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» Optimization with inner loops

» Meta learning, hyperparameter optimization

» Recurrent models

» Optimization with limrts

» Discretized numerical methods: PDEs, ODEs, ...
» [terative methods: linear systems, inverses, eigenvalues,

» Integration with Monte Carlo or quadrature

* |n both cases..

» cheap truncations/approximations cause harmful bias

» accurate approximations are computationally expensive
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General form

“Single sample”
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WnN)=——1{n=N W(n,N) = I{N >n
General form (n, N) =~y 1 } (n,N) LS ) {N >n}

N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10° .

- Yo —Fad m>l wel] ) 10° «"fﬁili/ﬂ\\

oy
Yy n=1 T T N I

’Avg 1 - 1
Ground truth Win,N)

/N\ N\
N7/ v ] [T~

0 2 6 8 10 0 J ] 6 8 10
% l 4 3 3
M s e Estimated 5 e Estimated
& e Actual = ~ Actual
0 Y

L) L) lJ Ll Ll
0 2 1 6 8 10 | |
1 0 ) 1 b X 10 0 2 1 6 X 10
1.00 1.00
A, 0.75 - 0.75 -
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
~1 1 : J : : : 000 L : : - —— 00 : 3 , —
0 2 6 R 10 ) b 5 ) 6 %
7] I I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1
WnN)=——1{n=N W(n,N) = I{N >n
General form (n, N) =~y 1 } (n,N) LS ) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10° .
M- Yn - Yn—l 1 i | wl L/ 10°
e
Y n =1 S S R S S S S R S S
’Avg 1 - 1
Ground truth WinN) | A A\
2 —_— / — S
oL AVZSD W Dy R AN

1

0 2 6 8 10 0 ) ] 6 8 10
YARE 3 3
n s e Estimated 5 e Estimated
& e Actual = ~ Actual
0 - )

L Ll 1
0 2 1 6 R 10 | |
| 0 ) 1 b N 10 0 2 1 6 N 10
1.00 1.00
A, 0.75 - 0.75
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
B : : : , 0.00 L : , e | 0,00 1 : : , e —
0 ) 1 6 R 10 0 3 ] 6 % 10 0 > ] 6 % 10
n It I
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DEMONSTRATION

General form

N
YH:ZAnW(n,N) Ne{l,....H} ~q

n=1
Yo =¥ 3 m>]
An - n n—1
Yl n = ].
Ground truth
9
Y'" ) w\/
0 -
—l | L L ] ]
0 ) 1 6 R 10
| -
A, _
. \/\/\/\
B . : . . ;
0 ) 1 6 R 10

It

“Single sample”

1
W(n,N)=——=1{n=N}
q(N)
102
“.{rl. ‘Iv\'r) 10°
d i J (; ."« l'()
Avg 17
Win,N)
“'_) -
_—— ra
0 T T vl ] \ 1
0 I 1 6 R 10
3
‘ e Estimated
. 2 - e Actual
) i
| -
0 J “4:/4
— ] T
(5 i J d X li)
1.00
0.75 -
AN) s
0.25 1 \
0.00 1 . . —
0 2 1 6 R 10

It
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"Russian roulette”
]

W(n,N) = L{N > n}
L= liatn’)
10¢
10°
-
l(’jl | (
0 ? 1 6 8 10
q -
9 .
M
0 1 : ; ; \ ;
0 2 1 6 ~ 10
3
, e Estimated
< e Actual
I 4 \/\-/f
0 -
-1
0 2 ] 6 X 10
1.00
0.75
0.50 -
0.00 1— T T T T——
0 9 1 6 X 10

Tt




DEMONSTRATION

“Single sample” "Russian roulette”
1 1
Wn,N)=——1{n=N Wi(n,N) = I{N >n
General form (n, N) =~y 1 } (n,N) = — ST o) {N >n}
N » >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 W(n, N) 10* 1 10° .
Yn - Yn—l n>1 107 10° ’
' B O
Y n =1 S T S S N S T N S T
’Avg 1 - 1
Ground truth Win N)

)
:
j

0 2 i 6 8 10 0 J 1 6 5 10
YARE 3 3
mn s e Estimated 5 ~  Estimated
& e Actual = ~ Actual
0 - )

L) L) lJ Ll Ll
0 2 1 6 8 10 | |
1 0 ) 1 b X 10 0 2 1 6 X 10
1.00 1.00
A, 0.75 - 0.75 -
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
~1 1 : J : : : 000 L : : - —— 00 : 3 , —
0 2 6 R 10 ) b 5 ) 6 %
7] I I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1

W(n,N)=——1{n=N Wi(n,N) = — 1{N >n

General form )= } (n,N) = — ST o) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10°

An e Yn - Yn—l n>1 107 \ 10° . \
Y n=1 S T S T R T N
’Avg 1 - 1
Ground truth WinN)

(.,
)

0 2 i 6 8 10 0 ) 1 6 5 10
YARE 3 3
n s e Estimated 5 e Estimated
& e Actual = ~ Actual
0 - )

L) L) lJ Ll Ll
0 2 1 6 8 10 | |
1 0 ) 1 b X 10 0 2 1 6 X 10
1.00 1.00
A, 0.75 - 0.75 -
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
~1 1 : J : : : 000 L : : - —— 00 : 3 , —
0 2 6 R 10 ) b 5 ) 6 %
7] I I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1
WnN)=——1{n=N W(n,N) = I{N >n
General form (n, N) =~y 1 } (n,N) LS ) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° . 10°
P Yo =Yn-1i n>1 10° \ 10° \
Yy n=1 S T I N I T I B
’Avg o J
Ground truth WinN) | P
2 ™ vﬂv—f
=] | -

, 0 2 10 0 2 1 6 R 10
vl 3 3
n s e Estimated 5 e Estimated
° e Actual =7 — Actual
0 - Yn

L) L) lJ Ll Ll
0 2 1 6 8 10 | |
1 0 ) 1 b X 10 0 2 1 6 X 10
1.00 1.00
A, 0.75 - 0.75 -
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
~1 1 : J : : : 000 L : : - —— 00 : 3 , —
0 2 6 R 10 ) b 5 ) 6 %
7] I I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1

WnN)=——1{n=N W(n,N) = I{N >n

General form (n, N) =~y 1 } (n,N) LS ) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10° .

M- Yn_Yn—l n>1 107 . \/\ 10° (\
e
Yy n=1 T S B S ST ST N R S B!

ﬁwg o J
Ground truth WinN) |

) AN\
2 \\/\/J\/' !\ | ) —:——-—\' —— \

0 ? R 10 0 ? 1 6 R 10
vl 3 3
n s e Estimated 5 e Estimated
& e Actual = ~ Actual
0 - Yn

L) L) lJ Ll Ll
0 2 1 6 8 10 | |
1 0 ) 1 b X 10 0 2 1 6 X 10
1.00 1.00
A, 0.75 - 0.75 -
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
~1 1 : J : : : 000 L : : - —— 00 : 3 , —
0 2 6 R 10 ) b 5 ) 6 %
7] I I
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DEMONSTRATION

General form

N
YH:ZAnW(n,N) Ne{l,....H} ~q

n=1
Yo =¥ 3 m>]
An - n n—1
Yl n = ].
Ground truth
9
Y'" ) w\/
0 -
—l | L L ] ]
0 ) 1 6 R 10
| -
A, _
. \/\/\/\
B . : . . ;
0 ? 1 6 R 10

It

“Single sample”

1
W(n,N)=——=1{n=N}
q(N)
102
- r : .
Wn,N)
10° \ S\
0 ? 1 6 R 10
Avg 17
W (n, N)
g /\
() ] | 1 ] ]
0 I 1 6 R 10
3
‘ w—— Estimated
. 2 - e Actual
) M
l - /f
0 J W
-1 T
(5 i J d X li)
1.00
0.75 -
q(N) 0.50 4
0.00 L : . |
0 I 1 6 R 10

It
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"Russian roulette”
]

W(n,N) = L{N > n}
1= a)
10#
10°
10° .
6 R 10
1 -
9 4
EE——
04— . . . \ .
0 2 B 6 ~ 10
3
, e Estimated
< e Actual
l 7 \/\M
0 -
-1
0 2 ] 6 X 10
1.00
0.75
0.50 -
0.00 1— . T T T —
0 9 1 6 X 10
I




DEMONSTRATION

General form

N
YH:ZAnW(n,N) Ne{l,....H} ~q

n=1

Yon—Yn1 n>1

i
Yl n=l

Ground truth

0 I 1 6 ] 10

-
o
-
x
.-
=

0
n

“Single sample”

1
W(n,N)=——=1{n=N
(=N
10°%
""’P(n., ‘Iv\'r) 10*
0 2 1 6 8 10
Avg 17
W (n, N)
2 4
0 d )I J (; .;« l'()
3
) e Estimated
)”n e Actual

0 ) 1 6 X 10
1.00
0.75 -
)
q(N') 0.50 4
0.00 1 : , ——
0 I 1 6 R 10

It
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"Russian roulette”
]

W(n,N) = L{N > n}
1-Srtaw)
10#
10°
10° /\
L \ ] ] ] ] ]
0 2 B 6 ~ 10
1
'2 -
4«\/_
04— . . . \ :
0 2 B 6 ~ 10
3
, e Estimated
< e Actual
| - v¥/§/
0 -
-1
0 2 ] 6 X 10
1.00
0.75
0.50 4
0.00 1— r T T T —
0 9 1 6 X 10

Tt




DEMONSTRATION

“Single sample” "Russian roulette”
1 1
WnN)=——=I1I{n=N W(n,N) = I{N >n
General form (n, N) =~y 1 } (n,N) = — ST o) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10°
Yo =Yn-1i n>1 10° 10°
An — | \
Yy n=1 S T I N I I T N B
’Avg 1 - 1
Ground truth WinN) |
041 . T p T . 04 . ! .

0 10 0 2 1 6 5 10
% l 4 3 3
M s e Estimated 5 e Estimated
& e Actual = ~ Actual
0 Y

L) L) lJ Ll Ll
0 2 1 6 8 10 | |
1 0 ) 1 b X 10 0 2 1 6 X 10
1.00 1.00
A, 0.75 - 0.75 -
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
~1 1 : J : : : 000 L : : - —— 00 : 3 , —
0 2 6 R 10 ) b 5 ) 6 %
7] I I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1
Wn,N)=——1{n=N Wi(n,N) = I{N >n
General form (n, N) =~y 1 } (n,N) = — ST o) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10°
R Yn - Yn—l n>1 107 \ 10 /(\
| \
Yy n=1 ST S B S S—"" ST A R SR S
’Avg 1 - 1
Ground truth WinN) | A
2 e 4 \/\ ~— —~
041 . T p ;\\ . 04 . ! .

0 10 0 2 1 6 5 10
% l 4 3 3
M s e Estimated 5 e Estimated
& e Actual = ~ Actual
0 Y

L) L) lJ Ll Ll
0 2 1 6 8 10 | |
1 0 ) 1 b X 10 0 2 1 6 X 10
1.00 1.00
A, 0.75 - 0.75 -
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
~1 1 : J : : : 000 L : : - —— 00 : 3 , —
0 2 6 R 10 ) b 5 ) 6 %
7] I I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1

WnN)=——1{n=N W(n,N) = I{N >n

General form (n, N) =~y 1 } (n,N) LS ) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10° .

B Yn_Yn—l n>1 10° . /><\ 10° . ,<\
e
Y n =1 S SR R S S—' S S R SR B!
’Avg 1 .
Ground truth WinN)

C(
i>

0 2 i 6 8 10 0 J 1 6 5 10
YARE 3 3
mn s e Estimated 5 ~  Estimated
& e Actual = ~ Actual
0 - )

. /f '
%
-1 : 0 4 0 4

L L Ll | 1
0 2 1 6 R 10 | |
| 0 ) 1 b N 10 0 2 1 6 N 10
1.00 1.00
-' 0.75 - 0.75 -
An . { .’\.") I )
0 - EASAR YT 0.50
0.25 - \ 0.25 1 \
-1 T T T T T 0.00 T T J T U N 0.00 1= T T T . N
0 I 1 6 R 10 0 ) 6 3 10 0 ) ] 6 3 10
n It I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1
WnN)=——=I1I{n=N W(n,N) = I{N >n
General form (n, N) =~y 1 } (n,N) = — ST o) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10°
B Yn - Yn—l n>1 107 1 \ 107 .
, | A \
Y1 n=1 ] 6 8 10 10
’Avg 1 - 1
Ground truth wim )

>

/

%
/

0 2 i 6 8 10 0 J 1 6 5 10
vl 3 3
i s e Estimated 5 e Estimated
& e Actual = ~ Actual
0 - Yn

N /f‘ !5
\&7
gL " 0 0

] ] ] ]
0 ) 1 6 R 10 | |
| 0 ) 1 b N 10 0 2 1 6 N 10
1.00 1.00
A, 0.75 - 0.75
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
i : : : , 0.00 L , : e | 000 L , : , —
0 I 1 6 R 10 0 3 i 6 % 10 0 3 ] b % 10
n It I
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DEMONSTRATION

General form

N
YH:ZAnW(n,N) Ne{l,....H} ~q

n=1
Yo =¥ 3 m>]
An - n n—1
Yl n = ].
Ground truth
9
* i w\/
0 -
—l | L L ] ]
0 ) 1 6 R 10
| -
A, _
. \/\/\/\
B : : . ;
0 ) 1 6 R 10

It

“Single sample”

1
W(n,N)=——=1{n=N}
q(N)
102
/l
1 f
Win,N) ' 1 / \\
//
10° ' / \\
0 7] 6 5 10
Avg 17
W(n, N)
g /\
- \/
g 0 ? 5‘« 10
‘ e Estimated
v 2 - e Actual
i l .
P D ——
3 ] 1 : I W
1.00
0.75 -
AN) ox.
0.2 1 \
0.00 1 : . — |
0 2 1 6 R 10

It
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"Russian roulette”
]

W(n,N) = Iy _11 o )II{N > n}
102
10° -
10° -
0 2 1 6 % 10
14
3 -

0 ) 1 6 8 10
e Estimated
e Actual

0 2 ] 6 X 10

L L L) 1 | '

0 9 1 6 X 10

Tt




DEMONSTRATION

General form

N
Yu =Y AW(n,N)

Ne{l,....H} ~q
n=1
An: Yo —Y,.1 n>1
Yl n=1
Ground truth
)
Y' i W/
0 -
—l ] ] ] ] ]
0 ) i 6 R 10
| -
An _
0 \/\/\/\
_.l r r . T T
0 ) 1 6 R 10

It

“Single sample”

1
W(n,N)=——=1{n=N}
q(N)
102
“.{rl. ‘Iv\'r) 10°
10 -
0 3 i 6 2 10
Avg -
W (n, N)
2
/\\//\
2 ; ] ] : MY
‘ e Estimated
Vv 2 - e Actual
b M
0 -
3 ] 1 : I W
1.00
0.75 -
AN 0]
0.25 - \
0.00 1 : , —
0 2 1 6 R 10

It

41

W(n,N) =

10¢

10° -

107

[ (L
1

"Russian roulette”

1
n—1
I_Zn—lq(n)

L{N > n}

0 ) ] 6 5 10
e Estimated
e Actual

0 2 1 b X 10

T T T T T —

0 2 1 () X 10

Tt




DEMONSTRATION

“Single sample” "Russian roulette”
1 1
W(n,N)=——=1{n=N Wi(n,N) = I{N >n
General form 1 } LS ) {N >n}
N
y 102 102
Yu=>» AW(nN) Ne{l,....H}~q
n=1 """’{n'. ‘Iv\'r) 10° . A 10°
’ )Cz—‘Y%—J 1 i | 107 . \\\' // \\ 107 . k<:///"\\
n — 4‘/ \ \“‘. \
Y n=1 S S R S ST S S W S T
ﬁwg ok J
Ground truth Win,N) A /\
01 \\//, 01,

y T

0 2 i 8 10 0 J 1 6 5 10
vl 3 3
i s e Estimated 5 e Estimated
& e Actual = ~ Actual
0 - Yn

L L Ll | 1
0 2 1 6 R 10 | |
| 0 ) 1 b N 10 0 2 1 6 N 10
1.00 1.00
A, 0.75 - 0.75 -
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
-1 T T .J T T T 0.00 T T J T U N 0.00 1= T T T . N
0 2 6 % 10 0 2 6 R 10 0 2 1 6 R 10

n I I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1
W(n,N)=——1{n=N W(n,N) = — I{N >n
General form )= } (n,N) = — ST o) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10° .
Yn - Yn—l >l 10° \ / 10°
An — \\
Y n=1 S T T S S T T I
ﬁwg ok J
Ground truth WinN) | A~
5 ~— . ‘\/—“*\
oL NN oL

0 2 i 6 8 10 0 J 1 6 5 10
YARE 3 3
mn s e Estimated 5 ~  Estimated
& e Actual = ~ Actual
0 - )

L) L) lJ Ll Ll
0 2 1 6 8 10 | |
1 0 ) 1 b X 10 0 2 1 6 X 10
1.00 1.00
A, 0.75 - 0.75 -
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
~1 1 : J : : : 000 L : : - —— 00 : 3 , —
0 2 6 R 10 ) b 5 ) 6 %
7] I I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1

Wn,N)=——1{n=N Wi(n,N) = I{N >n

General form (n, N) =~y 1 } (n,N) LS ) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° . 10°

’ Yn _Yn—l n>1 107 ><\ | 10° </
n— J \ N\
Y n=1 S T T R R S T T T
’Avg 1 - 1
Ground truth Wiz, N)

o
[ (L
1

2 S~ J\/! !\ | 0 ‘V—\

, 0 2 10 0 2 1 6 R 10
vl 3 3
n s e Estimated 5 e Estimated
° e Actual =7 — Actual
0 - Yn

L) L) lJ Ll Ll
0 2 1 6 8 10 | |
1 0 ) 1 b X 10 0 2 1 6 X 10
1.00 1.00
A, 0.75 - 0.75 -
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
~1 1 : J : : : 000 L : : - —— 00 : 3 , —
0 2 6 R 10 ) b 5 ) 6 %
7] I I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1
Wn,N)=——1{n=N Wi(n,N) = I{N >n
General form (n, N) =~y 1 } (n,N) = — ST o) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° . 10°
Yn — Yn—l n>1 10° . 107 .
An — ) \
Yy n=1 S S B S S S Y R SR S
’Avg 1 - 1
Ground truth WinN) | A
) I~ )
2 T <J ‘*'\/_-\
01 J \/o x\ : 01 .) : ; :

0 2 10 0 : ] 6 8 10
vl 3 3
i s e Estimated 5 e Estimated
& e Actual = ~ Actual
0 - Yn

L L Ll | 1
0 2 1 6 R 10 | |
| 0 ) 1 b N 10 0 2 1 6 N 10
1.00 1.00
-' 0.75 - 0.75 -
An . { .’\.") I )
0 - EASAR YT 0.50
0.25 - \ 0.25 1 \
-1 T T T T T 0.00 T T J T U N 0.00 1= T T T . N
0 ) 1 6 R 10 0 3 6 % 10 0 3 ] 6 % 10
n It I
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DEMONSTRATION

General form

N
YH:ZAnW(n,N) Ne{l,....H} ~q

n=1
Yo =¥ 3 m>]
An - n n—1
Yl n = ].
Ground truth
9
Y'" ) w\/
0 -
—l | L L ] ]
0 ) 1 6 R 10
| -
A, _
. \/\/\/\
B . : . . ;
0 ) 1 6 R 10

It

“Single sample”

1
W(n,N)=——=1{n=N}
q(N)
102
W(n, N) 1
107
1 6 R 10
Avg 17
W (n, N)
y 3.
Lv-‘\/
01— . \/. .\ .
0 2 1 6 R 10
3
‘ e Estimated
v 2 - e Actual
s l /\/‘4
3 ] 1 : I W
1.00
0.75 -
AN) ox.
0.2 1 \
0.00 L, : . —
0 2 1 6 R 10

It

46

"Russian roulette”
]

W(n,N) = L{N > n}
1= a)
10#
10°
10° /<
\
L ] \ ) ] ] ]
0 2 B 6 ~ 10
q -
9 4
N N
0 2 B 6 ~ 10
3
, e Estimated
< e Actual
l ’ \/\/
0 -
-1
0 2 ] 6 X 10
1.00
0.75
0.50 -
0.00 1— . T T T —
0 9 1 6 X 10

Tt




DEMONSTRATION

“Single sample” "Russian roulette”
1 1
W(n,N)=——1{n=N W(n,N) = — I{N >n
General form 1 } (n,N) = — ST o) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10°
Y, ~¥i w1 | | e
N o n n—1 10 ><\ A 10 <\
Y n =1 S S I SR S ST S WY S S
’Avg 1 - 1
Ground truth WinN) |
] \ AN ]
2 e~ -———————————<:::;——“\\\\\
Hp - J \/o x\ : Hp - ; y .

, 0 2 10 0 ? 1 6 8 10
V . 3 3
" , —— Estimated , —— Estamated
& e Actual = ~ Actual
0 - Yn

I-M g ——
M
-1 : 0 - 0 -

] ] ] ] ]
0 ) 1 6 R 10 | |
1 0 I ] b X 10 0 ) ] 6 N 10
1.00 1.00
-- 0.75 - 0.75
An . { .’\.") = 19
0 - EASAR YT 0.50
0.25 - \ 0.25 1 \
. , , : , 0.00 L, , : : —_— 1 00l _, : , —_—
0 9 1 6 R 10 0 > 6 X 10 0 3 ] 6 3 10
7] I I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1
W(n,N)=——1{n=N Wi(n,N) = — 1{N >n
General form 1 } (n,N) = — ST o) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° . 10°
Y - Y - n > ]. 0 | ) . <
Ao n n—1 10/ ><\ 10/ ¢<\
Yy n=1 S Y Y S S S T T S
’Avg 1 - 1
Ground truth WinN) |
: ——— ——~_
Hp - _ \V/E, 1\\» : Hp - ; y .

, 0 ) 1 10 0 ? 1 6 8 10
V . 3 3
" , —— Estimated , —— Estamated
& e Actual = ~ Actual
0 - Yn

L) L) lJ Ll Ll
0 2 1 6 8 10 | |
1 0 ) 1 b X 10 0 2 1 6 X 10
1.00 1.00
A, 0.75 - 0.75 -
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
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DEMONSTRATION

General form

N
YH:ZAnW(n,N) Ne{l,....H} ~q

n=1
Yo =¥ 3 m>]
An - n n—1
Yl n = ].
Ground truth
9
* i w\/
0 -
—l | L L ] ]
0 ) 1 6 R 10
| -
A, _
. \/\/\/\
B : : . ;
0 ) 1 6 R 10

It

“Single sample”

1
W(n,N)=——=1{n=N}
q(N)
102
“.{rl. ‘Iv\'r) 10°
10° )_( \
0 2 1 b R 10
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Wi(n, N)
2
‘v‘*\/
i \/ \
0 2 i 6 R 10
3
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0 m o
3 ] 1 : I W
1.00
0.75 -
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"Russian roulette”
]

W(n,N) = — , L{N > n}
1 T Zn':l q(,n' )
10#
10°
10° .
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q -
9 4
01— . . . \ .
0 2 B 6 ~ 10
3
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< e Actual
l = /
0 ] M
-1 . -
0 b ] 6 X 10
1.00
0.75
0.50 -
0.00 1— . T T T —
0 9 1 6 X 10
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1

W(n,N)=——1{n=N Wi(n,N) = — 1{N >n

General form )= } (n,N) LS ) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10°

An s Yn - Yn—l n>1 107 X\ 107 <' \
Yy n=1 T I N I S T N I I

Avg 1 - 1

o
[ (L
1
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| A/

0 2 i 6 8 10 0 J 1 6 5 10
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& e Actual = ~ Actual
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0 2 1 6 8 10 | |
1 0 ) 1 b X 10 0 2 1 6 X 10
1.00 1.00
A, 0.75 - 0.75 -
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
~1 1 : J : : : 000 L : : - —— 00 : 3 , —
0 2 6 R 10 ) b 5 ) 6 %
7] I I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1
WnN)=——1{n=N W(n,N) = I{N >n
General form (n, N) =~y 1 } (n,N) LS ) {N >n}
N » >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 W(n, N) 10* 4 10° 4
? Yo —Xn.g mw>l 10° / \ 10° <
. | A \
g n=1 . T N N T T S
’Avg 1 - 1
Ground truth Wiy 2.
3 ——\ /\ —
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0 2 i 6 8 10 0 J 1 6 5 10
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& e Actual = ~ Actual
0 - Yn
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0 2 1 6 8 10 | |
1 0 ) 1 b X 10 0 2 1 6 X 10
1.00 1.00
A, 0.75 - 0.75 -
0 - \/\/\/\ AqN) g5 0.50 -
0.25 - \ 0.25 1 \
~1 1 : J : : : 000 L : : - —— 00 : 3 , —
0 2 6 R 10 ) b 5 ) 6 %
7] I I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1

WnN)=——1{n=N W(n,N) = I{N >n

General form (n, N) =~y 1 } (n,N) = — ST o) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10° .
? Yo =Yn-1i n>1 10° \ ' 10°

, | A 4 A
Y n=1 S A N SR S—' S T T I I

’Avg 1 - 1
Ground truth WinN) |

. /\/\/\
' A = N . N

04—
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-1 T T T T T 0.00 T T J T U N 0.00 1= T T T . N
0 I 1 6 R 10 0 ) 6 3 10 0 ) ] 6 3 10
n It I
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1
W(n,N)=——1{n=N W(n,N) = — I{N >n
General form )= } (n,N) = — ST o) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10° .
n N -
An = Yn - Yn—l 1 i | 10° | ' 107 \/
Y n=1 S T T S S T T S
’Avg o J
Ground truth WinN) |
2 e VAN ——""/\T
0= T 1 \/ : \ 0415 : : ; :

6 R 10 0 ? 1 6 R 10
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n N Estimated 5 e Estimated
=1 —— Actual = —— Actual
0 - Yn

L L Ll | 1
0 2 1 6 R 10 | |
| 0 ) 1 b N 10 0 2 1 6 N 10
1.00 1.00
-' 0.75 - 0.75 -
An . { .’\.") I )
0 - EASAR YT 0.50
0.25 - \ 0.25 1 \
-1 T T T T T 0.00 T T J T U N 0.00 1= T T T . N
0 I 1 6 R 10 0 ) 6 3 10 0 ) ] 6 3 10
n It I
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DEMONSTRATION

General form

N
YH:ZAnW(n,N) Ne{l,....H} ~q

n=1

Yon—Yn1 n>1

i
Yl n=l

Ground truth

0 I 1 6 ] 10
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o
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x
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n

“Single sample”

1
W(n,N)=——=1{n=N}
q(N)
102
W(n,N) '
10° \ |
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% LS I Actual
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n
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"Russian roulette”
]

W(n,N) = — L{N > n}
1= a(n)
102
10* -
l(’.' — \/
0 ) ] 6 X 10

4 A
D -
() Ll | 1 |l 1 Ll
0 2 1 6 R 10
3
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< e Actual
: V\M/‘
0 -
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1

W(n,N)=——1{n=N W(n,N) = — I{N >n

General form )= } (n,N) = — ST o) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10° .
Yn - Yn—l >l 10° | 10°

An — \
Y n=1 S S T T S T T I I

’Avg ok J
Ground truth WinN) |

\——/\.”\. | N

1
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2 S
0 2 ]

L L Ll | 1
0 ) 1 6 8 10 | |
| 0 2 1 b X 10 0 2 1 6 N 10
1.00 1.00
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DEMONSTRATION

General form

N
YH:ZAnW(n,N) Ne{l,....H} ~q

n=1
Yo =¥ 3 m>]
An - n n—1
Yl n = ].
Ground truth
9
* i w\/
0 -
—l | L L ] ]
0 ) 1 6 R 10
| -
A, _
. \/\/\/\
B : : . ;
0 ) 1 6 R 10
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“Single sample”

1
W(n,N)=——=1{n=N}
q(N)
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10° | \ |
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9 4
"3 ? 1 6 5 10
3
Nl Estimated
P “1 —— Actual
Yoo Wﬁ
04
3 ] 1 : I 1
1.00

AN} s
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"Russian roulette”
]

W(n,N) = L{N > n}
L= liatn’)
10¢
10°
107 - \\/
0 I 1 6 R 10
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9 4
() | | 1 ] ] Ll
0 2 B 6 ~ 10
3
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: v\_//-‘
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0.00 1— . T T T —
0 9 1 6 X 10
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1
WnN)=——1{n=N W(n,N) = I{N >n
General form (n, N) =~y 1 } (n,N) = — ST o) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10° .
A Yn — Yn—l n>1 107 . \ 10° ]
Yy n=1 T N I T N I
’Avg ok J
Ground truth W) N
2 0 \_..—a\//\\____/ )
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DEMONSTRATION

General form

N
YH:ZAnW(n,N) Ne{l,....H} ~q

n=1
Yo =¥ 3 m>]
An - n n—1
Yl n = ].
Ground truth
9
Y'" ) w\/
0 -
—l | L L ] ]
0 ) 1 6 R 10
| -
A, _
. \/\/\/\
B . : . . ;
0 ) 1 6 R 10

It

“Single sample”

1
W(n,N)=——=1{n=N}
q(N)
102
“.{rl. ‘Iv\'r) 10°
10°
0 2 6 R 10
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W (n, N)
9 4
A\ /\/
0 T
0 3 1 6 R 10
3
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P 1 —— Actual
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=
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"Russian roulette”
]

W(n,N) = — L{N > n}
1 — ZZ':l q(n’)
102
10* -
-
10° - ./\
\
0 ? 1 6 8 10
14
D -

0 ? 1 6 R 10
3
, | Estimated
1 = Actual
| -
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0.00 . r T T T —
0 9 1 6 X 10
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1
W(n,N)=——1{n=N Wi(n,N) = — 1{N >n
General form )= } (n,N) = — ST o) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10°
? Yn—Yn1 n>1 10° 10°
e
Y1 n = | 6 R 10
’Avg 1 - 1
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-
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1
W(n,N)=——1{n=N W(n,N) = — I{N >n
General form )= } (n,N) LS ) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10° .
T — Yn — Yn—l n>1 10° . \ | /\ 107 . (\
| ,
Y n=1 S S B S S S J N SN S
’Avg ok J
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i — r
0- \/\/\/\ AqN) g5 0.50 -
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0 2 1 6 5 10

10

(S Ey
——
& -
x
.-
=
=
| SRS
—
(.
x
(S E
—
o -
x

0

60



DEMONSTRATION

“Single sample” "Russian roulette”
1 1
WnN)=——1{n=N W(n,N) = I{N >n
General form (n, N) =~y 1 } (n,N) LS ) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
n=1 """’{n.. ‘Iv\'r) 10° 10° .
A — Yo ¥4 m>l 10° | 10° K
ey
Yy n=1 N D N T N I
’Avg 1 - 1
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1 1 4
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=
=
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—
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DEMONSTRATION

General form

N
YH:ZAnW(n,N) Ne{l,....H} ~q

n=1

Yon—Yn1 n>1

i
Yl n=l

Ground truth

0 I 1 6 ] 10

-
o
-
x
.-
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0
n

“Single sample”

1
W(n,N)=——=1{n=N}
q(N)
102
“.{rl. ‘Iv\'r) 10°
0 ? ] 6 R 10
Avg 17
W (n, N)
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0 \W/\\____j/\r/
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1.00

AN} s

10

=
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o
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x
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"Russian roulette”
]

W(n,N) = — , L{N > n}
1 — Zn'zl q(n )
10#
10°
l(’jl . K
0 ? 1 6 R 10
q -
2 4 _
() | 1 1 ] ] ]
0 2 B 6 ~ 10
3
, | Estimated
<1 —— Actual
l \/\//
0 -
-1 T X
0 b ] 6 X 10
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()‘25 ] \
0.00 1— r T T T —
0 2 B 6 ~ 10
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DEMONSTRATION

General form

N
YH:ZAnW(n,N) Ne{l,....H} ~q
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Yon—Yn1 n>1

i
Yl n=l
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=
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"Russian roulette”
]

W(n,N) = — , L{N > n}
1 — Zn'zl q(n )
10¢
10°
P | /\
L \ ] 1 ] ] ]
0 2 B 6 ~ 10
q -
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() | | 1 ] ] Ll
0 2 1 6 ~ 10
3
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0.00 1— T T T T ——
0 2 1 6 ~ 10
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DEMONSTRATION

“Single sample” "Russian roulette”
1 1
WnN)=——1{n=N W(n,N) = I{N >n
General form (n, N) =~y 1 } (n,N) LS ) {N >n}
N ”» >
Yu=>» AW(nN) Ne{l,....H}~q o o
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Avg 1 !
Ground truth WinN) |
2 \W/\\//\.-/ v—A/\/
04—

| |l 1 () T

0 ? 6 8 10 0 ? 6 R 10
y. - 3 3
mn N Estimated , | Estimated
» 1 = Actual o Actual
0 A ) n \/\//
1 1 4
-1 : 0 4 0 4

l - 0 2 1 b X 10 0 2 1 b X 10
An . ( l\r) 0.75 - 0.75 1
0 - EASAR YT 0.50

10 0 2 1 6 R 10
n I It

—

,‘
-
-
F o
.
x
.-
=

-
o
-
x
.-
=
—
| SR
—
-
¥

0

o4



DEMONSTRATION

General form

N
YH:ZAnW(n,N) Ne{l,....H} ~q

n=1
Yo =¥ 3 m>]
An - n n—1
Yl n = ].
Ground truth
9
Y'" ) w\/
0 -
—l | L L ] ]
0 ) 1 6 R 10
| -
A, _
. \/\/\/\
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It

“Single sample”
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"Russian roulette”
]

W(n,N) = — , L{N > n}
1 — Zn'zl q(n )
10#
10°
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0 2 B 6 ~ 10
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0.00 1— . T T T —
0 9 1 6 X 10
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DEMONSTRATION

General form

N
YH:ZAnW(n,N) Ne{l,....H} ~q

n=1
Yo =¥ 3 m>]
An - n n—1
Yl n = ].
Ground truth
9
Y'" ) w\/
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| -
A, _
. \/\/\/\
B . : . . ;
0 ) 1 6 R 10

It

“Single sample”

1
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"Russian roulette”
]

W(n,N) = — , L{N > n}
1 T Zn':l q(,n' )
10#
10°
—
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T - T T T T T
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Randomized lelescopes for optimization = SGD for limits

Condrtions for finite computation and variance

Adapting sampling and learni

’rovable convergence for convex optimization of infinite loops and limits

and maximize optimization efficiency

-X

pd

beriments: meta-optimization of learning rates, variational inference of O

rameters, optimizing RNNs

o7

g rate online to balance computation and variance,







