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The Optimization Problem

• Goal
find w∗ ∈ arg min

w∈Rd

f (w) =
1

n

n∑
i=1

fi (w)

where

– n i.i.d. observations: (ai , yi ) ∈ Rd × R or Rd × {−1, 1}
– fi :Rd→R is Li –smooth ∀i ∈ [n]

– f is L–smooth and µ–strongly convex

• Covered problems

– Ridge regression

– Regularized logistic regression
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Reformulation of the ERM

• Sampling vector

Let v ∈ Rn, with distribution D s.t. for all i in [n] :={1, . . . , n}

ED [vi ] = 1

• ERM stochastic reformulation

find w∗ ∈ arg min
w∈Rd

= ED

[
fv (w) :=

1

n

n∑
i=1

vi fi (w)

]
leading to an unbiased gradient estimate

ED [∇fv (w)] =
1

n

n∑
i=1

ED [vi ] fi (w) = ∇f (w)

• Arbitrary sampling includes all mini-batching strategies

such as sampling b ∈ [n] elements without replacement

P

[
v =

n

b

∑
i∈B

ei

]
=

1(n
b

) , for all B ⊆ [n], |B| = b.
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Focus on b Mini-Batch SAGA

The algorithm
– Sample a mini-batch B ⊂ [n] := {1, . . . , n} s.t. |B| = b

– Build the gradient estimate

g(wk) =
1

b

∑
i∈B

∇fi (wk)− 1

b

∑
i∈B

Jk:i +
1

n
Jke

where e is the all-ones vector and Jk:i the i–th column of Jk ∈ Rd×n

– Take a step:
wk+1 = wk − γg(wk)

– Update the Jacobian estimate Jk

Jki = ∇fi (wk), ∀i ∈ B

Our contribution:

optimal mini-batch and step size

Example of SAGA run on real data

(slice data set)
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Key Constant: Expected Smoothness

Definition (Expected Smoothness constant)

If f is L–smooth in expectation, then for every w ∈ Rd

ED
[
‖∇fv (w)−∇fv (w∗)‖22

]
≤ 2L(f (w)− f (w∗))

• Total Complexity of b mini-batch SAGA, for a given ε > 0, is

Ktotal(b) = max

{
4b(L + λ)

µ
, n +

n − b

n − 1

4(Lmax + λ)

µ

}
log

(
1

ε

)
,

where λ is the regularizer and Lmax := maxi=1...n Li

• For a step size

γ =
1

4 max

{
L + λ,

1

b

n − b

n − 1
Lmax +

µ

4

n

b

} .
Problem: Calculating L is most of the time intractable
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Our Estimates of the Expected Smoothness

Theorem (Upper-bounds of L)

When sampling b points without replacement we have
• Simple bound

L ≤ Lsimple(b) :=
n

b

b − 1

n − 1
L̄ +

1

b

n − b

n − 1
Lmax

• Bernstein bound

L ≤ LBernstein(b) := 2b−1
b

n
n−1L + 1

b

(
n−b
n−1 + 4

3 log d
)
Lmax

where L̄ := 1
n

∑n
i=1 Li and

Lmax := maxi∈[n] Li

Practical estimate

Lpractical := n
b
b−1
n−1 L + 1

b
n−b
n−1Lmax
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Optimal Mini-Batch from the Practical Estimate

For a precision ε > 0, the total complexity is

Ktotal(b) = max

{
4b(Lpractical + λ)

µ
, n +

n − b

n − 1

4(Lmax + λ)

µ

}
log

(
1

ε

)

Leading to the optimal

mini-batch size

b∗practical ∈ arg min
b∈[n]

Ktotal(b)

=⇒ b∗practical =
⌊

1 + µ(n−1)
4L

⌋
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Summary

Take Home Message

• Use optimal mini-batch and step sizes available for SAGA!

What was done

• Build estimates of L
• Give optimal settings (b, γ) for mini-batch SAGA

=⇒ Faster convergence of wk −−−→
k→∞

w∗

• Provide convincing numerical improvements on real datasets

• All the Julia code available at

https://github.com/gowerrobert/StochOpt.jl
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