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Ep(x|y)[f(x; ✓)] =

Z

X
f(x; ✓)p(x|y)dx
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Importance Sampling (IS)

E⇡(x)[f(x)] ⇡ bµ :=
1

N

NX

n=1

f (xn)wn

where xn ⇠ q(x), wn =
⇡ (xn)

q (xn)

E[bµ] = E⇡(x)[f(x)]

Var[bµ] = Var[f(x1)w1]

N
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Importance Sampling (IS)

       When               and                            

yields an exact estimate using a single sample

q(x) / ⇡(x)f(x)
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q⇤(x) / f(x)⇡(x)

=) q⇤(x) =
f(x)⇡(x)R
f(x)⇡(x)dx

=
f(x)⇡(x)

E⇡(x)[f(x)]

f(x1)w1 = f(x1)
⇡(x1)

q⇤(x1)
= f(x1)

⇡(x1)
f(x1)⇡(x1)
E⇡(x)[f(x)]

= E⇡(x)[f(x)]
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Self-Normalized Importance Sampling (SNIS)

Ep(x|y)[f(x)] =
Ep(x)[f(x)p(y|x)]
Ep(x)[p(y|x)]

⇡
1
N

PN
n=1 f (xn)wn

1
N

PN
n=1 wn

xn ⇠ q(x)

wn =
p (xn, y)

q (xn)
<latexit sha1_base64="PUc221srs+tppPDh784NNGfpuCA="></latexit>



Amortized Monte Carlo Integration 
Adam Goliński*, Frank Wood, Tom Rainforth*

 10

Self-Normalized Importance Sampling (SNIS)

Ep(x|y)[f(x)] =
Ep(x)[f(x)p(y|x)]
Ep(x)[p(y|x)]

⇡
1
N

PN
n=1 f (xn)wn

1
N

PN
n=1 wn

xn ⇠ q(x)

wn =
p (xn, y)

q (xn)
<latexit sha1_base64="PUc221srs+tppPDh784NNGfpuCA="></latexit>



Amortized Monte Carlo Integration 
Adam Goliński*, Frank Wood, Tom Rainforth*

 11

101 102 103 104 105

Number of samples

10�6

10�4

10�2

100

R
el

at
iv

e
E

rr
or

Traditional approach

Its error lower bound

AMCI



Amortized Monte Carlo Integration 
Adam Goliński*, Frank Wood, Tom Rainforth*

 12

Ep(x|y)[f(x)] =
Ep(x)[f(x)p(y|x)]
Ep(x)[p(y|x)]

⇡
1
N

PN
n=1 f (xn)wn

1
N

PN
n=1 wn
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Key Idea: There is a limit to the per-sample ac-

curacy of estimating expectations using amor-

tized inference, AMCI removes this limit

Overview

I Amortized inference focuses on approximating the posterior p(x|y),
later using this to estimate expectation(s) Ep(x|y)[f (x; ✓)]

I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization

over datasets y and/or function parameters ✓
I It can give exact estimates for any expectation with only a single

sample from each of three separate amortized proposals
I It can empirically outperform the theoretically optimal

self-normalized importance sampler, even in non-amortized settings

Background—Self Normalized Importance Sampling (SNIS)

SNIS estimates an intractable expectation Ep(x|y)[f (x; ✓)] using a single
proposal q(x) to estimate both Ep(x)[f (x; ✓) p(y|x)] and Ep(x) [p(y|x)]

Ep(x|y)[f (x; ✓)] ⇡
PN

n=1 f (xn; ✓)wnPN
n=1 wn

, xn ⇠ q(x), wn =
p(xn, y)

q(xn)
(1)

Self-normalize importance sampling has a mini-

mum achievable error for a given sample size

Mean Squared Error � 1

N

�
Ep(x|y)

⇥��f (x; ✓) � Ep(x|y)[f (x; ✓)]
��⇤�2

(2)

This bound is tight if q(x)/p(x, y)
��f (x; ✓)�Ep(x|y)[f (x; ✓)]

��

Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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Estimating the expectation

Ep(x|y)[f (x; ✓)] =
Ep(x) [f (x; ✓) p(y|x)]

Ep(x) [p(y|x)]

requires estimation of both the de-
nominator and numerator. SNIS uses
the same proposal for both

The AMCI Estimator

By using multiple proposals, AMCI can produce

exact estimates with a single sample from each

Ep(x|y) [f (x; ✓)] = (E+
1 � E�

1 )/E2 where

E2 = Ep(x) [p(y|x)]] ⇡ Ê2 =
1

M

MX

m=1

p(xm, y)

q2(xm; y)

E+
1 = Ep(x) [max(f (x; ✓), 0)p(y|x)] ⇡ Ê+

1 =
1

N

NX

n=1

f+(x+
n ; ✓)p(x+

n , y)

q+
1 (x+

n ; y, ✓)

E�
1 = Ep(x) [–min(f (x; ✓), 0)p(y|x)] ⇡ Ê�

1 =
1

K

KX

k=1

f�(x�
k ; ✓)p(x�

k , y)

q�
1 (x�

k ; y, ✓)

Theorem 1. If q2(x; y)/p(x, y), q+
1 (x; y, ✓)/f+(x; ✓)p(x, y), and

q�
1 (x; y, ✓)/f�(x; ✓)p(x, y), then the AMCI estimator (Ê+

1 � Ê�
1 )/Ê2

is an exact estimator for Ep(x|y)[f (x; ✓)] even if N =K =M =1

Amortizing over Datasets and Function Parameters

To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
1 (x; y, ✓) leads to a double intractability.

Instead take the expectation with respect to h(y, ✓)/p(y)p(✓)E1(y, ✓)

Jq1+(⌘) =
1

const
Ep(x,y)p(✓)

⇥
�f+(x; ✓) log q+

1 (x; y, ✓, ⌘)
⇤

+ const (4)

Experiments

AMCI empirically outperforms the theoretically

optimal self-normalized importance sampler

Figure 1: Results
for a Gaussian tail
integral problem
p(x) = N (x; 0, 1),
p(y|x) = N (y; x, 1),
f (x; ✓) = 1x>✓.
Median of �(y, ✓)
using 100 samples
from p(y)p(✓).

When Does AMCI Work Better/Worse in Practice?

The biggest gains are achieved when p(x, y)
and p(x, y)f(x; ✓) have a large mismatch

Figure 2:
Performance when
there is large [top]
and low [bottom]
mismatch between
f (x; ✓)p(x, y) and
p(x, y). The
performance gain of
AMCI over SNIS is
much larger when the
mismatch is large.

As K, N, M ! 1, then MSE ! (E+
1 � E�

1 + �1⇠1)/(E2 + �2⇠2) by
the CLT, where ⇠1, ⇠2 ⇠ N (0, 1). Let  := �1/(µ(y, ✓) · �2), then

MSE ⇡ �2
2

E2
2

·
�
( � Corr[⇠1, ⇠2])

2 + 1 � Corr[⇠1, ⇠2]
2
�
. (5)

For AMCI, we can control , for SNIS we cannot given �2
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is an exact estimator for Ep(x|y)[f (x; ✓)] even if N =K =M =1

Amortizing over Datasets and Function Parameters

To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
1 (x; y, ✓) leads to a double intractability.

Instead take the expectation with respect to h(y, ✓)/p(y)p(✓)E1(y, ✓)

Jq1+(⌘) =
1

const
Ep(x,y)p(✓)

⇥
�f+(x; ✓) log q+

1 (x; y, ✓, ⌘)
⇤

+ const (4)

Experiments

AMCI empirically outperforms the theoretically

optimal self-normalized importance sampler

Figure 1: Results
for a Gaussian tail
integral problem
p(x) = N (x; 0, 1),
p(y|x) = N (y; x, 1),
f (x; ✓) = 1x>✓.
Median of �(y, ✓)
using 100 samples
from p(y)p(✓).

When Does AMCI Work Better/Worse in Practice?

The biggest gains are achieved when p(x, y)
and p(x, y)f(x; ✓) have a large mismatch

Figure 2:
Performance when
there is large [top]
and low [bottom]
mismatch between
f (x; ✓)p(x, y) and
p(x, y). The
performance gain of
AMCI over SNIS is
much larger when the
mismatch is large.

As K, N, M ! 1, then MSE ! (E+
1 � E�

1 + �1⇠1)/(E2 + �2⇠2) by
the CLT, where ⇠1, ⇠2 ⇠ N (0, 1). Let  := �1/(µ(y, ✓) · �2), then

MSE ⇡ �2
2

E2
2

·
�
( � Corr[⇠1, ⇠2])

2 + 1 � Corr[⇠1, ⇠2]
2
�
. (5)

For AMCI, we can control , for SNIS we cannot given �2

References

[1] T. C. Hesterberg. Advances in importance sampling. PhD thesis, Stanford University, 1988.

[2] A. B. Owen. Monte Carlo theory, methods and examples. 2013.

[3] B. Paige and F. Wood. Inference networks for SMC in graphical models. ICML, 2016.

http://www.robots.ox.ac.uk/~adamg/, http://www.cs.ubc.ca/~fwood/, http://www.robots.ox.ac.uk/~twgr/

Ep(x|y)[f(x)] =
Ep(x)[f(x)p(y|x)]
Ep(x)[p(y|x)]

⇡
1
N

PN
n=1 f (xn)wn

1
N

PN
n=1 wn

<latexit sha1_base64="QQ6YKOC3bb1KhvB6DLL/efrdZMo="></latexit>



Amortized Monte Carlo Integration 
Adam Goliński*, Frank Wood, Tom Rainforth*

 15

Amortized Monte Carlo Integration
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Key Idea: There is a limit to the per-sample ac-

curacy of estimating expectations using amor-

tized inference, AMCI removes this limit

Overview

I Amortized inference focuses on approximating the posterior p(x|y),
later using this to estimate expectation(s) Ep(x|y)[f (x; ✓)]

I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization

over datasets y and/or function parameters ✓
I It can give exact estimates for any expectation with only a single

sample from each of three separate amortized proposals
I It can empirically outperform the theoretically optimal

self-normalized importance sampler, even in non-amortized settings

Background—Self Normalized Importance Sampling (SNIS)

SNIS estimates an intractable expectation Ep(x|y)[f (x; ✓)] using a single
proposal q(x) to estimate both Ep(x)[f (x; ✓) p(y|x)] and Ep(x) [p(y|x)]

Ep(x|y)[f (x; ✓)] ⇡
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Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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Estimating the expectation

Ep(x|y)[f (x; ✓)] =
Ep(x) [f (x; ✓) p(y|x)]

Ep(x) [p(y|x)]

requires estimation of both the de-
nominator and numerator. SNIS uses
the same proposal for both

The AMCI Estimator

By using multiple proposals, AMCI can produce

exact estimates with a single sample from each
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Amortizing over Datasets and Function Parameters

To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
1 (x; y, ✓) leads to a double intractability.
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Figure 1: Results
for a Gaussian tail
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p(x) = N (x; 0, 1),
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p(x, y). The
performance gain of
AMCI over SNIS is
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1 )/Ê2
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1 =
1

N

NX

n=1

f+(x+
n ; ✓)p(x+

n , y)

q+
1 (x+

n ; y, ✓)

E�
1 = Ep(x) [–min(f (x; ✓), 0)p(y|x)] ⇡ Ê�
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Ep(x|y)[f (x; ✓)] =
Ep(x) [f (x; ✓) p(y|x)]

Ep(x) [p(y|x)]

requires estimation of both the de-
nominator and numerator. SNIS uses
the same proposal for both

The AMCI Estimator

By using multiple proposals, AMCI can produce

exact estimates with a single sample from each

Ep(x|y) [f (x; ✓)] = (E+
1 � E�

1 )/E2 where

E2 = Ep(x) [p(y|x)]] ⇡ Ê2 =
1

M

MX

m=1

p(xm, y)

q2(xm; y)

E+
1 = Ep(x) [max(f (x; ✓), 0)p(y|x)] ⇡ Ê+

1 =
1

N

NX

n=1

f+(x+
n ; ✓)p(x+

n , y)

q+
1 (x+

n ; y, ✓)

E�
1 = Ep(x) [–min(f (x; ✓), 0)p(y|x)] ⇡ Ê�

1 =
1

K

KX

k=1

f�(x�
k ; ✓)p(x�

k , y)

q�
1 (x�

k ; y, ✓)

Theorem 1. If q2(x; y)/p(x, y), q+
1 (x; y, ✓)/f+(x; ✓)p(x, y), and

q�
1 (x; y, ✓)/f�(x; ✓)p(x, y), then the AMCI estimator (Ê+

1 � Ê�
1 )/Ê2

is an exact estimator for Ep(x|y)[f (x; ✓)] even if N =K =M =1

Amortizing over Datasets and Function Parameters

To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
1 (x; y, ✓) leads to a double intractability.

Instead take the expectation with respect to h(y, ✓)/p(y)p(✓)E1(y, ✓)

Jq1+(⌘) =
1

const
Ep(x,y)p(✓)

⇥
�f+(x; ✓) log q+

1 (x; y, ✓, ⌘)
⇤

+ const (4)

Experiments

AMCI empirically outperforms the theoretically

optimal self-normalized importance sampler

Figure 1: Results
for a Gaussian tail
integral problem
p(x) = N (x; 0, 1),
p(y|x) = N (y; x, 1),
f (x; ✓) = 1x>✓.
Median of �(y, ✓)
using 100 samples
from p(y)p(✓).

When Does AMCI Work Better/Worse in Practice?

The biggest gains are achieved when p(x, y)
and p(x, y)f(x; ✓) have a large mismatch

Figure 2:
Performance when
there is large [top]
and low [bottom]
mismatch between
f (x; ✓)p(x, y) and
p(x, y). The
performance gain of
AMCI over SNIS is
much larger when the
mismatch is large.

As K, N, M ! 1, then MSE ! (E+
1 � E�

1 + �1⇠1)/(E2 + �2⇠2) by
the CLT, where ⇠1, ⇠2 ⇠ N (0, 1). Let  := �1/(µ(y, ✓) · �2), then

MSE ⇡ �2
2

E2
2

·
�
( � Corr[⇠1, ⇠2])

2 + 1 � Corr[⇠1, ⇠2]
2
�
. (5)

For AMCI, we can control , for SNIS we cannot given �2
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Key Idea: There is a limit to the per-sample ac-

curacy of estimating expectations using amor-

tized inference, AMCI removes this limit

Overview

I Amortized inference focuses on approximating the posterior p(x|y),
later using this to estimate expectation(s) Ep(x|y)[f (x; ✓)]

I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization

over datasets y and/or function parameters ✓
I It can give exact estimates for any expectation with only a single

sample from each of three separate amortized proposals
I It can empirically outperform the theoretically optimal

self-normalized importance sampler, even in non-amortized settings

Background—Self Normalized Importance Sampling (SNIS)

SNIS estimates an intractable expectation Ep(x|y)[f (x; ✓)] using a single
proposal q(x) to estimate both Ep(x)[f (x; ✓) p(y|x)] and Ep(x) [p(y|x)]

Ep(x|y)[f (x; ✓)] ⇡
PN

n=1 f (xn; ✓)wnPN
n=1 wn

, xn ⇠ q(x), wn =
p(xn, y)

q(xn)
(1)

Self-normalize importance sampling has a mini-

mum achievable error for a given sample size

Mean Squared Error � 1

N

�
Ep(x|y)

⇥��f (x; ✓) � Ep(x|y)[f (x; ✓)]
��⇤�2

(2)

This bound is tight if q(x)/p(x, y)
��f (x; ✓)�Ep(x|y)[f (x; ✓)]

��

Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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Estimating the expectation

Ep(x|y)[f (x; ✓)] =
Ep(x) [f (x; ✓) p(y|x)]

Ep(x) [p(y|x)]

requires estimation of both the de-
nominator and numerator. SNIS uses
the same proposal for both

The AMCI Estimator

By using multiple proposals, AMCI can produce

exact estimates with a single sample from each
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is an exact estimator for Ep(x|y)[f (x; ✓)] even if N =K =M =1

Amortizing over Datasets and Function Parameters

To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
1 (x; y, ✓) leads to a double intractability.

Instead take the expectation with respect to h(y, ✓)/p(y)p(✓)E1(y, ✓)

Jq1+(⌘) =
1

const
Ep(x,y)p(✓)

⇥
�f+(x; ✓) log q+

1 (x; y, ✓, ⌘)
⇤

+ const (4)

Experiments

AMCI empirically outperforms the theoretically

optimal self-normalized importance sampler

Figure 1: Results
for a Gaussian tail
integral problem
p(x) = N (x; 0, 1),
p(y|x) = N (y; x, 1),
f (x; ✓) = 1x>✓.
Median of �(y, ✓)
using 100 samples
from p(y)p(✓).

When Does AMCI Work Better/Worse in Practice?

The biggest gains are achieved when p(x, y)
and p(x, y)f(x; ✓) have a large mismatch

Figure 2:
Performance when
there is large [top]
and low [bottom]
mismatch between
f (x; ✓)p(x, y) and
p(x, y). The
performance gain of
AMCI over SNIS is
much larger when the
mismatch is large.
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1 + �1⇠1)/(E2 + �2⇠2) by
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Self-Normalized Importance Sampling (SNIS)

Mean Squared Error � 1

N

�
Ep(x|y)

⇥��f(x)� Ep(x|y)[f(x)]
��⇤�2
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Solution: Use Multiple 
Proposals Targeting Different 
Aspects of the Problem
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The AMCI Estimator

Ep(x|y)[f(x; ✓)] =
Ep(x)[f(x; ✓)p(y|x)]

Ep(x)[p(y|x)]

=
Ep(x)[f

+(x; ✓)p(y|x)]� Ep(x)[f
�(x; ✓)p(y|x)]

Ep(x)[p(y|x)]

=
Eq+1 (x;y,✓)[

f+(x;✓)p(y|x)
q+1 (x;y,✓)

]� Eq�1 (x;y,✓)[
f�(x;✓)p(y|x)

q�1 (x;y,✓)
]

Eq2(x;y)[
p(y|x)
q2(x;y)

]

=:
E+

1 � E�
1

E2
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The AMCI Estimator

Ep(x|y)[f(x; ✓)] =
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q�1 (x;y,✓)
]

Eq2(x;y)[
p(y|x)
q2(x;y)

]

=:
E+

1 � E�
1

E2
<latexit sha1_base64="23VMax4J0go0oGHAo2kWxMAl8rU="></latexit>

f+(x; ✓) = max(f(x; ✓), 0)

f�(x; ✓) = �min(f(x; ✓), 0)

f(x; ✓) = f+(x; ✓)� f�(x; ✓)
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The AMCI Estimator
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The AMCI Estimator
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The AMCI Estimator
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Key Idea: There is a limit to the per-sample ac-

curacy of estimating expectations using amor-

tized inference, AMCI removes this limit

Overview

I Amortized inference focuses on approximating the posterior p(x|y),
later using this to estimate expectation(s) Ep(x|y)[f (x; ✓)]

I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization

over datasets y and/or function parameters ✓
I It can give exact estimates for any expectation with only a single

sample from each of three separate amortized proposals
I It can empirically outperform the theoretically optimal

self-normalized importance sampler, even in non-amortized settings

Background—Self Normalized Importance Sampling (SNIS)

SNIS estimates an intractable expectation Ep(x|y)[f (x; ✓)] using a single
proposal q(x) to estimate both Ep(x)[f (x; ✓) p(y|x)] and Ep(x) [p(y|x)]

Ep(x|y)[f (x; ✓)] ⇡
PN

n=1 f (xn; ✓)wnPN
n=1 wn

, xn ⇠ q(x), wn =
p(xn, y)

q(xn)
(1)

Self-normalize importance sampling has a mini-

mum achievable error for a given sample size

Mean Squared Error � 1

N

�
Ep(x|y)

⇥��f (x; ✓) � Ep(x|y)[f (x; ✓)]
��⇤�2

(2)

This bound is tight if q(x)/p(x, y)
��f (x; ✓)�Ep(x|y)[f (x; ✓)]

��

Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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Estimating the expectation

Ep(x|y)[f (x; ✓)] =
Ep(x) [f (x; ✓) p(y|x)]

Ep(x) [p(y|x)]

requires estimation of both the de-
nominator and numerator. SNIS uses
the same proposal for both

The AMCI Estimator

By using multiple proposals, AMCI can produce

exact estimates with a single sample from each

Ep(x|y) [f (x; ✓)] = (E+
1 � E�

1 )/E2 where

E2 = Ep(x) [p(y|x)]] ⇡ Ê2 =
1

M

MX

m=1

p(xm, y)

q2(xm; y)

E+
1 = Ep(x) [max(f (x; ✓), 0)p(y|x)] ⇡ Ê+

1 =
1
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NX
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f+(x+
n ; ✓)p(x+

n , y)

q+
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1 =
1
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Theorem 1. If q2(x; y)/p(x, y), q+
1 (x; y, ✓)/f+(x; ✓)p(x, y), and

q�
1 (x; y, ✓)/f�(x; ✓)p(x, y), then the AMCI estimator (Ê+

1 � Ê�
1 )/Ê2

is an exact estimator for Ep(x|y)[f (x; ✓)] even if N =K =M =1

Amortizing over Datasets and Function Parameters

To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
1 (x; y, ✓) leads to a double intractability.

Instead take the expectation with respect to h(y, ✓)/p(y)p(✓)E1(y, ✓)

Jq1+(⌘) =
1

const
Ep(x,y)p(✓)

⇥
�f+(x; ✓) log q+

1 (x; y, ✓, ⌘)
⇤

+ const (4)

Experiments

AMCI empirically outperforms the theoretically

optimal self-normalized importance sampler

Figure 1: Results
for a Gaussian tail
integral problem
p(x) = N (x; 0, 1),
p(y|x) = N (y; x, 1),
f (x; ✓) = 1x>✓.
Median of �(y, ✓)
using 100 samples
from p(y)p(✓).

When Does AMCI Work Better/Worse in Practice?

The biggest gains are achieved when p(x, y)
and p(x, y)f(x; ✓) have a large mismatch

Figure 2:
Performance when
there is large [top]
and low [bottom]
mismatch between
f (x; ✓)p(x, y) and
p(x, y). The
performance gain of
AMCI over SNIS is
much larger when the
mismatch is large.

As K, N, M ! 1, then MSE ! (E+
1 � E�

1 + �1⇠1)/(E2 + �2⇠2) by
the CLT, where ⇠1, ⇠2 ⇠ N (0, 1). Let  := �1/(µ(y, ✓) · �2), then

MSE ⇡ �2
2

E2
2

·
�
( � Corr[⇠1, ⇠2])

2 + 1 � Corr[⇠1, ⇠2]
2
�
. (5)

For AMCI, we can control , for SNIS we cannot given �2
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Adam Goliński*, Frank Wood, Tom Rainforth*

adamg@robots.ox.ac.uk, fwood@cs.ubc.ca, rainforth@stats.ox.ac.uk

Key Idea: There is a limit to the per-sample ac-

curacy of estimating expectations using amor-

tized inference, AMCI removes this limit

Overview

I Amortized inference focuses on approximating the posterior p(x|y),
later using this to estimate expectation(s) Ep(x|y)[f (x; ✓)]

I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization

over datasets y and/or function parameters ✓
I It can give exact estimates for any expectation with only a single

sample from each of three separate amortized proposals
I It can empirically outperform the theoretically optimal

self-normalized importance sampler, even in non-amortized settings

Background—Self Normalized Importance Sampling (SNIS)

SNIS estimates an intractable expectation Ep(x|y)[f (x; ✓)] using a single
proposal q(x) to estimate both Ep(x)[f (x; ✓) p(y|x)] and Ep(x) [p(y|x)]
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Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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Estimating the expectation

Ep(x|y)[f (x; ✓)] =
Ep(x) [f (x; ✓) p(y|x)]

Ep(x) [p(y|x)]

requires estimation of both the de-
nominator and numerator. SNIS uses
the same proposal for both

The AMCI Estimator

By using multiple proposals, AMCI can produce

exact estimates with a single sample from each
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is an exact estimator for Ep(x|y)[f (x; ✓)] even if N =K =M =1

Amortizing over Datasets and Function Parameters

To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
1 (x; y, ✓) leads to a double intractability.

Instead take the expectation with respect to h(y, ✓)/p(y)p(✓)E1(y, ✓)
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Ep(x,y)p(✓)
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p(x) = N (x; 0, 1),
p(y|x) = N (y; x, 1),
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Figure 2:
Performance when
there is large [top]
and low [bottom]
mismatch between
f (x; ✓)p(x, y) and
p(x, y). The
performance gain of
AMCI over SNIS is
much larger when the
mismatch is large.

As K, N, M ! 1, then MSE ! (E+
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Key Idea: There is a limit to the per-sample ac-

curacy of estimating expectations using amor-

tized inference, AMCI removes this limit

Overview

I Amortized inference focuses on approximating the posterior p(x|y),
later using this to estimate expectation(s) Ep(x|y)[f (x; ✓)]

I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization

over datasets y and/or function parameters ✓
I It can give exact estimates for any expectation with only a single

sample from each of three separate amortized proposals
I It can empirically outperform the theoretically optimal

self-normalized importance sampler, even in non-amortized settings

Background—Self Normalized Importance Sampling (SNIS)

SNIS estimates an intractable expectation Ep(x|y)[f (x; ✓)] using a single
proposal q(x) to estimate both Ep(x)[f (x; ✓) p(y|x)] and Ep(x) [p(y|x)]
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Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
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there is large [top]
and low [bottom]
mismatch between
f (x; ✓)p(x, y) and
p(x, y). The
performance gain of
AMCI over SNIS is
much larger when the
mismatch is large.

As K, N, M ! 1, then MSE ! (E+
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1 + �1⇠1)/(E2 + �2⇠2) by
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Key Idea: There is a limit to the per-sample ac-

curacy of estimating expectations using amor-

tized inference, AMCI removes this limit

Overview

I Amortized inference focuses on approximating the posterior p(x|y),
later using this to estimate expectation(s) Ep(x|y)[f (x; ✓)]

I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization

over datasets y and/or function parameters ✓
I It can give exact estimates for any expectation with only a single

sample from each of three separate amortized proposals
I It can empirically outperform the theoretically optimal

self-normalized importance sampler, even in non-amortized settings

Background—Self Normalized Importance Sampling (SNIS)

SNIS estimates an intractable expectation Ep(x|y)[f (x; ✓)] using a single
proposal q(x) to estimate both Ep(x)[f (x; ✓) p(y|x)] and Ep(x) [p(y|x)]

Ep(x|y)[f (x; ✓)] ⇡
PN

n=1 f (xn; ✓)wnPN
n=1 wn

, xn ⇠ q(x), wn =
p(xn, y)

q(xn)
(1)

Self-normalize importance sampling has a mini-

mum achievable error for a given sample size

Mean Squared Error � 1
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⇥��f (x; ✓) � Ep(x|y)[f (x; ✓)]
��⇤�2

(2)

This bound is tight if q(x)/p(x, y)
��f (x; ✓)�Ep(x|y)[f (x; ✓)]

��

Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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Estimating the expectation

Ep(x|y)[f (x; ✓)] =
Ep(x) [f (x; ✓) p(y|x)]

Ep(x) [p(y|x)]

requires estimation of both the de-
nominator and numerator. SNIS uses
the same proposal for both

The AMCI Estimator

By using multiple proposals, AMCI can produce

exact estimates with a single sample from each

Ep(x|y) [f (x; ✓)] = (E+
1 � E�

1 )/E2 where
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Theorem 1. If q2(x; y)/p(x, y), q+
1 (x; y, ✓)/f+(x; ✓)p(x, y), and
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1 (x; y, ✓)/f�(x; ✓)p(x, y), then the AMCI estimator (Ê+
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1 )/Ê2

is an exact estimator for Ep(x|y)[f (x; ✓)] even if N =K =M =1

Amortizing over Datasets and Function Parameters

To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
1 (x; y, ✓) leads to a double intractability.

Instead take the expectation with respect to h(y, ✓)/p(y)p(✓)E1(y, ✓)

Jq1+(⌘) =
1
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Ep(x,y)p(✓)

⇥
�f+(x; ✓) log q+

1 (x; y, ✓, ⌘)
⇤

+ const (4)

Experiments

AMCI empirically outperforms the theoretically

optimal self-normalized importance sampler

Figure 1: Results
for a Gaussian tail
integral problem
p(x) = N (x; 0, 1),
p(y|x) = N (y; x, 1),
f (x; ✓) = 1x>✓.
Median of �(y, ✓)
using 100 samples
from p(y)p(✓).

When Does AMCI Work Better/Worse in Practice?

The biggest gains are achieved when p(x, y)
and p(x, y)f(x; ✓) have a large mismatch

Figure 2:
Performance when
there is large [top]
and low [bottom]
mismatch between
f (x; ✓)p(x, y) and
p(x, y). The
performance gain of
AMCI over SNIS is
much larger when the
mismatch is large.

As K, N, M ! 1, then MSE ! (E+
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1 + �1⇠1)/(E2 + �2⇠2) by
the CLT, where ⇠1, ⇠2 ⇠ N (0, 1). Let  := �1/(µ(y, ✓) · �2), then
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curacy of estimating expectations using amor-

tized inference, AMCI removes this limit

Overview

I Amortized inference focuses on approximating the posterior p(x|y),
later using this to estimate expectation(s) Ep(x|y)[f (x; ✓)]

I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization

over datasets y and/or function parameters ✓
I It can give exact estimates for any expectation with only a single

sample from each of three separate amortized proposals
I It can empirically outperform the theoretically optimal

self-normalized importance sampler, even in non-amortized settings

Background—Self Normalized Importance Sampling (SNIS)

SNIS estimates an intractable expectation Ep(x|y)[f (x; ✓)] using a single
proposal q(x) to estimate both Ep(x)[f (x; ✓) p(y|x)] and Ep(x) [p(y|x)]

Ep(x|y)[f (x; ✓)] ⇡
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(1)
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mum achievable error for a given sample size
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Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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Estimating the expectation
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Ep(x) [f (x; ✓) p(y|x)]

Ep(x) [p(y|x)]

requires estimation of both the de-
nominator and numerator. SNIS uses
the same proposal for both

The AMCI Estimator
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is an exact estimator for Ep(x|y)[f (x; ✓)] even if N =K =M =1
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To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
1 (x; y, ✓) leads to a double intractability.
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f (x; ✓) = 1x>✓.
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Experiments: Gaussian Tail Integral

p(x) = N (x; 0, 1)

p(y|x) = N (y;x, 1)

f(x; ✓) = 1x>✓
<latexit sha1_base64="NLEr9sVHcUeattnDpOpZR8K3hV8="></latexit>

Amortized Monte Carlo Integration
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Overview

I Amortized inference focuses on approximating the posterior p(x|y),
later using this to estimate expectation(s) Ep(x|y)[f (x; ✓)]

I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization

over datasets y and/or function parameters ✓
I It can give exact estimates for any expectation with only a single

sample from each of three separate amortized proposals
I It can empirically outperform the theoretically optimal

self-normalized importance sampler, even in non-amortized settings

Background—Self Normalized Importance Sampling (SNIS)

SNIS estimates an intractable expectation Ep(x|y)[f (x; ✓)] using a single
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Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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Estimating the expectation
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Ep(x) [f (x; ✓) p(y|x)]

Ep(x) [p(y|x)]
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nominator and numerator. SNIS uses
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Experiments
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optimal self-normalized importance sampler

Figure 1: Results
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integral problem
p(x) = N (x; 0, 1),
p(y|x) = N (y; x, 1),
f (x; ✓) = 1x>✓.
Median of �(y, ✓)
using 100 samples
from p(y)p(✓).

When Does AMCI Work Better/Worse in Practice?

The biggest gains are achieved when p(x, y)
and p(x, y)f(x; ✓) have a large mismatch

T
es

t

f (x; ✓)p(x|y)

p(x|y)

✓

q1(x; y, ✓)

q2(x; y)

10�4

10�1

102

T
es

t

AMCI
SNIS q2

�5.0 �2.5 0.0 2.5 5.0
x

101 102 103 104

Number of samples N

10�4

10�1

102

D
en

si
ty

R
eM

SE

Figure 2:
Performance when
there is large [top]
and low [bottom]
mismatch between
f (x; ✓)p(x, y) and
p(x, y). The
performance gain of
AMCI over SNIS is
much larger when the
mismatch is large.

As K, N, M ! 1, then MSE ! (E+
1 � E�

1 + �1⇠1)/(E2 + �2⇠2) by
the CLT, where ⇠1, ⇠2 ⇠ N (0, 1). Let  := �1/(µ(y, ✓) · �2), then

MSE ⇡ �2
2

E2
2

·
�
( � Corr[⇠1, ⇠2])

2 + 1 � Corr[⇠1, ⇠2]
2
�
. (5)

For AMCI, we can control , for SNIS we cannot given �2

References

[1] T. C. Hesterberg. Advances in importance sampling. PhD thesis, Stanford University, 1988.

[2] A. B. Owen. Monte Carlo theory, methods and examples. 2013.

[3] B. Paige and F. Wood. Inference networks for SMC in graphical models. ICML, 2016.

http://www.robots.ox.ac.uk/~adamg/, http://www.cs.ubc.ca/~fwood/, http://www.robots.ox.ac.uk/~twgr/



Amortized Monte Carlo Integration 
Adam Goliński*, Frank Wood, Tom Rainforth*

 41

Experiments: Gaussian Tail Integral

101 102 103 104 105

Number of samples N

10�6

10�4

10�2

100

R
el

at
iv

e
M

ea
n

Sq
ua

re
d

E
rr

or

Traditional SNIS approach

SNIS error lower bound

AMCI



Amortized Monte Carlo Integration 
Adam Goliński*, Frank Wood, Tom Rainforth*

 42

Amortized Monte Carlo Integration
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I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization
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I It can give exact estimates for any expectation with only a single
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I It can empirically outperform the theoretically optimal

self-normalized importance sampler, even in non-amortized settings
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SNIS estimates an intractable expectation Ep(x|y)[f (x; ✓)] using a single
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Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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is an exact estimator for Ep(x|y)[f (x; ✓)] even if N =K =M =1
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To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
1 (x; y, ✓) leads to a double intractability.
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optimal self-normalized importance sampler
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p(y|x) = N (y; x, 1),
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Median of �(y, ✓)
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from p(y)p(✓).
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Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]
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1 )/Ê2
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I Amortized inference focuses on approximating the posterior p(x|y),
later using this to estimate expectation(s) Ep(x|y)[f (x; ✓)]

I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization
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Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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requires estimation of both the de-
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1

M

MX

m=1

p(xm, y)

q2(xm; y)

E+
1 = Ep(x) [max(f (x; ✓), 0)p(y|x)] ⇡ Ê+
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For q2(x; y) we can just use (3)

A naive extension of (3) for q+
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there is large [top]
and low [bottom]
mismatch between
f (x; ✓)p(x, y) and
p(x, y). The
performance gain of
AMCI over SNIS is
much larger when the
mismatch is large.

As K, N, M ! 1, then MSE ! (E+
1 � E�

1 + �1⇠1)/(E2 + �2⇠2) by
the CLT, where ⇠1, ⇠2 ⇠ N (0, 1). Let  := �1/(µ(y, ✓) · �2), then

MSE ⇡ �2
2

E2
2

·
�
( � Corr[⇠1, ⇠2])

2 + 1 � Corr[⇠1, ⇠2]
2
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. (5)

For AMCI, we can control , for SNIS we cannot given �2
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Key Idea: There is a limit to the per-sample ac-

curacy of estimating expectations using amor-

tized inference, AMCI removes this limit

Overview

I Amortized inference focuses on approximating the posterior p(x|y),
later using this to estimate expectation(s) Ep(x|y)[f (x; ✓)]

I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization

over datasets y and/or function parameters ✓
I It can give exact estimates for any expectation with only a single

sample from each of three separate amortized proposals
I It can empirically outperform the theoretically optimal

self-normalized importance sampler, even in non-amortized settings

Background—Self Normalized Importance Sampling (SNIS)

SNIS estimates an intractable expectation Ep(x|y)[f (x; ✓)] using a single
proposal q(x) to estimate both Ep(x)[f (x; ✓) p(y|x)] and Ep(x) [p(y|x)]

Ep(x|y)[f (x; ✓)] ⇡
PN

n=1 f (xn; ✓)wnPN
n=1 wn

, xn ⇠ q(x), wn =
p(xn, y)

q(xn)
(1)

Self-normalize importance sampling has a mini-

mum achievable error for a given sample size

Mean Squared Error � 1

N
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Ep(x|y)

⇥��f (x; ✓) � Ep(x|y)[f (x; ✓)]
��⇤�2

(2)

This bound is tight if q(x)/p(x, y)
��f (x; ✓)�Ep(x|y)[f (x; ✓)]

��

Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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Estimating the expectation

Ep(x|y)[f (x; ✓)] =
Ep(x) [f (x; ✓) p(y|x)]

Ep(x) [p(y|x)]

requires estimation of both the de-
nominator and numerator. SNIS uses
the same proposal for both

The AMCI Estimator

By using multiple proposals, AMCI can produce

exact estimates with a single sample from each

Ep(x|y) [f (x; ✓)] = (E+
1 � E�

1 )/E2 where

E2 = Ep(x) [p(y|x)]] ⇡ Ê2 =
1
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Theorem 1. If q2(x; y)/p(x, y), q+
1 (x; y, ✓)/f+(x; ✓)p(x, y), and

q�
1 (x; y, ✓)/f�(x; ✓)p(x, y), then the AMCI estimator (Ê+

1 � Ê�
1 )/Ê2

is an exact estimator for Ep(x|y)[f (x; ✓)] even if N =K =M =1

Amortizing over Datasets and Function Parameters

To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
1 (x; y, ✓) leads to a double intractability.

Instead take the expectation with respect to h(y, ✓)/p(y)p(✓)E1(y, ✓)

Jq1+(⌘) =
1

const
Ep(x,y)p(✓)

⇥
�f+(x; ✓) log q+

1 (x; y, ✓, ⌘)
⇤

+ const (4)

Experiments

AMCI empirically outperforms the theoretically

optimal self-normalized importance sampler

Figure 1: Results
for a Gaussian tail
integral problem
p(x) = N (x; 0, 1),
p(y|x) = N (y; x, 1),
f (x; ✓) = 1x>✓.
Median of �(y, ✓)
using 100 samples
from p(y)p(✓).

When Does AMCI Work Better/Worse in Practice?

The biggest gains are achieved when p(x, y)
and p(x, y)f(x; ✓) have a large mismatch
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1 )/Ê2
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1 � Ê�
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mismatch between
f (x; ✓)p(x, y) and
p(x, y). The
performance gain of
AMCI over SNIS is
much larger when the
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As K, N, M ! 1, then MSE ! (E+
1 � E�

1 + �1⇠1)/(E2 + �2⇠2) by
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Key Idea: There is a limit to the per-sample ac-

curacy of estimating expectations using amor-

tized inference, AMCI removes this limit

Overview

I Amortized inference focuses on approximating the posterior p(x|y),
later using this to estimate expectation(s) Ep(x|y)[f (x; ✓)]

I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization

over datasets y and/or function parameters ✓
I It can give exact estimates for any expectation with only a single

sample from each of three separate amortized proposals
I It can empirically outperform the theoretically optimal

self-normalized importance sampler, even in non-amortized settings

Background—Self Normalized Importance Sampling (SNIS)

SNIS estimates an intractable expectation Ep(x|y)[f (x; ✓)] using a single
proposal q(x) to estimate both Ep(x)[f (x; ✓) p(y|x)] and Ep(x) [p(y|x)]

Ep(x|y)[f (x; ✓)] ⇡
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mum achievable error for a given sample size
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Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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Estimating the expectation

Ep(x|y)[f (x; ✓)] =
Ep(x) [f (x; ✓) p(y|x)]

Ep(x) [p(y|x)]

requires estimation of both the de-
nominator and numerator. SNIS uses
the same proposal for both

The AMCI Estimator
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is an exact estimator for Ep(x|y)[f (x; ✓)] even if N =K =M =1

Amortizing over Datasets and Function Parameters

To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
1 (x; y, ✓) leads to a double intractability.

Instead take the expectation with respect to h(y, ✓)/p(y)p(✓)E1(y, ✓)

Jq1+(⌘) =
1
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Ep(x,y)p(✓)

⇥
�f+(x; ✓) log q+

1 (x; y, ✓, ⌘)
⇤
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Experiments

AMCI empirically outperforms the theoretically

optimal self-normalized importance sampler

Figure 1: Results
for a Gaussian tail
integral problem
p(x) = N (x; 0, 1),
p(y|x) = N (y; x, 1),
f (x; ✓) = 1x>✓.
Median of �(y, ✓)
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As K, N, M ! 1, then MSE ! (E+
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1 + �1⇠1)/(E2 + �2⇠2) by
the CLT, where ⇠1, ⇠2 ⇠ N (0, 1). Let  := �1/(µ(y, ✓) · �2), then
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I This pipeline is ine�cient if f (x; ✓) is known upfront
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Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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I It can give exact estimates for any expectation with only a single
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Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]
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1 =
1

K

KX

k=1

f�(x�
k ; ✓)p(x�

k , y)

q�
1 (x�

k ; y, ✓)

Theorem 1. If q2(x; y)/p(x, y), q+
1 (x; y, ✓)/f+(x; ✓)p(x, y), and

q�
1 (x; y, ✓)/f�(x; ✓)p(x, y), then the AMCI estimator (Ê+
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To amortize over function parameters, we introduce a pseudo prior p(✓)

For q2(x; y) we can just use (3)

A naive extension of (3) for q+
1 (x; y, ✓) leads to a double intractability.
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optimal self-normalized importance sampler

Figure 1: Results
for a Gaussian tail
integral problem
p(x) = N (x; 0, 1),
p(y|x) = N (y; x, 1),
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Median of �(y, ✓)
using 100 samples
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Figure 2:
Performance when
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AMCI over SNIS is
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·
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Key Idea: There is a limit to the per-sample ac-

curacy of estimating expectations using amor-

tized inference, AMCI removes this limit

Overview

I Amortized inference focuses on approximating the posterior p(x|y),
later using this to estimate expectation(s) Ep(x|y)[f (x; ✓)]

I This pipeline is ine�cient if f (x; ✓) is known upfront
I AMCI instead targets Ep(x|y)[f (x; ✓)] directly, allowing amortization

over datasets y and/or function parameters ✓
I It can give exact estimates for any expectation with only a single

sample from each of three separate amortized proposals
I It can empirically outperform the theoretically optimal

self-normalized importance sampler, even in non-amortized settings

Background—Self Normalized Importance Sampling (SNIS)

SNIS estimates an intractable expectation Ep(x|y)[f (x; ✓)] using a single
proposal q(x) to estimate both Ep(x)[f (x; ✓) p(y|x)] and Ep(x) [p(y|x)]

Ep(x|y)[f (x; ✓)] ⇡
PN

n=1 f (xn; ✓)wnPN
n=1 wn

, xn ⇠ q(x), wn =
p(xn, y)

q(xn)
(1)

Self-normalize importance sampling has a mini-

mum achievable error for a given sample size

Mean Squared Error � 1

N

�
Ep(x|y)

⇥��f (x; ✓) � Ep(x|y)[f (x; ✓)]
��⇤�2

(2)

This bound is tight if q(x)/p(x, y)
��f (x; ✓)�Ep(x|y)[f (x; ✓)]

��

Background—Amortized Inference

Amortized inference methods assist with running inferences over
di↵erent datasets y by learning an amortized proposal q(x; y, ⌘). This
is parameterized using a neural network with parameters ⌘, which is
trained by minimizing the expected KL divergence [3]

J (⌘) = Ep(y) [DKL [p(x|y) || q(x; y, ⌘)]]

= Ep(x,y) [� log q(x; y, ⌘)] + const wrt ⌘. (3)
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Estimating the expectation

Ep(x|y)[f (x; ✓)] =
Ep(x) [f (x; ✓) p(y|x)]

Ep(x) [p(y|x)]

requires estimation of both the de-
nominator and numerator. SNIS uses
the same proposal for both

The AMCI Estimator

By using multiple proposals, AMCI can produce

exact estimates with a single sample from each
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1 =
1

N

NX

n=1

f+(x+
n ; ✓)p(x+

n , y)

q+
1 (x+

n ; y, ✓)

E�
1 = Ep(x) [–min(f (x; ✓), 0)p(y|x)] ⇡ Ê�
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1
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Intractability in the naively adjusted objective

E1(y) := Ep(x)[f(x)p(y|x)]

g(x|y) := f(x)p(x, y)

E1(y)

J 0
q1(⌘) = Ep(y) [DKL (g(x|y)kq1(x; y, ⌘))]

= Ep(y)


�
Z

X

f(x)p(x, y)

E1(y)
log q1(x; y, ⌘)dx

�
+ const

h(y) / p(y)E1(y)

Jq1(⌘) = Eh(y) [DKL (g(x|y)kq1(x; y, ⌘))]

=
1

const
Ep(x,y) [�f(x) log q1(x; y, ⌘)] + const
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Experiments: Cancer Treatment Planning
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