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Challenges

o Optimization: Why can you find a global optima despite nonconvexity?
o Generalization: Why is the global optima any good for prediction?
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Over-parametrized nonlinear least-squares
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Over-parametrized nonlinear least-squares
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where
Y1 f(x1;0)
Y2 f(x2;0)
y:=| .| €eR” f(0):= , eR™ and n<p.
Run gradient descent: 0,41=0,—n.VLO,)

Gradient and Jacobian

VL(O) =T (0)"(f(8) —y).
° J(0)= %(600 € R™*? js the Jacobian matrix
@ Intuition: Jacobian replaces the feature matrix X




Gradient descent trajectory

® minimum singular value at initialization: oy (J(60)) > 2«

e maximum singular value: ||J(0)| <
o Jacobian smoothness: ||7(02) — J(61)|| < L||02 — 04],,

o Initial error: || f(80) — yll,, <




Gradient descent trajectory

Assumptions
® minimum singular value at initialization: oy (J(60)) > 2«
e maximum singular value: ||J(0)| < S
® Jacobian smoothness: || J(62) — J(01)|| < L||62 — 61]],,

o Initial error: | f(6o) — yll,, < 5%

Theorem (Oymak and Soltanolkotabi 2018)

Il.f(60)

Assume above over a ball of radius R = —yllez around 0y and Set n =

1
32
@ Global convergence:

1700wl < (1- 3% ) 1560 - ol

o Converges to near closest global minima to initialization:

B 1o
16 — Boll,, < =116 — oll,,
o Takes an approximately direct route




Concrete example: One-hidden layer neural net

@ Training data:
(mh yl)a (m27 92)» ey (mn7 yn)
@ Loss:

n 2 output layer
E(v, W) = Zi:l (ngzS(Wml) — yi) ) T
. . input layer v d(Wa;)
@ Algorithm: gradient descent . hidden layer
with random Gaussian initialization !
p(Wa;)

Theorem (Oymak and Soltanolkotabi 2019)

As long as
€ #parameters 2, (#of training data)2

Then, with high probability
@ Zero training error: L(v,, W.) < (1 —p)" L(vy, Wp)
@ [terates remain close to initialization




Further results and applications

@ Extensions to SGD and other loss functions
@ Theoretical justification for

Error] 80

Validation

=0~ train accuracy
test accuracy
107 == train acc w.r.. true labels
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Early stopping % of label comuption
Robustness to label noise

Training

early stopping Epochs

Generalization

@ Other applications
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Fitting generalized Low-rank matrix recovery

linear models



Conclusion

(Stochastic) gradient descent has three intriguing properties

@ Global convergence Gradient

o Converges to near closest
global optima to init.

o Follows a direct
trajectory




Thanks!

Thursday, 6:30 PM, # 95 \

References

@ Over-parametrized nonlinear learning: Gradient descent follows the shortest
path? S. Oymak and M. Soltanolkotabi

@ Towards moderate overparameterization: global convergence guarantees for
training shallow neural networks. S. Oymak and M. Soltanolkotabi

@ Gradient Descent with Early Stopping is Provably Robust to Label Noise for
Overparameterized Neural Networks. M. Li, M. Soltanolkotabi, and S. Oymak
@ Generalization Guarantees for Neural Networks via Harnessing the Low-rank

Structure of the Jacobian. S. Oymak, Z. Fabian, M. Li, and
M. Soltanolkotabi



