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Planning in LQRs

o Policy:  z:x,— u,

< Optimal policy stabilizes the system in minimum
COSt.

~ For infinite horizon:  7*(x) = Kx

o

Dimitri P. Bertsekas, Dynamic Programming and Optimal Control, 2005.



| earning in LQRS

Goal: minimize the regret

' 4 Environment [ |

T T
R, = Z cost(Alg) — mlgn Z cost,(K)

=1 =1

Abbasi-Yadkori and Szepesvari, 2011
w lorahimi et al., 2012

Faradonbeh et al., 2017

Quyang et al., 2017

Abellle and Lazaric, 2017, 2018
Dean et al. 2018, 2019



Our Result

< First poly-time algorithm for online learning of linear-quadratic control systems with 5(ﬁ)
regret.

< Resolve an open guestion of Abbasi-Yadkori and Szepesvari (2011) and Dean, Mania,
Matni, Recht, and Tu (2018).
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Our Result
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Regret Efficient

Abbasi-Yadkori and exn(dn/T
Szepesvari, 2011 P )\/_
brahimi et al., 2012 poly(d)\/T
Dean et al., 2018 poly(d)T*?

Ours poly(d)/T

* Recent paper by Mania et al., 2019 can be used to derive a result similar to ours.



Solution Technigues

Explore-then-Exploit (Dean et al., 2018)

Execute K, +
(Gaussian noise

u, = Kyx, + /V(O, 821)



Solution Techniques

Explore-then-Exploit (Dean et al., 2018)

Execute K, + — Model Estimation
Gaussian noise (Astréom, 1968)

= Kyx, + (0, €21) (A B) = arg 5313 Z IAX, + Bu, — x,, ||




Solution Techniques

Explore-then-Exploit (Dean et al., 2018)

T
=1
Execute K, + |G \0dc| Estimation [N Solve Mode!
(Gaussian noise (,&strc'jm, 1968) 2l IHIOTS

= Kyx, + (0, 1) (A B) = arg 511131; Z IAx, + Bu, — X, 117




Solution Techniques

Explore-then-Exploit (Dean et al., 2018)

T
=1 e
Execute K, + o Model Estimation
Gaussian noise (Astrém, 1968)

2/3
= Kyx, + A/(O, 52]) (A B) = arg glnBI; Z |Ax, + Bu, — xt+1||2 RT — O(T )
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Optimism in the Face of Uncertainty (Abbasi-Yadkori and Szepesvari, 2011)

) Find Optimistic
Policy

m,=arg min J, g(7)
7, (A B)EO,



Solution Techniques

Optimism in the Face of Uncertainty (Abbasi-Yadkori and Szepesvari, 2011)

_ﬂ Find Optimistic
e Policy e Execute

m,=arg min J, g(7)
7, (A B)EO,




Solution Techniques

Optimism in the Face of Uncertainty (Abbasi-Yadkori and Szepesvari, 2011)

) Find Optimistic

m=arg min J, p(7) (x,, 1)

7, (A B)EO,
Update version
space




Solution Techniques

Optimism in the Face of Uncertainty (Abbasi-Yadkori and Szepesvari, 2011)

Find O tlmlstlc T
Optimistic In the sense that:

min J, 5 (7) < J(77%).
L Gty % A Beo, P

- Update version
T | space

T, = min  J, g)(7)
ﬂ' (A B)eO,




Solution Techniques

Optimism in the Face of Uncertainty (Abbasi-Yadkori and Szepesvari, 2011)

Find O tlmlstlc C

min J, 5 (7) < J(77%).
(X, 14;) 7, (A B)EO, 4 B)

- Update version
- | space

@9(A B

T,=a min  J, g)(7)
ﬂ' (A B)eO,

Caveat: J, z(7) not convex in
policy parameters.



Convex (SDP) Formulation

Cohen et al., 2018

Steady-

T .
: : state covariance

Convex re-parameterization: Y = [E [(x ) (x ) ] . matrix
U U

> > LQ Control:

> = (ZX’C qu) X1 =AX+ B, u+w,
ux. ul ¢, =x, Ox, + u' Ru,



Convex (SDP) Formulation

Cohen et al., 2018

Steady-

T :
Convex re—parameterization: Y — [F [(X ) (X ) ] . Statercr;\c;c,reil)r(lance
U U
min 2 e (Q O)
>>0 0 R
S.1. Zxx — (A* B*) 2 (A* B*)T + W.
3 5 LQ Control:
Lemma K — ZMXZ;Xl IS Optlma‘ for LQR P— (Zxx qu> Apl = A*xz+B*ut+ W,
Ux uu C, = xtTth + utTRut



Intuition for Our Algorithm



thm
orl

Alg

for Our

tion

Nty




Intuition for Our Algorithm
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Intuition for Our Algorithm

_

O(log T) 0(10g T) 0(10g T)

O(logT) epochs with high probability.

O (\/T) regret in total.



Intuition for Our Algorithm

Warm Start

0G/T)

O(log T) 0(10g T) 0(10g T)

O(logT) epochs with high probability.

O (\/T) regret in total.



Our Algorithm: OSLO (i)

o After warm start: ||(Ag By) — (A, B,)||% < O(l/ﬁ) .

L RS :
- Maintain: 'V, = Al + 7 Z z.z,, where z, = (u) .

\)

s=1

<~ Run In epochs:

~ Compute K, using a semidefinite program. M

- Execute fixed K, during epoch.

~ Epoch ends when det(V,) is doubled.



Our Algorithm: OSLO (ii)

At epoch start:

- Estimate A,, B, from past observations

| 1 —1
(A, B) = arg min D IA Byz, — x>+ All(A B) — (4 By)lI?

s=1

Replaces hard

- Compute optimistic policy by solving Sroblem in Abbasi-Yadkori &

Szepesvari

2., = arg min Z-(Q O)
> >() O R

st T, > (A4 B)SA B) +W—uEeV,

R e

f)]

2o X
2= XX XU
o Output: K, = (), (25 <2ux zuu)



Parameter Estimation

Lemma (Abbasi-Yadkori and Szepesvari, 2011)

Let A, = (A, B) — (A, B,). With high probability tr(A,V,A) < 1.

NOrm

HVtH — ®(t)
1Al = ©(1/4/1)

T '
“A‘mOSt” .the regret — Z HAtH — O(ﬁ) (disregarding switches

and warm start)

=1



MDP vs. LQR: Boundedness of States

Unlike In MDPs states may be unbounded.
» Low probabillity If K is stable, but may have unpredictable effect on expectation.
» System may destabilize when switching between policies too often.

> Main technigue:

» Generate “sequentially stable” policies.

- Keep states bounded with high probability:  ||x/|| S E\/d log7T w.h.p
Y



Summary

- First efficient algorithm for learning LQRs with 5(\/?) regret.

> Solved open problem.

> Shown connection between MAB, RL, control and convex optimization.

> Open Problems:
> No lower bound!

~ Evidence that the correct rate is O(log T) (Mania et al., 2019) .
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