
A	Conditional-Gradient-Based		
Augmented	Lagrangian	Framework

Alp Yurtsever
alp.yurtsever@epfl.ch 

Télécom ParisTech 
Ecole Polytechnique Fédérale de Lausanne (EPFL)

ICML2019 - Long Beach

joint work with 
Olivier Fercoq     &    Volkan Cevher
Télécom ParisTech EPFL



A Conditional Gradient Framework for Composite Convex Minimization

with Applications to Semidefinite Programming

Alp Yurtsever
1

Olivier Fercoq
2

Francesco Locatello
3 4

Volkan Cevher
1

Abstract

We propose a conditional gradient framework
for a composite convex minimization template
with broad applications. Our approach combines
smoothing and homotopy techniques under the
CGM framework, and provably achieves the opti-
mal O(1/

p
k) convergence rate. We demonstrate

that the same rate holds if the linear subproblems
are solved approximately with additive or multi-
plicative error. In contrast with the relevant work,
we are able to characterize the convergence when
the non-smooth term is an indicator function. Spe-
cific applications of our framework include the
non-smooth minimization, semidefinite program-
ming, and minimization with linear inclusion con-
straints over a compact domain. Numerical evi-
dence demonstrates the benefits of our framework.

1. Introduction

The importance of convex optimization in machine learning
has increased dramatically in the last decade due to the new
theory in structured sparsity, rank minimization and statisti-
cal learning models like support vector machines. Indeed, a
large class of learning formulations can be addressed by the
following composite convex minimization template:

min
x2X

F (x) := f(x) + g(Ax), (1.1)

where X ⇢ Rn is compact (nonempty, bounded, closed) and
its 0-dimensional faces (i.e., its vertices) are called atoms.
f : Rn

! R [ {+1} is a smooth proper closed convex
function, A 2 Rd⇥n, and g : Rd

! R [ {+1} is a proper
closed convex function which is possibly non-smooth.
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By using the powerful proximal gradient framework, prob-
lems belonging to the template (1.1) can be solved nearly
as efficiently as if they were fully smooth with fast con-
vergence rates. By proximal (prox) operator, we mean the
resolvent of the following optimization problem:

proxg(v) = arg min
y2Rd

g(y) +
1

2
ky � vk2.

These methods make use of the gradient of the smooth
function f along with the prox of the non-smooth function
g, and are optimal as they match the iteration lower-bounds.

Surprisingly, the proximal operator can impose an undesir-
able computational burden and even intractability on these
gradient-based methods, such as the computation of a full
singular value decomposition in the ambient dimension or
the computation of proximal mapping for the latent group
lasso (Jaggi, 2013). Moreover, the linear mapping A often
complicates the computation of the prox itself, and require
more sophisticated splitting or primal-dual methods.

As a result, the conditional gradient method (CGM, aka
Frank-Wolfe method) has recently increased in popularity,
since it requires only a linear minimization oracle (lmo). By
lmo, we mean a resolvent of the following problem:

lmoX (v) = argmin
x2X

⌦
x, v

↵
.

CGM features significantly reduced computational costs
(e.g., when X is the spectrahedron), tractability (e.g., when
X is a latent group lasso norm), and interpretability (e.g.,
they generate solutions as a combination of atoms of X ).
The method is shown in Algorithm 1 when g(Ax) = 0:

Algorithm 1 CGM for smooth minimization
Input: x1 2 X

for k = 1, 2, . . . , do

⌘k = 2/(k + 1)
sk = argminx2X

⌦
rf(xk), x

↵

xk+1 = xk + ⌘k(sk � xk)
end for

The method itself is optimal for this particular template
(Lan, 2014). Unfortunately, CGM provably cannot handle
the non-smooth g(Ax) term in (1.1) (cf., Section 5.3 for a
counter example by Nesterov (2017)).

The conditional gradient method (CGM)

X

{x : f(x) Æ f(xk)}
≠Òf(xk)

xk

sk

xk+1

min
xœX

f(x)

for k Ω 0, 1, 2, 3, . . . do

sk œ arg min
xœX

Èx, Òf(xk)Í

xk+1 = (1 ≠ ÷k)xk + ÷ksk

CGM cannot handle nonsmooth problems!
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min
x2X

f(x)
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Conditional	Gradient	Method	(CGM) (Frank & Wolfe, 1956) 
(Hazan, 2008) 
(Jaggi, 2013)

. X ⇢ Rn is a convex compact set

. f : X ! R is a smooth convex function

. A : X ! Rd is a given linear map

. K is a simple convex set
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(Hazan, 2008) 
(Yurtsever et al., 2017)Motivation:	Solving	Large-Scale	SDP

min
x2X

f(x)
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. X ⇢ Rn is a convex compact set

. f : X ! R is a smooth convex function

. A : X ! Rd is a given linear map

. K is a simple convex set
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When X is PSD-cone with bounded trace

! lmo is cheap (Arithmetic Scalability)
! updates are rank-1 (Storage Scalability)
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(Hazan, 2008) 
(Yurtsever et al., 2017)

This paper: 
A new CGM-type method 

based on augmented Lagrangian

Motivation:	Solving	Large-Scale	SDP

. X ⇢ Rn is a convex compact set

. f : X ! R is a smooth convex function

. A : X ! Rd is a given linear map

. K is a simple convex set
<latexit sha1_base64="NSslLu+o8lefHuUQqE4Y+ElquS4="></latexit>

min
x2X

f(x) s.t. Ax 2 K
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min
x2X

f(x)
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. X ⇢ Rn is a convex compact set

. f : X ! R is a smooth convex function

. A : X ! Rd is a given linear map

. K is a simple convex set
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When X is PSD-cone with bounded trace

! lmo is cheap (Arithmetic Scalability)
! updates are rank-1 (Storage Scalability)
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(QP formulation)min
x2X

f(x) +
�

2
dist2(Ax,K)
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(QP formulation) (Original problem)
� ! +1
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Start with some λ 
apply CGM step w.r.t. QP form.

increase λ at each iteration

(Yurtsever et al., 2018)CGM	via	Quadratic	Penalty:	HCGM

dist(Ax,K) = O(1/
p

k)
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|f(x)� f?
| = O(1/

p

k)
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Performance	of	HCGM

MaxCut Clustering Generalized	Eig.Vec.



(AL formulation)

L�(x, y) := f(x) + min
r2K

⇢
hy,Ax� ri+ �

2
kAx� rk2

�

<latexit sha1_base64="aAq+ZI+MB8c3pgFwUqLgxNF5l78="></latexit>

max
y2Rd

min
x2X

L�(x, y)
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where

Start with some λ 
apply CGM step on x

apply dual ascent step on y
increase λ at each iteration

CGM	via	augmented	Lagrangian:	CGAL

dist(Ax,K) = O(1/
p

k)
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Poster today: Pacific Ballroom #194CGAL	vs	HCGM

MaxCut Clustering Generalized	Eig.Vec.



Coming	soon:	Sketchy-CGAL

MaxCut with (1`441`295 x 1`441`295) dimensional belgium-osm Street Network  
from DIMACS10 Implementation Challenge Library 

(Cevher-Tropp-Yurtsever, 2019)

minimize
x

� 1

4
hL,Xi subject to diag(X) = 1, trace(X) = n, X is PSD.
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