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Motivations

Eπ

∑
t≥0

γt (r(St ,At) + αH(π(·|St))


Many recent (deep) RL algorithms make use of regularization
(SAC, soft Q-learning, DPP, TRPO, MPO, etc.).

They share the use of regularization, but are derived from
different principle, consider specific regularization, and have
ad-hoc analysis, if any.
This work, generalizes in two directions:

larger class of regularizers,
the general modified policy iteration scheme.

Allows for a general theoretical analysis, suggests new
algorithmic schemes.
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Unregularized MDPs
Legendre-Fenchel transform

Bellman evaluation operator

∀s ∈ S, [Tπv ](s) = Ea∼π(.|s)

[
r(s, a) + γEs′|s,a[v(s ′)]

]
.

For short, Tπv = rπ + γPπv . For any v , we associate

q(s, a) = r(s, a) + γEs′|s,a[v(s ′)].

We’ll write [Tπv ](s) = 〈π(·|s), q(s, ·)〉 = 〈πs , qs〉. With a
slight abuse of notation, Tπv = 〈π, q〉 = (〈πs , qs〉)s∈S .

Bellman optimality operator

T∗v = max
π

Tπv .

greedy operator

π′ ∈ G(v)⇔ T∗v = Tπ′v ⇔ π′ ∈ argmax
π

Tπv .

From Tπ, get T∗ and G, and then PI, VI, MPI... RL!
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Unregularized MDPs
Legendre-Fenchel transform

Let Ω : ∆A → R be a strongly convex function. The convex
conjugate is (here) a smoothed maximum

∀qs ∈ RA, Ω∗(qs) = max
πs∈∆A

〈πs , qs〉 − Ω(πs).
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Legendre-Fenchel transform

Negative Shannon entropy:

Ω(πs) =
∑
a

πs(a) lnπs(a), Ω∗(qs) = ln
∑
a

exp qs(a)

∇Ω∗(qs) =
exp qs(a)∑
b exp qs(b)

Kullback-Leibler divergence

Ωµ(πs) =
∑
a

πs(a) ln
πs(a)

µs(a)
, Ω∗µ(qs) = ln

∑
a

µs(a) exp qs(a)

∇Ω∗µ(qs) =
µs(a) exp qs(a)∑
b µs(b) exp qs(b)

Tsallis entropy

Ω(πs) =
1

2
(‖πs‖2

2 − 1).
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Regularized Bellman operators
Regularized value functions

Core idea

Regularize the Bellman evaluation operator

[Tπ,Ωv ](s) = 〈πs , qs〉−Ω(πs)

= [Tπv ](s)−Ω(πs).

From this, regularized Bellman optimality operator,
regularized greediness, regularized dynamic programming,
then regularized RL.
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Evaluation, optimality, greediness:

Tπ,Ω : v ∈ RS → Tπ,Ωv = Tπv − Ω(π) ∈ RS ,
T∗,Ω : v ∈ RS → T∗,Ωv = max

π∈∆SA

Tπ,Ωv = Ω∗(q) ∈ RS ,

π′ = GΩ(v) = ∇Ω∗(q)⇔ Tπ′,Ωv = T∗,Ωv .

The regularized Bellman operators satisfy the same properties
as the original ones:

Tπ,Ω is affine.
Monotonicity, distributivity and γ-contraction of Tπ,Ω and
T∗,Ω.
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Reg. value functions are fixed-points of the reg. operators,

qπ,Ω(s, a) = r(s, a) + γEs′|s,a[vπ,Ω(s ′)]

with vπ,Ω(s) = Ea∼π(.|s)[qπ,Ω(s, a)]− Ω(π(.|s)).

q∗,Ω(s, a) = r(s, a) + γEs′|s,a[v∗,Ω(s ′)]

with v∗,Ω(s) = Ω∗(q∗,Ω(s, .)).

The (unique) optimal policy is greedy resp. to v∗,Ω,

vπ∗,Ω,Ω = v∗,Ω ≥ vπ,Ω with π∗,Ω = GΩ(v∗,Ω)

However, the MDP’s solution is biased by the regularizer.
Assuming that LΩ ≤ Ω ≤ UΩ,

v∗ −
UΩ − LΩ

1− γ
≤ vπ∗,Ω ≤ v∗.
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Related algorithms
Analysis

{
πk+1 = GΩ(vk)

vk+1 = (Tπk+1,Ω)
mvk

.

With m = 1, we get regularized VI, that can be simplified as
vk+1 = T∗,Ωvk (as πk+1 is greedy resp. to vk , we have
Tπk+1,Ωvk = T∗,Ωvk).

With m =∞, we get regularized PI, that can be simplified as
πk+1 = GΩ(vπk ,Ω) (indeed, with a slight abuse of notation,
(Tπk ,Ω)∞vk−1 = vπk ,Ω).

9 / 16



Background
Regularized MDPs

Regularized MPI
Mirror Descent MPI

Perspectives

Related algorithms
Analysis

If m = 1,

J(θ) = Ê
[
(q̂i − qθ(si , ai ))2

]
with q̂i = ri + γΩ∗(qθ̄(s ′i , ·)).

If m ≥ 1,

evaluation step, m = 1

J(θ) = Ê[(q̂i−qθ(si , ai ))2] with q̂i = ri+γ(Ea∼π(·|s′i )[qθ̄(s ′i , a)]−Ω(π(·, s ′i )).

evalution step, m > 1, either m-step rollouts or solve m regressions
(keeping π fixed)

greedy step

J(w) = Ê
[
Ea∼πw (·|si )[qk(si , a)]− Ω(πw (·|si )

]
or J(w) = Ê[KL(πw (·|si )||∇Ω∗(qk(si , .)))].

Soft Q-learning, SAC, DPP, MPO, TRPO are (variations of) these recipes
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Analyzed algorithmic scheme,{
πk+1 = Gε

′
k+1

Ω (vk)

vk+1 = (Tπk+1,Ω)mvk + εk+1

,

Quantity to bound, the loss lk,Ω = v∗,Ω − vπk ,Ω.

Γ-matrix, roughly defined as Γn =
∏n

i=1(γPπi ).

Theorem

After k iterations of reg-MPI, the loss satisfies

lk,Ω ≤ 2
k−1∑
i=1

∞∑
j=i

Γj |εk−i |+
k−1∑
i=0

∞∑
j=i

Γj |ε′k−i |+ h(k)

with h(k) = 2
∑∞

j=k Γj |d0| or h(k) = 2
∑∞

j=k Γj |b0|.
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Regularizing the MDP changes the problem.

Possible to solve the original problem with regularization?

Idea: as DP is iterative, regularize according to the previous
policy

Bregman divergence generated by Ω:

Ωπ′s (πs) = DΩ(πs ||π′s)

= Ω(πs)− Ω(π′s)− 〈∇Ω(π′s), πs − π′s〉.

Positive, Ωπ′(π
′) = 0, strongly convex in π

Eg, KL div. generated by negative entropy

KL(πs ||π′s) =
∑
a

πs(a) ln
πs(a)

π′s(a)
.
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greedy step, πk+1 = argmaxπ〈qk , π〉 − DΩ(π||πk).

evaluation step, vk+1 = (Tπk+1,Ωπk
)mvk or

vk+1 = (Tπk+1,Ωπk+1
)mvk . As Ωπk+1

(πk+1) = 0, this simplifies

as vk+1 = (Tπk+1
)mvk , that is a partial unregularized

evaluation.

MD-MPI type-1 and type-2{
πk+1 = GΩπk

(vk)

vk+1 = (Tπk+1,Ωπk
)mvk

,

{
πk+1 = GΩπk

(vk)

vk+1 = (Tπk+1
)mvk

.
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TRPO: MD-MPI type 2, with m =∞ and greedy step

J(w) = Ê
[
Ea∼πw (·|si )[qk(si , a)]− Ω(πw (·|si )

]
.

MPO: MD-MPI type-2, with m =∞ and greedy step

J(w) = Ê[KL(πw (·|si )||∇Ω∗(qk(si , .)))].

DPP: reparameterization of MD-MPI type-1, with m = 1.

etc.
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Analyzed algorithmic schemes:{
πk+1 = Gε

′
k+1

Ωπk
(vk)

vk+1 = (Tπk+1,Ωπk
)mvk + εk+1

,

{
πk+1 = Gε

′
k+1

Ωπk
(vk)

vk+1 = (Tπk+1
)mvk + εk+1

.

Theorem

Define RΩπ0
= ‖ supπ DΩ(π||π0)‖∞, after K iterations of MD-MPI, for

h = 1, 2, the regret LK =
∑K

k=1 lk satisfies

LK ≤ 2
K∑

k=2

k−1∑
i=1

∞∑
j=i

Γj |εk−i |+
K∑

k=1

k−1∑
i=0

∞∑
j=i

Γj |ε′k−i |

+
K∑

k=1

h(k) +
1− γK

(1− γ)2
RΩπ0

1.

with h(k) = 2
∑∞

j=k Γj |d0| or h(k) = 2
∑∞

j=k Γj |b0|.
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Dynamic programming and optimization

Temporal consistency equations. Eg, with entropy

∀(s, a) ∈ S×A v∗,Ω(s) = r(s, a)+γEs′|s,a[v∗,Ω(s ′)]−lnπ∗,Ω(a|s).

Regularized policy gradient. With JΩ(π) = νvπ,Ω,

∇JΩ(π) =
1

1− γ
Es,a∼dν,π

[(
qπ,Ω(s, a)− ∂Ω(π(.|s))

∂π(a|s)

)
∇ lnπ(a|s)

]
.

Regularized IRL. Uniqueness of greediness pretty useful, eg.
for entropy r̂(s, a) = lnπ∗,Ω(s, a) analytic solution to
(regularized) IRL.

Regularized zero-sum Markov games,

[Tµ,ν,Ωv ](s) = [Tµ,νv ](s)− Ω1(µ(.|s)) + Ω2(ν(.|s)).
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