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Online Learning

Adversary

| earner chooses an action a; € A

Can be i.i.d or

Adversary reveals loss (or reward) ¢y € W adversarial

7—‘

a*e A

R(n) = Zﬁt(at) — min Zét(at)

The learner's objective Is to minimize Regret
3
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Multi Armed Bandits

| earner chooses

a; € {1, K}

PQ. |
U

Gets reward

1 He 3 Aa; ~ Lo,
R(n) = max npu., —E Xa,
( ) a*E{la”’K} _; ]

MABYesret R(n) = O(y/Knlog(n))

[Auer et al. 2002]
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| earner chooses an action a; € A C R

Adversary's loss £¢(a) = (ws,a) for wy € W C R®

Can be i.i.d or

| earner only experiences{w¢, at) vercart

Expected regret:

R(n)=E Z(wt,at> — inf Y (wy,a)

et A={en, o ieat,  W=[0,1)

B —
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Exponential welghts for adversarial linear bandits

For i = Lo R

Sample mixture a: ~ pr = (B=)ge| + v
——— ~~

Exploitation  Exploration

See (Wi, az)
Build loss estimator Wy

Update Qt(a) X eXP(—77<?Dt, a>)Qt—1(CL)
e

Exponential weights
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Unbiased estimator of the loss

Let Zt _ <1:a,r\th [CLCL

W 1S an unblased estimator of We

]Eatht [wt’Ft—l] —

(anpt |
(EaNpt _

aa

Wy

aa

)
)

and set fy = (Et)_l a(We, Q)

as~pe [t (Wi, ag)| Fi_1]

.
at~pi [atat \ft—l} Wi



Linear bandits regret

Theorem. (Linear Bandits Regret).

[See for example Bubeck ‘| |]

log(|A - .
R(n) < vn - Ogﬂl ) S EE oy (0, 0))
t—=1

Exploration over Barycentric Spanner, [Dani, Hayes, Kakade '08]

O(dy/nlog(|A])) = O(d**v/n)

Uniform over A [Cesa-Bianchi, Lugosi, ' 2]

O(v/dnlog(|A[)) = O(dv/n)

John's distribution [Bubeck, Cesa-Bianchi, Kakade ' | 2]

O(dv/n)
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* Intro to Online Learning

* | inear Bandits

e Kernel Bandits



Online Quadratic losses

ar € A={a s.t. |alz <1}
Bt Symmetric and

ft(a) _ <bt CL> oL CLTBta possibly non convex
D )

min ¢;(a)

ac A

Offline problem has
polytime solution

Strong Duality

22962—-5*y2+£€*y—.5*:13+.5y+1

Niladri Chatteni



Linearization of Quadratic losses

vector

{(a) = (bi,a) + a Bia » Ha) = <<§tt> (aZT>>

We can use the linear bandits machinery

. | , matrices
Quadratic losses are linear in the space of

Exponential weights for quadratic bandits



Exponential weights for adversarial quadratic bandits

“or U= Jiy e

Sample mixture atr ~pr = (1 —7)g: + v
S— ~—

Exploitation  Exploration

See <bt, CLt> -+ &:Bta/t

| | B
Build loss estimator (13:)

Update qr(a) o eXp(—U(@t, a) + aTBta))qt_l(a)
_—

Exponential weights

Sampling is poly time



Beyond “Finite Dimensional™ Losses

Evasion games:

Obstacle avoidance

li(a) = exp(—|la — we||*)
Gaussian kernel - Infinite dimensional



Space of Quadratics as a

Reproducing Kernel Hilbert Space

Feature map - Dot product
r— P(x) eR Kz, y) = (2(z), 2(y))

The Reproducing Kernel
Hilbert Space Hx of IC

Quadratics losses lie 5
n an RKHS K(z,y) = (z,y) + ((z,9))
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Kernel Bandits

f ¢¢ € Hixc can we leverage linearity?

Main challenge:

Dimension of Hx might be infinite.

Naive Linear regret O(y/dnlog(|A|))

Kernel spaces are “small”
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Pretend it was

lCm (wt7 Clt)
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Kernel functions are “small’

Kemel function evaluations can be uniformly approximated by a small
' number of basis functions. '

Mercer’s Theorem

There exist functions {®:}is=1 and nonnegative values {4 }i=1 such that:

K(z,y) = ZM@(@%(?J) Ve, y € A X A

2|
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Figendecay
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tigendecay

Sobolev Kernel

Gaussian Kernel
K(z,y) = exp(—|z — y|*)

K(z,y) = min(z, y)

Exponermal decay Polynom|a| decay

pi < Ce™ & —
/ /// o 2T
{¢;(x)} = {sin(jmz), cos(jmz)} /’ L .= (@) T N ( 2 )
p ~e log(s) Hj = j2

L



Construction of a finite dimensional Proxy Kernel

Figenfunctions {#:}2; with eigenvalues {i}iZ1

K(z,y) = qubz-(x)cbi(y)
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Construction of a finite dimensional Proxy Kernel

Figenfunctions {#:}2; with eigenvalues {i}iZ1

= Zm@(xw (y)

runcate at2 = m

Deterministic Proxy Kernel

KO (x, y) ZM&L

Building proxy Kernel with samples
Kernel PCA

23
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Exponential welghts for adversarial kernel bandits

A

Build Ko (z,y) = (P (), P (y)) from P

SOl 16 = R

Sample mixture at ~ Pt = I=)a +
e =

Exploitation  Exploration

See K(we, at)

Build loss estimator w;

Update g¢(a) o< exp(—n{ws, Ppy(a)))qi—1(a)

Exponential weights
Sampling might not be poly time
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Blased |loss estimates

Let S = Eanp, [®m(a)®m(a)"] and set fg = K(ag, y:) ((Zg,))_lq’m(at))

W 1S blased:

Eo,np, [We|Fio1] = E [K(atayt) ((27(7?)_1(1’77@(%))

Fia

=P (yt) + E (K(atayt) =y ’Cm(atayt)) ((Z%))_lq’m(at)z Fi1

\ .

=:£+, the bias

25



Kernel Bandits Regret

Expected regret

R(n) =E — ’
(n) Z/C(wt,at) 523 K(wy, a™)
| t=1 — -
&t bias
Theorem.
2en 1
R(n) < 2yn + nmn - F2en 4+ — log(|.Al).

7] 7]
| —
Bias variance

/Cm same vs JC game
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Kernel Bandits Regret

Corollary.

1 Polynomial Decay. p; < Cj=F and 8 > 2:

R(n) < QO (lOg(|A|) 2(65__21) nz(ﬁﬁ_l))

2 Ezponential Decay. p; < Ce=Pi.

R(n) < O (/og(JA]) log(m)n)

Ll



Experiments

Bandit Regret for Quadratic with linear term d = 2 Bandit Regret for Gaussian Kernel d = 2
't 20 N =
0.08 1 -
0.07
15
0.06
= 0.05- o
S 2 10
3 0.04 5
< T
0.03 1
4 5 -
0027 —Egrex m— Regret
0.011 - Fitted curveg(x) = axt o, Fitted curve g(x) = ax"™ + ¢
0.00 Wit w= 053 O 7 with w = 0.65
0 20 40 60 80

0 50 100 150 200
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L ower Bound

5 T~V
rxa(®) L NYD

p; < Cexp(—037j) -~ /\/\/\

1/2 : A ={(4;)721 s-t. |4;| =1Vj}
Rn Z Q (TL ) . W = {(w;);2: s.b. |wj| = p; Vi}

i



Final thoughts

Thanks for your attention
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