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UCONN Problem Setting

= Solve
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Stochastic Gradient Descend (SGD):

Initialize: w,
lterate:
fort =0,1,2,...,do
Choose n; > 0
Generate random &;
Compute Vf(wy;é;)
Update Wiy =w; — 1 Vf(we; &)
end for
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UCONN Problem Setting

Solve
min (Fw) = E[fw; )]}

= Assumptions Stochastic Gradient Descend (SGD):
= Convex:
fw;8) — fwh8) =(Vf(w’6), (w —w'))
* Smooth: Initialize: w
Vf ;) = PF WS OIS Lilw —w'|| | Herate
. fort =0,1,2,...,do
* Find a w; close to ) Choose 7, > 0
W* ={w, € R*: VWeRd,F(W) > F(w,)} Generate random &,
= Problem: Characterize Expected Convergence Rates Compute Vf(wy; &)
_ Update wipq =we — 0 Vi(wg; &)
E [nggy*llwt — w*||2] and E[F(w;) — F(w,)] end for
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UCONN Beyond convex and strongly convex functions

Plain Convex | I ? Strongly Convex

Fw) — F(w,) = 0 o Fw) = F(w,) = ||lw — w.||?




UCONN w-Convexity

Plain Convex @ — Convex Strongly Convex

— ; _ 2
Fw) = F(w,) 2 0 W(FwW) —Fw)) = inf [lw —w.ll%, Fw) = F(w.) = 5w — w2
w >0w" <0,




UCONN  (»-Convexity with curvature h € [0,1]

Plain Convex @ — Convex Strongly Convex

— i _ 2
Fw) = F(w,) 2 0 W(FwW) —Fw)) = inf [lw —w.ll%, Fw) = F(w.) = 5w — w2
w >0w" <0,

[ (F(w) — F(W*))h > awjgg/* [lw — w,||? ]

h=0- »h e (0,1)+ sh=1
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@-Convexity with curvature h € [0,1]

Plain Convex

Fw)—Fw,) =0

w — Convex Strongly Convex

— > i — 2
W(Fw) —F(w.)) = inf [lw—w.*,

w >0w" <0,

Fw) = F(w,) 2 Z|lw — w.||?

$
[ (Fw) — Fw,))" = a inf |lw—w,||* J

=0+ »h € (0,1) * sh=1

‘I' HEB (Holderian Error Bound): (F(W) - F(W*))h >a itlslvli/* |lw — w,||?, where h € (0,2].
Wi

HEB and w-convexity are not subclasses of one another but they do intersection for h € (0,1].
[Bolte, J., Nguyen, T. P., Peypouquet, J., and Suter, B. W. From error bounds to the complexity of first
order descent methods for convex functions. Mathematical Programming, 165(2):471-507, Oct 2017]



UCONN Close to optimal stepsize

Plain Convex @ — Convex Strongly Convex

— i _ 2
Fw) = F(w,) 2 0 W(FwW) —Fw)) = inf [lw —w.ll%, Fw) = F(w.) = 5w — w2
w >0w" <0,

h=20 ‘

[ (Fw) — F(w,))" = a inf |lw - w,||? } h € (0,1)

h=1

(o
SGD [nt - (t+4)1/2-R) }

? Close to optimal stepsize




UCONN Convergence Rate of SGD

Plain Convex w — Convex Strongly Convex

— ; _ 2
Fw) = F(w,) 2 0 W(FwW) —Fw)) = inf [lw —w.ll%, Fw) = F(w.) = 5w — w2
w >0w" <0,

h=20 1

[ (Fw) — F(w,))" = a inf |lw - w,||? } h € (0,1)

h=1

c / iz [ G ||Wt — W ”2] — O(t—h/(z—h)) \
SGD Nt = (t+A)1/(2=h) W.EW* :
1 2t
S Close to optimal stepsize P’ Z E[F(w;) — F(w,)] = 0(t~Y/(Z=h)
\ i=t+1 / 1




UCONN Convergence Rate of SGD

Plain Convex w — Convex Strongly Convex

— ; _ 2
Fw) = F(w,) 2 0 W(FwW) —Fw)) = inf [lw —w.ll%, Fw) = F(w.) = 5w — w2
w >0w" <0,

h=20 1

[ (Fw) — F(w,))" = a inf |lw - w,||? } h € (0,1)

h=1

; — 27 — —h/(2-h eememese—————————)
E [W:Iellg/*llwt w, || ] = O(t /@ )) [Useless,0] [Useful, 1]

- 0 « h -1

1
? t z E[F(w)) — F(w,)] = 0(t™Y(Z~) [Useful,0] ¢ ————) [Useful,1]

i=t+1 13



UCONN Convergence Rate of SGD

Plain Convex @ — Convex Strongly Convex

— i _ 2
Fw) = F(w,) 2 0 W(FwW) —Fw)) = inf [lw —w.ll%, Fw) = F(w.) = 5w — w2
w >0w" <0,

h=20 ‘

[ (Fw) — F(w,))" = a inf |lw - w,||? } h € (0,1)

h=1

. _ _ =1
E[,nf |lwe—w.|[?] = 0(t™/@™) =
i F(w)=HWw) + AG(w),H(w) — convex

1 2t d
CT? 3 2 E[F(w;) — F(w,)] = 0(¢~ /=) G(w) = E[eWi+e'Wf -2 —w/]

i=t+1
i1 14
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Experiment

Curvature O (convex)

fiw) = log(1 + exp(~yxTw)) ¢

Curvature 2

fEw) = fi(w) + 6 (w)
d

G(w) = Z[ewi+e‘wi -2 —w}]

i=1

Fw) - F(w,)
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Curvature unknown

fEw) = fiw) + A|lwl|

Curvature 1 (strongly convex)

A 2
FEw) = fiw) + 5wl



UCONN Conclusion

" w-convexity notion: plain convex, strongly convex and something in between

= SGD with w-convex objective functions
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