7akmOI=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRV0GXRjcsK9gFNKJPppB06mYSZiVhD8VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0XXut++pVCwWd3qcUD/CA8FCRrA2Us8+9B4Y8hSLkBdhPSSYZ41Jz644VWcKtEjcglSgQKNnf3n9mKQRFZpwrFTXdRLtZ1hqRjidlL1U0QSTER7QrqECR1T52TT9BJ0YpY/CWJonNJqqvzcyHCk1jgIzmUdU814u/ud1Ux1e+hkTSaqpILNDYcqRjlFeBeozSYnmY0MwkcxkRWSIJSbaFFY2JbjzX14krVrVPavWbs8r9auijhIcwTGcggsXUIcbaEATCDzCM7zCm/VkvVjv1sdsdMkqdg7gD6zPHz1klRc=</latexit>

(sfo)	returns (f(x, ⇠0),rf(x, ⇠0))
<latexit sha1_base64="LGOD3uVO3ABQBmVPhmvSPGsu8xI=">AAACB3icbVDLSgNBEOz1GeMr6lGQwSAmEMJuFPQY9OIxgnlAdgmzk9lkyOzsMjMrCSE3L/6KFw+KePUXvPk3Th6CJhY0FFXddHf5MWdK2/aXtbS8srq2ntpIb25t7+xm9vZrKkokoVUS8Ug2fKwoZ4JWNdOcNmJJcehzWvd712O/fk+lYpG404OYeiHuCBYwgrWRWpmjXJDrF9w+O80XkCuwzzEK0I+Ub2WydtGeAC0SZ0ayMEOllfl02xFJQio04VippmPH2htiqRnhdJR2E0VjTHq4Q5uGChxS5Q0nf4zQiVHaKIikKaHRRP09McShUoPQN50h1l01743F/7xmooNLb8hEnGgqyHRRkHCkIzQOBbWZpETzgSGYSGZuRaSLJSbaRJc2ITjzLy+SWqnonBVLt+fZ8tUsjhQcwjHkwIELKMMNVKAKBB7gCV7g1Xq0nq03633aumTNZg7gD6yPb4/FlpA=</latexit>

where ⇠0
<latexit sha1_base64="QbKI4c8UvFGZoT7U+hruHiTErwM=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9ltBT0WvXisYD+gXUo2zbahSXZJsmJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nUeqNIvkg5nG1Bd4JFnICDaZ1H9i54Nyxa26c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/Ob52hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJrz2UybjxFBJFovChCMToexxNGSKEsOnlmCimL0VkTFWmBgbT8mG4C2/vEratapXr9buLyuNmzyOIpzAKVyAB1fQgDtoQgsIjOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AvnSOCg==</latexit>

is	an	iid	sample	from	 P
<latexit sha1_base64="GH4lnl7xiOBJEv5hdGjYXKo68Lw=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDkbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rNUfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AiGeRag==</latexit>

for	finite-sum,	(ifo)	draws	an	index i
<latexit sha1_base64="hA2BMjcr0btVk5qY1/HOr4xO94Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0MuM8Q==</latexit>

{1, 2, . . . , n}
<latexit sha1_base64="8H4i3BfFxyOI+EVvOyiVJ/xaHZk=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgoZSkCnosevFYwX5AE8pms2mXbnbD7qRQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6acaXDdb6u0sbm1vVPereztHxwe2ccnHS0zRWibSC5VL8SaciZoGxhw2ksVxUnIaTcc38/97oQqzaR4gmlKgwQPBYsZwWCkgW37uVdr1HweSdA14c8GdtWtuws468QrSBUVaA3sLz+SJEuoAMKx1n3PTSHIsQJGOJ1V/EzTFJMxHtK+oQInVAf54vKZc2GUyImlMiXAWai/J3KcaD1NQtOZYBjpVW8u/uf1M4hvg5yJNAMqyHJRnHEHpDOPwYmYogT41BBMFDO3OmSEFSZgwqqYELzVl9dJp1H3ruqNx+tq866Io4zO0Dm6RB66QU30gFqojQiaoGf0it6s3Hqx3q2PZWvJKmZO0R9Ynz9bMZLW</latexit>

from uniformly	random

and	returns (fi(x),rfi(x))
<latexit sha1_base64="tM5y6DzuFEwMC4+duG9DSXEC09s=">AAACAXicbVDLSgMxFL3js9bXqBvBTbAILUiZqYIui25cVrAPaIchk2ba0ExmSDJiKXXjr7hxoYhb/8Kdf2PazkJbDwTOPedebu4JEs6Udpxva2l5ZXVtPbeR39za3tm19/YbKk4loXUS81i2AqwoZ4LWNdOcthJJcRRw2gwG1xO/eU+lYrG408OEehHuCRYygrWRfPuwGPqs+FA6RR2BA46RKZGpS75dcMrOFGiRuBkpQIaab391ujFJIyo04Viptusk2hthqRnhdJzvpIommAxwj7YNFTiiyhtNLxijE6N0URhL84RGU/X3xAhHSg2jwHRGWPfVvDcR//PaqQ4vvRETSaqpILNFYcqRjtEkDtRlkhLNh4ZgIpn5KyJ9LDHRJrS8CcGdP3mRNCpl96xcuT0vVK+yOHJwBMdQBBcuoAo3UIM6EHiEZ3iFN+vJerHerY9Z65KVzRzAH1ifPyYdlMQ=</latexit>

Oracle	Models

given	a	gradient	estimate	 v 2 Rd
<latexit sha1_base64="I5rdLcgxjzyWn1mYOHi58ttjRa8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmqoMuiG5dV7AOaWibTaTt0Mgkzk2IJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP+JMacf5tgpr6xubW8Xt0s7u3v6BfVhuqTCWhDZJyEPZ8bGinAna1Exz2okkxYHPaduf3GR+e0qlYqF40LOI9gI8EmzICNZG6tvlKfKYQF6A9dj3k/v0cdC3K07VmQOtEjcnFcjR6Ntf3iAkcUCFJhwr1XWdSPcSLDUjnKYlL1Y0wmSCR7RrqMABVb1knj1Fp0YZoGEozRMazdXfGwkOlJoFvpnMMqplLxP/87qxHl71EiaiWFNBFoeGMUc6RFkRaMAkJZrPDMFEMpMVkTGWmGhTV8mU4C5/eZW0alX3vFq7u6jUr/M6inAMJ3AGLlxCHW6hAU0g8ATP8ApvVmq9WO/Wx2K0YOU7R/AH1ucPjsGUIg==</latexit>

(lmo)	returns such	thats 2 Rd
<latexit sha1_base64="okps1+bEsHYlg+A2ZOYYKK4DPWs=">AAAB+3icbVDLSsNAFL3xWeur1qWbwSK4KkkVdFl047KKfUATy2QyaYdOJmFmIpbQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98zxE86Utu1va2V1bX1js7RV3t7Z3duvHFQ7Kk4loW0S81j2fKwoZ4K2NdOc9hJJceRz2vXH17nffaRSsVjc60lCvQgPBQsZwdpIg0pVIZcJ5EZYj3w/u5s+BINKza7bM6Bl4hSkBgVag8qXG8QkjajQhGOl+o6daC/DUjPC6bTspoommIzxkPYNFTiiystm2afoxCgBCmNpntBopv7eyHCk1CTyzWSeUS16ufif1091eOllTCSppoLMD4UpRzpGeREoYJISzSeGYCKZyYrICEtMtKmrbEpwFr+8TDqNunNWb9ye15pXRR0lOIJjOAUHLqAJN9CCNhB4gmd4hTdrar1Y79bHfHTFKnYO4Q+szx+KApQf</latexit>

s 2 argmin
x2X

hv, xi
<latexit sha1_base64="rgQ8I/BUeZ/RQ//VrjO9rYkmaMo="></latexit>



✔	Frank-Wolfe	Algorithm	(FW)

(Frank & Wolfe, 1956) (Jaggi, 2013)

(Lacoste-Julien, 2016)

O(✏�1)
<latexit sha1_base64="g3pVqYOnhzAfNzQvG+n8JXgDLFs=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLixJFXRZdOPOCvYBTSyT6bQdOpkJMxOhhIAbf8WNC0Xc+hPu/BsnbRZaPXDhcM693HtPEDGqtON8WYWFxaXlleJqaW19Y3PL3t5pKRFLTJpYMCE7AVKEUU6ammpGOpEkKAwYaQfjy8xv3xOpqOC3ehIRP0RDTgcUI22knr3nhUiPMGLJdVrxSKQoE/wuOXbTo55ddqrOFPAvcXNSBjkaPfvT6wsch4RrzJBSXdeJtJ8gqSlmJC15sSIRwmM0JF1DOQqJ8pPpDyk8NEofDoQ0xTWcqj8nEhQqNQkD05ldrOa9TPzP68Z6cO4nlEexJhzPFg1iBrWAWSCwTyXBmk0MQVhScyvEIyQR1ia2kgnBnX/5L2nVqu5JtXZzWq5f5HEUwT44ABXggjNQB1egAZoAgwfwBF7Aq/VoPVtv1vustWDlM7vgF6yPb7Pml4s=</latexit>

(lmo)	and	gradient	complexity

O(✏�2)
<latexit sha1_base64="x+sXIjQc6891g1md+w1PQFDE6TE=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLixJFXRZdOPOCvYBTSyT6bQdOpkJMxOhhIAbf8WNC0Xc+hPu/BsnbRZaPXDhcM693HtPEDGqtON8WYWFxaXlleJqaW19Y3PL3t5pKRFLTJpYMCE7AVKEUU6ammpGOpEkKAwYaQfjy8xv3xOpqOC3ehIRP0RDTgcUI22knr3nhUiPMGLJdVrxSKQoE/wuOa6lRz277FSdKeBf4uakDHI0evan1xc4DgnXmCGluq4TaT9BUlPMSFryYkUihMdoSLqGchQS5SfTH1J4aJQ+HAhpims4VX9OJChUahIGpjO7WM17mfif14314NxPKI9iTTieLRrEDGoBs0Bgn0qCNZsYgrCk5laIR0girE1sJROCO//yX9KqVd2Tau3mtFy/yOMogn1wACrABWegDq5AAzQBBg/gCbyAV+vRerberPdZa8HKZ3bBL1gf37Vsl4w=</latexit>

State	of	the	Art

Deterministic	variants

in	the	convex	setting

………

in	the	non-convex	setting



✔	Frank-Wolfe	Algorithm	(FW)

(Frank & Wolfe, 1956) (Jaggi, 2013)

(Lacoste-Julien, 2016)

O(✏�1)
<latexit sha1_base64="g3pVqYOnhzAfNzQvG+n8JXgDLFs=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLixJFXRZdOPOCvYBTSyT6bQdOpkJMxOhhIAbf8WNC0Xc+hPu/BsnbRZaPXDhcM693HtPEDGqtON8WYWFxaXlleJqaW19Y3PL3t5pKRFLTJpYMCE7AVKEUU6ammpGOpEkKAwYaQfjy8xv3xOpqOC3ehIRP0RDTgcUI22knr3nhUiPMGLJdVrxSKQoE/wuOXbTo55ddqrOFPAvcXNSBjkaPfvT6wsch4RrzJBSXdeJtJ8gqSlmJC15sSIRwmM0JF1DOQqJ8pPpDyk8NEofDoQ0xTWcqj8nEhQqNQkD05ldrOa9TPzP68Z6cO4nlEexJhzPFg1iBrWAWSCwTyXBmk0MQVhScyvEIyQR1ia2kgnBnX/5L2nVqu5JtXZzWq5f5HEUwT44ABXggjNQB1egAZoAgwfwBF7Aq/VoPVtv1vustWDlM7vgF6yPb7Pml4s=</latexit>

(lmo)	and	gradient	complexity

O(✏�2)
<latexit sha1_base64="x+sXIjQc6891g1md+w1PQFDE6TE=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLixJFXRZdOPOCvYBTSyT6bQdOpkJMxOhhIAbf8WNC0Xc+hPu/BsnbRZaPXDhcM693HtPEDGqtON8WYWFxaXlleJqaW19Y3PL3t5pKRFLTJpYMCE7AVKEUU6ammpGOpEkKAwYaQfjy8xv3xOpqOC3ehIRP0RDTgcUI22knr3nhUiPMGLJdVrxSKQoE/wuOa6lRz277FSdKeBf4uakDHI0evan1xc4DgnXmCGluq4TaT9BUlPMSFryYkUihMdoSLqGchQS5SfTH1J4aJQ+HAhpims4VX9OJChUahIGpjO7WM17mfif14314NxPKI9iTTieLRrEDGoBs0Bgn0qCNZsYgrCk5laIR0girE1sJROCO//yX9KqVd2Tau3mtFy/yOMogn1wACrABWegDq5AAzQBBg/gCbyAV+vRerberPdZa8HKZ3bBL1gf37Vsl4w=</latexit>

State	of	the	Art

Deterministic	variants

in	the	convex	setting

………

in	the	non-convex	setting

✔	Conditional	Gradient	Sliding	(CGS)

(Lan & Zhou, 2016)

use	accelerated	gradient	method

approximately	solve	projection	step	using	FW

O(✏�1)
<latexit sha1_base64="g3pVqYOnhzAfNzQvG+n8JXgDLFs=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLixJFXRZdOPOCvYBTSyT6bQdOpkJMxOhhIAbf8WNC0Xc+hPu/BsnbRZaPXDhcM693HtPEDGqtON8WYWFxaXlleJqaW19Y3PL3t5pKRFLTJpYMCE7AVKEUU6ammpGOpEkKAwYaQfjy8xv3xOpqOC3ehIRP0RDTgcUI22knr3nhUiPMGLJdVrxSKQoE/wuOXbTo55ddqrOFPAvcXNSBjkaPfvT6wsch4RrzJBSXdeJtJ8gqSlmJC15sSIRwmM0JF1DOQqJ8pPpDyk8NEofDoQ0xTWcqj8nEhQqNQkD05ldrOa9TPzP68Z6cO4nlEexJhzPFg1iBrWAWSCwTyXBmk0MQVhScyvEIyQR1ia2kgnBnX/5L2nVqu5JtXZzWq5f5HEUwT44ABXggjNQB1egAZoAgwfwBF7Aq/VoPVtv1vustWDlM7vgF6yPb7Pml4s=</latexit>

(lmo)

O(✏�1/2)
<latexit sha1_base64="lxNGbBw3+aVm9HonrwD+5gCsBqQ=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQF9akCrosunFnBfuAJpbJdNIOncyEmYlQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57/IgSqWz72ygsLC4trxRXS2vrG5tb5vZOS/JYINxEnHLR8aHElDDcVERR3IkEhqFPcdsfXWV++wELSTi7U+MIeyEcMBIQBJWWeua+G0I1RJAmN2nFxZEklLP75Ng5qaVHPbNsV+0JrHni5KQMcjR65pfb5ygOMVOIQim7jh0pL4FCEURxWnJjiSOIRnCAu5oyGGLpJZMvUutQK30r4EIXU9ZE/T2RwFDKcejrzuxmOetl4n9eN1bBhZcQFsUKMzRdFMTUUtzKIrH6RGCk6FgTiATRt1poCAVESgdX0iE4sy/Pk1at6pxWa7dn5fplHkcR7IEDUAEOOAd1cA0aoAkQeATP4BW8GU/Gi/FufExbC0Y+swv+wPj8AaS6mAA=</latexit>

(gradient)

in	the	convex	setting

in	the	non-convex	setting
we	provide	new	results



✔	Stochastic	FW	with	constant	batch	size (Mokhtari et al., 2018)

✔	Stochastic	FW (Hazan & Luo, 2016) (Reddi et al., 2016)

✔	Online	FW (Hazan & Kale, 2012)

✔	Stochastic	CGS (Lan & Zhou, 2016)

✔	SVRF	/	SVFW

✔	STORC (Hazan & Luo, 2016)

(Hazan & Luo, 2016) (Reddi et al., 2016)Variance	reduced	
based	on	SVRG {

<latexit sha1_base64="7jF/axiKQ50qck453cB+aS7CDO0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5zSjWk=</latexit>

(Johnson & Zhang, 2013)

State	of	the	Art

Stochastic	variants



CGM	with	SPIDER

SPIDER:	Stochastic	Path-Integrated	Differential	Estimator (Fang et al., 2018)

Lemma	(Variance	bound): EkrF (xk)� vkk2  L2

Sk
kxk � xk�1k2 + krF (xk�1)� vk�1k2

 (LD⌘k)2

Sk
+ krF (xk�1)� vk�1k2

<latexit sha1_base64="lSrb4U3TyZv8SjYk6dYMrab6doA="></latexit>

vk = rSk(x
k)�rSk(x

k�1) + vk�1
<latexit sha1_base64="vyUsp90aUBBebZ+tjIxG8fiPtbI="></latexit>

we	introduce	SPIDER-FW
best	known	rates	in	the	non-convex	setting

O(
p
n✏�2)

<latexit sha1_base64="z1rWY9xSRzT5YUY8gxXZDbhsvBM="></latexit>

O(✏�2)
<latexit sha1_base64="l24AWzAKbKYP0AAwcHHCfo+iTDg=">AAACA3icdVDLSgMxFM3UV62vqjvdBItQFw7pA8fuim7cWcE+oB1LJs20oZnMkGSEMhTc+CtuXCji1p9w59+YPgQVPXDhcM693HuPF3GmNEIfVmphcWl5Jb2aWVvf2NzKbu80VBhLQusk5KFseVhRzgSta6Y5bUWS4sDjtOkNzyd+85ZKxUJxrUcRdQPcF8xnBGsjdbN7nQDrAcE8uRznOzRSjIfiJjkujo+62RyyTyqVUsmByEalsuOgKSmWkQMLNpoiB+aodbPvnV5I4oAKTThWql1AkXYTLDUjnI4znVjRCJMh7tO2oQIHVLnJ9IcxPDRKD/qhNCU0nKrfJxIcKDUKPNM5uVj99ibiX1471v6pmzARxZoKMlvkxxzqEE4CgT0mKdF8ZAgmkplbIRlgiYk2sWVMCF+fwv9Jo2gXSnbxqpyrns3jSIN9cADyoAAcUAUXoAbqgIA78ACewLN1bz1aL9brrDVlzWd2wQ9Yb58hRZfW</latexit>

O(✏�3)
<latexit sha1_base64="2x0zz1C5YYR19hCQMN0SeQAO7o0=">AAACA3icdVDLSgMxFM3UV62vqjvdBItQFw6ZTnHsrujGnRXsA9paMmnahmYyQ5IRylBw46+4caGIW3/CnX9j+hBU9MCFwzn3cu89fsSZ0gh9WKmFxaXllfRqZm19Y3Mru71TU2EsCa2SkIey4WNFORO0qpnmtBFJigOf07o/PJ/49VsqFQvFtR5FtB3gvmA9RrA2Uie71wqwHhDMk8txvkUjxXgobpJjd3zUyeaQfVIqua4HkY3couehKSkUkQcdG02RA3NUOtn3VjckcUCFJhwr1XRQpNsJlpoRTseZVqxohMkQ92nTUIEDqtrJ9IcxPDRKF/ZCaUpoOFW/TyQ4UGoU+KZzcrH67U3Ev7xmrHun7YSJKNZUkNmiXsyhDuEkENhlkhLNR4ZgIpm5FZIBlphoE1vGhPD1Kfyf1Aq249qFq2KufDaPIw32wQHIAwd4oAwuQAVUAQF34AE8gWfr3nq0XqzXWWvKms/sgh+w3j4BIsuX1w==</latexit>

(finite-sum)(expectation)

(sfo)
(lmo) O(✏�2)

<latexit sha1_base64="l24AWzAKbKYP0AAwcHHCfo+iTDg=">AAACA3icdVDLSgMxFM3UV62vqjvdBItQFw7pA8fuim7cWcE+oB1LJs20oZnMkGSEMhTc+CtuXCji1p9w59+YPgQVPXDhcM693HuPF3GmNEIfVmphcWl5Jb2aWVvf2NzKbu80VBhLQusk5KFseVhRzgSta6Y5bUWS4sDjtOkNzyd+85ZKxUJxrUcRdQPcF8xnBGsjdbN7nQDrAcE8uRznOzRSjIfiJjkujo+62RyyTyqVUsmByEalsuOgKSmWkQMLNpoiB+aodbPvnV5I4oAKTThWql1AkXYTLDUjnI4znVjRCJMh7tO2oQIHVLnJ9IcxPDRKD/qhNCU0nKrfJxIcKDUKPNM5uVj99ibiX1471v6pmzARxZoKMlvkxxzqEE4CgT0mKdF8ZAgmkplbIRlgiYk2sWVMCF+fwv9Jo2gXSnbxqpyrns3jSIN9cADyoAAcUAUXoAbqgIA78ACewLN1bz1aL9brrDVlzWd2wQ9Yb58hRZfW</latexit>

(ifo)
(lmo)
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convex non-convex

finite-sum expectation finite-sum expectation

(ifo) (lmo) (sfo) (lmo) (ifo) (lmo) (sfo) (lmo)

FW O(n✏�1) O(✏�1) - - O(n✏�2) O(✏�2) - -

CGS O(n✏�1/2) O(✏�1) - - O(n✏�2) O(✏�2) - -

SFW O(✏�3) O(✏�1) O(✏�3) O(✏�1) O(✏�4) O(✏�2) O(✏�4) O(✏�2)

SFW-1 O(✏�3) O(✏�3) O(✏�3) O(✏�3) - - - -

Online-FW O(✏�4) O(✏�2) O(✏�4) O(✏�2) - - - -

SCGS O(✏�2) O(✏�1) O(✏�2) O(✏�1) O(✏�4) O(✏�2) O(✏�4) O(✏�2)

SVRF / SVFW O(n ln(✏�1) + ✏
�2) O(✏�1) - - O(n+ n

2/3
✏
�2) O(✏�2) O(✏�10/3) O(✏�2)

STORC†
O(n ln(✏�1) + ✏

�3/2) O(✏�1) - - - - - -

SPIDER-FW O(n ln(✏�1) + ✏
�2) O(✏�1) O(✏�2) O(✏�1) O(n1/2

✏
�2) O(✏�2) O(✏�3) O(✏�2)

SPIDER-CGS O(n ln(✏�1) + ✏
�2) O(✏�1) O(✏�2) O(✏�1) O(n1/2

✏
�2) O(✏�2) O(✏�3) O(✏�2)

Table 1: Comparison of conditional gradient methods for stochastic optimization. Contribution of this work is highlighted with blue font.
See Section 6 for more details.
FW (Frank & Wolfe, 1956; Jaggi, 2013) , CGS (Lan & Zhou, 2016) , SFW (Hazan & Luo, 2016; Reddi et al., 2016) , SFW-1 (Mokhtari et al., 2018) , Online-FW (Hazan &
Kale, 2012) , SCGS (Lan & Zhou, 2016) , SVRF / SVFW (Hazan & Luo, 2016; Reddi et al., 2016) , STORC (Hazan & Luo, 2016)

Defazio et al. (2014). However, we omit SAGAFW be-
cause there is an issue in the analysis of this method (while
telescoping Eq.(14), in page 1249).

Qu et al. (2018) show the convergence rate for special in-
stances of CGS and SCGS in the non-convex setting. How-
ever, they consider a different convergence criterion based
on a proximal gradient mapping rather than the conventional
FW-gap. Consequently, their results are incomparable with
the rest of the literature. For the fact that we are running a
projection-free method, the FW-gap is a more natural choice
than the projection/proximal gradient norm.

We provide a parameter setting and a compact proof for
CGS and SCGS in the supplemental material. Note however
this setting simply gets the same guarantees as FW and SFW
respectively. Whether or not CGS can provide improved
oracle complexities compared to FW in the non-convex
setting, is an open problem.

For the non-convex setting, SPIDER-FW and SPIDER-CGS
have the same oracle complexities, superior to SVRF (which
is the state-of-the-art to our knowledge) for finite-sum and
expectation minimization problems.

6.3. Results from Concurrent Works

By the time we prepared this manuscript, the idea of com-
bining SPIDER with the FW analysis was not explored yet.
However, stochastic variance reduction methods and FW-
type algorithms are both very active research fields. In this
part, we discuss some results from a few concurrent works
that appeared after we submitted our paper for review.

The recent work by Shen et al. (2019) is very closely related
to our approach. They propose a class of methods based on
the CGM and various variance reduction techniques for the
non-convex finite-sum setting, including the SPIDER-FW.
Besides, they also propose extensions that use second-order
approximations. Finally, they provide simulation studies to
compare empirical performance of different variants. We
refer to this paper for a numerical comparison.

Hassani et al. (2019) introduce a novel variance reduced
CGM method, but their work focuses primarily on the sub-
modular maximization. Accordingly, they consider a more
general expectation minimization template (the so-called
non-oblivious setting) where the probability distribution de-
pends on the decision variable x and may change during the
optimization procedure. Therefore, the proposed method
requires some further assumptions and modifications involv-
ing computations with the Hessian approximation. Finally,
Zhang et al. (2019) consider a stochastic CGM approach
with SPIDER in the distributed and quantized settings.

7. Concluding Remarks

We have proposed two novel FW-type methods based on the
idea of blending the recent variance reduction technique SPI-
DER into FW and CGS frameworks. We have shown that
the resulting methods enjoy superior oracle complexities in
various convex and non-convex optimization templates. Ex-
tension of our framework for the strongly convex case is left
open. Developing a well-tuned implementation, including
one that incorporates parallel optimization, is an important
piece of future work.

Comparison


