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2 Robert A. Bridges

Problem

so    

• Regression: Given recover  

• Sensitivity Analysis: Which coordinate directions matter?

Can we reduce dimension of input space to make this easier? 

f : Rn �! R
<latexit sha1_base64="aFtU5s54ClA4/zk1qQGhXuAsPUw=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiRVUFwV3bisYh/QxDKZTtKhk5kwM1FK6D+48VfcuFDErRt3/o2TtovaeuDC4Zx7ufeeIGFUacf5sRYWl5ZXVgtrxfWNza1te2e3oUQqMaljwYRsBUgRRjmpa6oZaSWSoDhgpBn0r3K/+UCkooLf6UFC/BhFnIYUI22kjn0cXkAvRroXBNnt8J5DjwkeSRr1NJJSPE6ZHbvklJ0R4DxxJ6QEJqh17G+vK3AaE64xQ0q1XSfRfoakppiRYdFLFUkQ7qOItA3lKCbKz0Y/DeGhUbowFNIU13CkTk9kKFZqEAemM79QzXq5+J/XTnV47meUJ6kmHI8XhSmDWsA8INilkmDNBoYgLKm5FeIekghrE2PRhODOvjxPGpWye1Ku3JyWqpeTOApgHxyAI+CCM1AF16AG6gCDJ/AC3sC79Wy9Wh/W57h1wZrM7IE/sL5+AZAanpw=</latexit>

C1
<latexit sha1_base64="RTR1E8feCZOFeHjWrTzGDd0J3ek=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lqQY/FXjxWMG2hjWWz3bRLN5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzgoQzpR3n2yptbG5t75R37b39g8OjyvFJR8WpJNQjMY9lL8CKciaop5nmtJdIiqOA024wbeV+94lKxWLxoGcJ9SM8FixkBGsjea1H17aHlapTcxZA68QtSBUKtIeVr8EoJmlEhSYcK9V3nUT7GZaaEU7n9iBVNMFkise0b6jAEVV+tjh2ji6MMkJhLE0JjRbq74kMR0rNosB0RlhP1KqXi/95/VSHN37GRJJqKshyUZhypGOUf45GTFKi+cwQTCQztyIywRITbfLJQ3BXX14nnXrNvarV7xvV5m0RRxnO4BwuwYVraMIdtMEDAgye4RXeLGG9WO/Wx7K1ZBUzp/AH1ucPJIuNlg==</latexit>

f(x1, ..., xn) 2 R
<latexit sha1_base64="lcV+qd3fdZ1W1d3KOChSXEn8Dak=">AAACCnicbVDLSsNAFJ34rPEVdelmtAgVSkiqoMuiG5dV7AOaECbTSTt0MgkzE2kJXbvxV9y4UMStX+DOvzFps9DWAxcO59zLvff4MaNSWda3trS8srq2XtrQN7e2d3aNvf2WjBKBSRNHLBIdH0nCKCdNRRUjnVgQFPqMtP3hde63H4iQNOL3ahwTN0R9TgOKkcokzzgKKiPPrkLTNKtw5PFT6FAOnRCpge+ndxNd94yyZVpTwEViF6QMCjQ848vpRTgJCVeYISm7thUrN0VCUczIRHcSSWKEh6hPuhnlKCTSTaevTOBJpvRgEImsuIJT9fdEikIpx6GfdeY3ynkvF//zuokKLt2U8jhRhOPZoiBhUEUwzwX2qCBYsXFGEBY0uxXiARIIqyy9PAR7/uVF0qqZ9plZuz0v16+KOErgEByDCrDBBaiDG9AATYDBI3gGr+BNe9JetHftY9a6pBUzB+APtM8fqeqXug==</latexit>

f
<latexit sha1_base64="wUc+fAjS1jilnSb0Mskg+mhbyb0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6CEv9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzH+lCrDmcBZqZdqTCgb0yF2LZU0Qu1P55fOyJlVBiSMlS1pyFz9PTGlkdaTKLCdETUjvexl4n9eNzXhtT/lMkkNSrZYFKaCmJhkb5MBV8iMmFhCmeL2VsJGVFFmbDhZCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/AMCNAg==</latexit>

{(xi, f(xi),rf(xi))}i
<latexit sha1_base64="A97mMi7RHVadc8P/AQaTP6PSUUU=">AAACLHicbVDLSsNAFJ34rPUVdelmsAgtlJJUQZfFblxWsA9oQphMJ+3QySTMTMQS+kFu/BVBXFjErd/hpM2ith4YOHPOvdx7jx8zKpVlzYyNza3tnd3CXnH/4PDo2Dw57cgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXHzczv/tEhKQRf1STmLghGnIaUIyUljyz6aSwDJ0QqZEfpM9Tj1ZhUF7+V6rQ4chnaFWHFQgdTYqeWbJq1hxwndg5KYEcLc98dwYRTkLCFWZIyr5txcpNkVAUMzItOokkMcJjNCR9TTkKiXTT+bFTeKmVAQwioR9XcK4ud6QolHIS+roy21auepn4n9dPVHDrppTHiSIcLwYFCYMqgllycEAFwYpNNEFYUL0rxCMkEFY63ywEe/XkddKp1+yrWv3hutS4y+MogHNwAcrABjegAe5BC7QBBi/gDXyCmfFqfBhfxveidMPIe87AHxg/vzO3plI=</latexit>
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New Approach: Active Manifolds
Intuition: Standing at in domain of    

• There are directions one can 
step without changing    .

• There is one, special direction,
in which    changes maximally! 

Level sets (orange) and  
gradient vector field (blue)
tangent to an active 
manifold at every point.   

f(x, y) = x

3 + y

3 + 0.2x+ 0.6y
<latexit sha1_base64="LV39VOZSe5ifEjHz8H7vZ4WZAI8=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCEVgaKkRcCCVMHCWCT6kNpQOa7TWnUesh3UKOrMwq+wMIAQK1/Axt/gphmg5Uj2PTrnXtn3OCGjQprmt5ZbWFxaXsmvFtbWNza39O2dhggijkkdByzgLQcJwqhP6pJKRlohJ8hzGGk6w+uJ33wgXNDAv5NxSGwP9X3qUoykkrr6vlsancD4CF7C0X0FHsM4vU2jPErLWdzVi6ZhpoDzxMpIEWSodfWvTi/AkUd8iRkSom2ZobQTxCXFjIwLnUiQEOEh6pO2oj7yiLCTdJUxPFRKD7oBV8eXMFV/TyTIEyL2HNXpITkQs95E/M9rR9K9sBPqh5EkPp4+5EYMygBOcoE9ygmWLFYEYU7VXyEeII6wVOkVVAjW7MrzpFE2rIpRvj0tVq+yOPJgDxyAErDAOaiCG1ADdYDBI3gGr+BNe9JetHftY9qa07KZXfAH2ucPthGV0w==</latexit>

x0
<latexit sha1_base64="+OQyG4UGIFcbTr7tx6QJMAY0AzY=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWaqoMuiG5cV7AM6Q8mkmTY0kxmSjFiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtMbnO/+8iU5rF8MNOE+REZSR5ySoyVPC8iZhyE2dPAmQ2qNafuzIFXiVuQGhRoDapf3jCmacSkoYJo3XedxPgZUYZTwWYVL9UsIXRCRqxvqSQR0342zzzDZ1YZ4jBW9kmD5+rvjYxEWk+jwE7mGfWyl4v/ef3UhNd+xmWSGibp4lCYCmxinBeAh1wxasTUEkIVt1kxHRNFqLE1VWwJ7vKXV0mnUXcv6o37y1rzpqijDCdwCufgwhU04Q5a0AYKCTzDK7yhFL2gd/SxGC2hYucY/gB9/gApv5HD</latexit>

f
<latexit sha1_base64="aj1VrWgqSrqkgqJ/bLgtsTmRK/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzD+M7g==</latexit>

n� 1
<latexit sha1_base64="OS3fVCOeLFpawhwhTXBFK78g4B4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3Xu9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO8vy7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AGxuY1o</latexit>

rf(x0)
<latexit sha1_base64="gO5Yw6xHk1VpM4IWyVjRKFd4UjY=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxC3ZSkCrosunFZwT6gKeVmOmmHTiZhZiKW2IW/4saFIm79DXf+jZM2C209MHA4517umePHnCntON/W0vLK6tp6YaO4ubW9s2vv7TdVlEhCGyTikWz7oChngjY005y2Y0kh9Dlt+aPrzG/dU6lYJO70OKbdEAaCBYyANlLPPvQE+BxwUPZC0EM/SB96zuS0Z5ecijMFXiRuTkooR71nf3n9iCQhFZpwUKrjOrHupiA1I5xOil6iaAxkBAPaMVRASFU3neaf4BOj9HEQSfOExlP190YKoVLj0DeTWUg172Xif14n0cFlN2UiTjQVZHYoSDjWEc7KwH0mKdF8bAgQyUxWTIYggWhTWdGU4M5/eZE0qxX3rFK9PS/VrvI6CugIHaMyctEFqqEbVEcNRNAjekav6M16sl6sd+tjNrpk5TsH6A+szx8k2JWJ</latexit>

f
<latexit sha1_base64="aj1VrWgqSrqkgqJ/bLgtsTmRK/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzD+M7g==</latexit>

f
<latexit sha1_base64="aj1VrWgqSrqkgqJ/bLgtsTmRK/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzD+M7g==</latexit>

Regression Algorithm Idea: 
• Use gradient ascent/descent to

walk up/down hill and record values
of   —an active manifold.

• To approximate            walk along a
level set to the active manifold.

f(x0)
<latexit sha1_base64="yUHUKiU7ZBbruvYW/okbsilNEHA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuilJFXRZdOOygn1AG8pkOmmHTiZhZiLW0C9x40IRt36KO//GSZuFth4YOJxzL/fM8WPOlHacb6uwtr6xuVXcLu3s7u2X7YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3mdx6oVCwS93oaUy/EI8ECRrA20sAuB9V+iPXYD9LHgTM7G9gVp+bMgVaJm5MK5GgO7K/+MCJJSIUmHCvVc51YeymWmhFOZ6V+omiMyQSPaM9QgUOqvHQefIZOjTJEQSTNExrN1d8bKQ6Vmoa+mcxCqmUvE//zeokOrryUiTjRVJDFoSDhSEcoawENmaRE86khmEhmsiIyxhITbboqmRLc5S+vkna95p7X6ncXlcZ1XkcRjuEEquDCJTTgFprQAgIJPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAyS5LJ</latexit>

f
<latexit sha1_base64="aj1VrWgqSrqkgqJ/bLgtsTmRK/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzD+M7g==</latexit>
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f1(x, y) = e

y�x

2

<latexit sha1_base64="l8Dc2qwjo9zu8ZtJHcI5xf2gpi0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFLUgXdCEU3LivYB7RpmUwn7dDJJMxMpCFk46+4caGIWz/DnX/jtM1CWw9cOJxzL/fe44aMSmVZ30ZuaXlldS2/XtjY3NreMXf3GjKIBCZ1HLBAtFwkCaOc1BVVjLRCQZDvMtJ0R7cTv/lIhKQBf1BxSBwfDTj1KEZKSz3zwOvZpfEpjE/gNSTdJIZncNytpD2zaJWtKeAisTNSBBlqPfOr0w9w5BOuMENStm0rVE6ChKKYkbTQiSQJER6hAWlrypFPpJNMH0jhsVb60AuELq7gVP09kSBfyth3daeP1FDOexPxP68dKe/KSSgPI0U4ni3yIgZVACdpwD4VBCsWa4KwoPpWiIdIIKx0ZgUdgj3/8iJpVMr2eblyf1Gs3mRx5MEhOAIlYINLUAV3oAbqAIMUPINX8GY8GS/Gu/Exa80Z2cw++APj8wc4+pQ/</latexit>

f2(x, y) = x

2 + y

2
<latexit sha1_base64="RaiMbnUuFY8hDaXXLx9zwVsucO4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCRSlJFHQjFN24rGAf0KZhMp3UoZNJmJlIYyn+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1+zKhUlvVt5BYWl5ZX8quFtfWNzS1ze6cuo0RgUsMRi0TTR5IwyklNUcVIMxYEhT4jDb9/PfYbD0RIGvE7lcbEDVGP04BipLTkmXuB55QGJ+kRvISDjgOPYdpxPLNola0J4DyxM1IEGaqe+dXuRjgJCVeYISlbthUrd4iEopiRUaGdSBIj3Ec90tKUo5BIdzi5fgQPtdKFQSR0cQUn6u+JIQqlTENfd4ZI3ctZbyz+57USFVy4Q8rjRBGOp4uChEEVwXEUsEsFwYqlmiAsqL4V4nskEFY6sIIOwZ59eZ7UnbJ9WnZuz4qVqyyOPNgHB6AEbHAOKuAGVEENYPAInsEreDOejBfj3fiYtuaMbGYX/IHx+QPARZLV</latexit>

Examples & Regression Results 
f3(x, y) = x

3 + y

3

+ 0.2x+ 0.6y
<latexit sha1_base64="/5k86uKlVEk4csXskASsU7wZ6lc=">AAACEXicbVDLSgMxFM3UV62vUZdugsVSqQwzragboejGZQX7gM44ZNJMG5p5kGSkQ+kvuPFX3LhQxK07d/6N6WOhrQeSezjnXpJ7vJhRIU3zW8ssLa+srmXXcxubW9s7+u5eQ0QJx6SOIxbxlocEYTQkdUklI62YExR4jDS9/vXYbz4QLmgU3sk0Jk6AuiH1KUZSSa5e9N1KsTA4gekxvISD+woswVTdtp0rlKBplAdwXM5SV8+bhjkBXCTWjOTBDDVX/7I7EU4CEkrMkBBty4ylM0RcUszIKGcngsQI91GXtBUNUUCEM5xsNIJHSulAP+LqhBJO1N8TQxQIkQae6gyQ7Il5byz+57UT6V84QxrGiSQhnj7kJwzKCI7jgR3KCZYsVQRhTtVfIe4hjrBUIeZUCNb8youkUTasilG+Pc1Xr2ZxZMEBOARFYIFzUAU3oAbqAINH8AxewZv2pL1o79rHtDWjzWb2wR9onz9vq5e5</latexit>

Result: AM exhibits 
order(s) of magnitude 
less L1 and L2 average 
error and error variance 
than AS. 
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Mathematical Foundation & Pseudo-Algorithm Presented
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Sensitivity Analysis for MHD Generator 
(Following Glaws et al. 2017)

Induced magnetic field model
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<latexit sha1_base64="X5Omn0lwj2dVWFX34cRpKJShtLs="></latexit>

Parameters & ranges:

Result
AM allows visualization to see 

parameter influence throughout 
the active manifold: 
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Active Manifold Benefits

• Reduces     - dimensional analysis to 1 dimension
(computationally more expensive)

• Order of magnitude greater accuracy in regression over AS  

• Accessible visualizations of the function and parameters 
gradients along the active manifold 

• Permits sensitivity analysis locally along the active manifold

Robert A. Bridges
bridgesra@ornl.gov

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

Questions? 

mailto:bridgesra@ornl.gov
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Previous Approaches & Related Work

• Sliced Inverse Regression1:  Given find lower rank matrix 
so . 

• Active Subspaces (AS) 2:   Given  
– Let

– Do SVD on to find directions changes most.

• ResNet Isosurface Learning3: Given find nonlinear, 
lower rank (using ResNet) so .    

References:
1 See Li 1991, Duan & Li 1991, Li & Naschtsheim 2006, Coudret et al. 2014
2 See Russi 2010, Constantine et al. 2014, 2015, Lukaczyk et al. 2014, Constantine & Diaz 2017
3 See Zhang & Hinkle 2019 (arxiv preprint) 

{(xi, f(xi),rf(xi))}i
<latexit sha1_base64="A97mMi7RHVadc8P/AQaTP6PSUUU=">AAACLHicbVDLSsNAFJ34rPUVdelmsAgtlJJUQZfFblxWsA9oQphMJ+3QySTMTMQS+kFu/BVBXFjErd/hpM2ith4YOHPOvdx7jx8zKpVlzYyNza3tnd3CXnH/4PDo2Dw57cgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXHzczv/tEhKQRf1STmLghGnIaUIyUljyz6aSwDJ0QqZEfpM9Tj1ZhUF7+V6rQ4chnaFWHFQgdTYqeWbJq1hxwndg5KYEcLc98dwYRTkLCFWZIyr5txcpNkVAUMzItOokkMcJjNCR9TTkKiXTT+bFTeKmVAQwioR9XcK4ud6QolHIS+roy21auepn4n9dPVHDrppTHiSIcLwYFCYMqgllycEAFwYpNNEFYUL0rxCMkEFY63ywEe/XkddKp1+yrWv3hutS4y+MogHNwAcrABjegAe5BC7QBBi/gDXyCmfFqfBhfxveidMPIe87AHxg/vzO3plI=</latexit>

{(xi, f(xi))}i
<latexit sha1_base64="ZFBg34VsQfjg5z1LlRPSb48MNgU=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoUUpSBV0W3bisYB/QhDCZTtqhk0mYmYgl9CPc+CtuXCji1oU7/8ZJm0VtPTBw5px7ufceP2ZUKsv6MQorq2vrG8XN0tb2zu6euX/QllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/usn8zgMRkkb8Xo1j4oZowGlAMVJa8sxTJ4UV6IRIDf0gfZx49AwGlfl/FVYhdDQpeWbZqllTwGVi56QMcjQ989vpRzgJCVeYISl7thUrN0VCUczIpOQkksQIj9CA9DTlKCTSTadHTeCJVvowiIR+XMGpOt+RolDKcejrymxbuehl4n9eL1HBlZtSHieKcDwbFCQMqghmCcE+FQQrNtYEYUH1rhAPkUBY6RyzEOzFk5dJu16zz2v1u4ty4zqPowiOwDGoABtcgga4BU3QAhg8gRfwBt6NZ+PV+DA+Z6UFI+85BH9gfP0C+hic3w==</latexit>

B
<latexit sha1_base64="wW6OXYFoJg3RvlrYIdlxqPzQzSE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5L1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJWvjMo=</latexit>

f(x) ⇡ g(Bx)
<latexit sha1_base64="pE7BCwWUlCdvHqRnH+nDrMaZzA0=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQbspMFXRZ6sZlBfuAdiiZNNOGZpKQZKRlKPgrblwo4tbvcOffmLaz0NYDFw7n3Mu994SSUW0879tZW9/Y3NrO7eR39/YPDt2j46YWicKkgQUTqh0iTRjlpGGoYaQtFUFxyEgrHN3O/NYjUZoK/mAmkgQxGnAaUYyMlXruaVQcl2AXSanEGA6KsDaGJdhzC17ZmwOuEj8jBZCh3nO/un2Bk5hwgxnSuuN70gQpUoZiRqb5bqKJRHiEBqRjKUcx0UE6P38KL6zSh5FQtriBc/X3RIpirSdxaDtjZIZ62ZuJ/3mdxEQ3QUq5TAzheLEoShg0As6ygH2qCDZsYgnCitpbIR4ihbCxieVtCP7yy6ukWSn7l+XK/VWhWsviyIEzcA6KwAfXoAruQB00AAYpeAav4M15cl6cd+dj0brmZDMn4A+czx886pO4</latexit>

C =
1

N

NX

i=1

rfairfT
ai

= W⇤WT .
<latexit sha1_base64="sSPIcElj+LboEi0Mqq1Az8gXL5w="></latexit>

C
<latexit sha1_base64="xRqkkL4qiHxe9QldmYAX2WoJxfw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZfFblxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gunrdzvPVGlmRSPZpbQIMZjwSJGsLGSP4ixmYRR1ppXhtWaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT010G2RMJKmhgiw/ilKOjET5/WjEFCWGzyzBRDGbFZEJVpgY21Jegrd68jrpNureVb3xcF1r3hV1lOEMzuESPLiBJtxDGzpAQMIzvMKbY5wX5935WI6WnGLnFP7A+fwB5iWQ/w==</latexit>

f
<latexit sha1_base64="wUc+fAjS1jilnSb0Mskg+mhbyb0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6CEv9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzH+lCrDmcBZqZdqTCgb0yF2LZU0Qu1P55fOyJlVBiSMlS1pyFz9PTGlkdaTKLCdETUjvexl4n9eNzXhtT/lMkkNSrZYFKaCmJhkb5MBV8iMmFhCmeL2VsJGVFFmbDhZCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/AMCNAg==</latexit>

{(xi, f(xi),rf(xi))}i
<latexit sha1_base64="A97mMi7RHVadc8P/AQaTP6PSUUU=">AAACLHicbVDLSsNAFJ34rPUVdelmsAgtlJJUQZfFblxWsA9oQphMJ+3QySTMTMQS+kFu/BVBXFjErd/hpM2ith4YOHPOvdx7jx8zKpVlzYyNza3tnd3CXnH/4PDo2Dw57cgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXHzczv/tEhKQRf1STmLghGnIaUIyUljyz6aSwDJ0QqZEfpM9Tj1ZhUF7+V6rQ4chnaFWHFQgdTYqeWbJq1hxwndg5KYEcLc98dwYRTkLCFWZIyr5txcpNkVAUMzItOokkMcJjNCR9TTkKiXTT+bFTeKmVAQwioR9XcK4ud6QolHIS+roy21auepn4n9dPVHDrppTHiSIcLwYFCYMqgllycEAFwYpNNEFYUL0rxCMkEFY63ywEe/XkddKp1+yrWv3hutS4y+MogHNwAcrABjegAe5BC7QBBi/gDXyCmfFqfBhfxveidMPIe87AHxg/vzO3plI=</latexit>

B
<latexit sha1_base64="wW6OXYFoJg3RvlrYIdlxqPzQzSE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5L1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJWvjMo=</latexit>

f(x) ⇡ g(Bx)
<latexit sha1_base64="pE7BCwWUlCdvHqRnH+nDrMaZzA0=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQbspMFXRZ6sZlBfuAdiiZNNOGZpKQZKRlKPgrblwo4tbvcOffmLaz0NYDFw7n3Mu994SSUW0879tZW9/Y3NrO7eR39/YPDt2j46YWicKkgQUTqh0iTRjlpGGoYaQtFUFxyEgrHN3O/NYjUZoK/mAmkgQxGnAaUYyMlXruaVQcl2AXSanEGA6KsDaGJdhzC17ZmwOuEj8jBZCh3nO/un2Bk5hwgxnSuuN70gQpUoZiRqb5bqKJRHiEBqRjKUcx0UE6P38KL6zSh5FQtriBc/X3RIpirSdxaDtjZIZ62ZuJ/3mdxEQ3QUq5TAzheLEoShg0As6ygH2qCDZsYgnCitpbIR4ihbCxieVtCP7yy6ukWSn7l+XK/VWhWsviyIEzcA6KwAfXoAruQB00AAYpeAav4M15cl6cd+dj0brmZDMn4A+czx886pO4</latexit>


