Decomposing feature-level variation with
Covariate Gaussian Process Latent Variable Models
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Motivation: disease progression modelling
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Covariate-GPLVM

GPLVM maps latent z; ~ N (0, 1) to observed data (A) GPLVM
Y using GP mappings

yq;(j) = f9(z;) + &
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Covariate-GPLVM

GPLVM maps latent z; ~ N (0, 1) to observed data
Y using GP mappings

y = f9(z) + ey
Covariate-GPLVM extends GPLVM by:

1. Incorporating covariates x

yz’(j) = f9(x;,2) + €
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Covariate-GPLVM

GPLVM maps latent z; ~ A (0, 1) to observed data (A) GPLVM (B) c-GPLVM
Y using GP mappings g ) 2 °]
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Covariate-GPLVM extends GPLVM by: B 0 :
1. Incorporating covariates x (C) Decomposition by c-GPLVM

(C1) Inferred f(z) (C2) Inferred f(x) (C8) Inferred f(z, x)
Y, = f(J) (%, 25) + €5

2. Providing a feature-level decomposition
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Feature-level decomposition

g9 = 19 1 f9z) + 9 x) + £ (2,%) + &5

Readily available for linear models, otherwise challenging:



Feature-level decomposition

y? = u + £ (@) + 10 () + £ (2, %) + ey
Readily available for linear models, otherwise challenging:

« Naive decompositions (with standard GP priors) can lead to misleading conclusions

« With appropriate functional constraints we learn an identifiable non-linear decomposition

True decomposition
(A1) Correct f(z) (A2) Correct f(x) (A3) Correct f(z, x)

8 2 2 2
=
g 1 !
c
[&]
5 - .
2 0 2 2 0 2 2 0 2
z
Inferred naive decomposition
(B1) Inferred f(z) (B2) Inferred f(x) (B3) Inferred f(z, x)
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Motivation Decomposing feature-level variation Identifiability

We would like to separate out the additive contributions

The interpretation of complex high-dimensional data i H of zand x, i.e. we would like to learn the decomposition
typically requires the use of dimensionality reduction Wlth Covarl ate G P I_V M S " F9 4 D () 1 19 (x1) 4 <)+ e
techni h as GPLVM) ti tract low-di i L ) o S )+ S (e €
r:;r:sn;::teasﬁ(g:: za}jowever) © extract fowmdimensions . 234 . 56 However, with independent GP priors this decomposition is
«In many problerﬁs these r‘epresentations may not be Kaspar Martens' Kieran R Campbell Christopher Yau not identifiable and it could lead to misleading conclusions.
sufficient to aid interpretation on their own, and it _Totfuc;n thltshm;oi W_ell-t:efmte_d vaLnancet d_ectompho‘smo/m wg’
would be desirable to interpret z in terms of the ‘P, 'fot l"l)f]e,’ 7% o 'PLW“"(E unctional :ﬁgs[:am s | )dz
Ja S T +J T i

iginal f h lves. - q
S e o oo We propose a hybrid Gaussian Process model (c-GPLVM) Under the GP prior on

« Often there is external covariate information x that
we would like to incorporate. to achieve two goal.s. above functional consti
GPLVM is a non-linear dimensionality reduction method conditional distribution is still a GP, but with a modified

where latent 2 1) are mapped to data ¥ using Goal 1. Incorporate covariates x within the GPLVM so that kernel (Burrande et a' 2013). For the squared exponential

GP mappings kernel, this can be calculated in closed form.
) § . . . .
T ) (2;) + & the latent low-dimensional z would be covariate-adjusted As a result, we have a joint GP prior over fo, /.
with the following properties:
Our goal is twofold: « Their supports are non-overlapping
1. to incorporate covariates x within the GPLVM 1 . i « The functional subspaces are orthogonal in L2
2. to characterise how feature-level variation depends [ .
on latent representations z, external covariates x, and | E | Censo red COVarlateS
non-linear interactions between them ' The c-GPLVM framework can be extended to the case where
(A) GPLVM (B) c-GPLVM covariate x is partially observed, e.g. when x = (potentially
2 censored) patient survival times.

Function values

(C) Decomposition by c-GPLVM
(C1) Inferred f(z) (C2) Inferred f(x)

70 T

We achieve this by defining GP mappings on the joint space of zand x ’  Postetior of sunvival fimes
v = fO)(z;,x;) + & Survival-adjusted cancer modelling
On TCGA breast cancer gene expression data, using
. censored survival times as x, we demonstrate how ¢c-GPLVM
. . Goal 2. Interpretable feature-level decomposition lets us discover three distinct gene behaviours:
How to incorporate covariates (a) GPLYM
In principle, covariates can be incorporated within Classical statistics Machine Learning

GPLVM in various ways X o
(®) GPLVM (6) supervised-GPLVM ) -G yf‘,']) =aWz; + 0%, + W(‘l)zzxz +e; @ = f<-7)(z7-,,x,,) +¢&;
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Expression

+ Interpretable + Flexible model
(b) c-GPLVM

- Not very flexible - "Black box ;

Covariate-GPLVM combines the best of both worlds. We learn an identifiable

which lead to different behaviour. Our goal is to learn
a covariate-adjusted latent z, as illustrated below. decomposition
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(c) c-GPLVM kernel decomposition

Kernel variance
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