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Subset Selection

• Find a small subset of representatives from a large ground set
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Subset Selection

• Find a small subset of representatives from a large ground set 

• Sequential data have structured dependencies 

• Most methods: data is a bag of randomly permutable items! 

2/27/2014 Successful launch for rain-tracking satellite - CNN.com
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By  Matt  Smith  and  Elizabeth  Landau,  CNN
updated  3:32  PM  EST,  Thu  February  27,  2014  |  Filed  under:  Innovations

A  NASA  satellite  blasted  off  on  this  rocket  at  Japan's  Tanegashima  Space  Center  at  3:37  a.m.  Friday  (1:37  p.m.  Thursday  ET).

(CNN)  -­-­  A  Japanese  rocket  roared  into  orbit  early  Friday  (Thursday
afternoon  ET)  carrying  what  NASA  calls  its  most  precise  instrument
yet  for  measuring  rain  and  snowfall.

The  Global  Precipitation  Measurement  (GPM)  satellite  is  the  first  of
five  earth  science  launches  NASA  has  planned  for  2014.  The  4-­ton
spacecraft  is  the  most  sophisticated  platform  yet  for  measuring
rainfall,  capable  of  recording  amounts  as  small  as  a  hundredth  of
an  inch  an  hour,  said  Gail  Skofronick  Jackson,  GPM's  deputy
project  scientist.

The  $900  million  satellite  is  a  joint  project  with  the  Japanese  space
agency  JAXA,  and  it  lifted  off  from  Tanegashima  Space  Center  at
3:37  a.m.  Friday  (1:37  p.m.  Thursday  ET).  In  a  little  over  a  half
hour,  it  had  reached  orbit,  deployed  its  solar  panels  and  began
beaming  signals  back  to  its  controllers,  NASA  said.

Also,  once  fully  activated,  GPM  will  use  both  radar  and  microwave
instruments  to  detect  falling  snow  for  the  first  time.  It  will  also
combine  data  from  other  satellites  with  its  own  readings,  beaming
back  a  snapshot  of  worldwide  precipitation  every  three  hours,
Jackson  said.

"We  can  start  using  the  data  for  all  sorts  of  applications  -­-­  for  floods,
for  landslide  predictions,  for  tracking  hurricanes  so  we  know  what
part  of  the  coastline  to  evacuate,"  Jackson  said.
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- Subactions performed with a specific order in instructional videos

- Logical way of connecting sentences in speech



This Paper

• Develop a framework for sequential subset selection 

• Propose cardinality-constrained sequential facility location 

• Develop a fast greedy algorithm to maximize SeqFL 

• Theoretical conditions for approximate submodularity 

• Address procedure learning from instructional videos
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<latexit sha1_base64="lsNyf8gz10qMBYa7NccsatrPxxk=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRIVdFl047KCfUAbwmQyaYdOZsLMpBBC/8SNC0Xc+ifu/BsnbRZaPTDM4Zx7mTMnTBlV2nW/rNra+sbmVn27sbO7t39gHx71lMgkJl0smJCDECnCKCddTTUjg1QSlISM9MPpXen3Z0QqKvijzlPiJ2jMaUwx0kYKbHsUChapPDFXkc+Dy8Buui13Aecv8SrShAqdwP4cRQJnCeEaM6TU0HNT7RdIaooZmTdGmSIpwlM0JkNDOUqI8otF8rlzZpTIiYU0h2tnof7cKFCiynBmMkF6ola9UvzPG2Y6vvELytNME46XD8UZc7RwyhqciEqCNcsNQVhSk9XBEyQR1qashinBW/3yX9K7aHluy3u4arZvqzrqcAKncA4eXEMb7qEDXcAwgyd4gVersJ6tN+t9OVqzqp1j+AXr4xsAcJPh</latexit><latexit sha1_base64="lsNyf8gz10qMBYa7NccsatrPxxk=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRIVdFl047KCfUAbwmQyaYdOZsLMpBBC/8SNC0Xc+ifu/BsnbRZaPTDM4Zx7mTMnTBlV2nW/rNra+sbmVn27sbO7t39gHx71lMgkJl0smJCDECnCKCddTTUjg1QSlISM9MPpXen3Z0QqKvijzlPiJ2jMaUwx0kYKbHsUChapPDFXkc+Dy8Buui13Aecv8SrShAqdwP4cRQJnCeEaM6TU0HNT7RdIaooZmTdGmSIpwlM0JkNDOUqI8otF8rlzZpTIiYU0h2tnof7cKFCiynBmMkF6ola9UvzPG2Y6vvELytNME46XD8UZc7RwyhqciEqCNcsNQVhSk9XBEyQR1qashinBW/3yX9K7aHluy3u4arZvqzrqcAKncA4eXEMb7qEDXcAwgyd4gVersJ6tN+t9OVqzqp1j+AXr4xsAcJPh</latexit><latexit sha1_base64="lsNyf8gz10qMBYa7NccsatrPxxk=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRIVdFl047KCfUAbwmQyaYdOZsLMpBBC/8SNC0Xc+ifu/BsnbRZaPTDM4Zx7mTMnTBlV2nW/rNra+sbmVn27sbO7t39gHx71lMgkJl0smJCDECnCKCddTTUjg1QSlISM9MPpXen3Z0QqKvijzlPiJ2jMaUwx0kYKbHsUChapPDFXkc+Dy8Buui13Aecv8SrShAqdwP4cRQJnCeEaM6TU0HNT7RdIaooZmTdGmSIpwlM0JkNDOUqI8otF8rlzZpTIiYU0h2tnof7cKFCiynBmMkF6ola9UvzPG2Y6vvELytNME46XD8UZc7RwyhqciEqCNcsNQVhSk9XBEyQR1qashinBW/3yX9K7aHluy3u4arZvqzrqcAKncA4eXEMb7qEDXcAwgyd4gVersJ6tN+t9OVqzqp1j+AXr4xsAcJPh</latexit><latexit sha1_base64="lsNyf8gz10qMBYa7NccsatrPxxk=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRIVdFl047KCfUAbwmQyaYdOZsLMpBBC/8SNC0Xc+ifu/BsnbRZaPTDM4Zx7mTMnTBlV2nW/rNra+sbmVn27sbO7t39gHx71lMgkJl0smJCDECnCKCddTTUjg1QSlISM9MPpXen3Z0QqKvijzlPiJ2jMaUwx0kYKbHsUChapPDFXkc+Dy8Buui13Aecv8SrShAqdwP4cRQJnCeEaM6TU0HNT7RdIaooZmTdGmSIpwlM0JkNDOUqI8otF8rlzZpTIiYU0h2tnof7cKFCiynBmMkF6ola9UvzPG2Y6vvELytNME46XD8UZc7RwyhqciEqCNcsNQVhSk9XBEyQR1qashinBW/3yX9K7aHluy3u4arZvqzrqcAKncA4eXEMb7qEDXcAwgyd4gVersJ6tN+t9OVqzqp1j+AXr4xsAcJPh</latexit>

yT�1
<latexit sha1_base64="KP1H9uYh4TbfMniqLyy+pUduQqo=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgEL45WBD0OvXicsC/YSknTbAtLk5KkQi3Ff8WLB0W8+n94878x3XrQzQchj/d+P/LygphRpR3n26qsrK6tb1Q3a1vbO7t79v5BV4lEYtLBggnZD5AijHLS0VQz0o8lQVHASC+Y3hZ+74FIRQVv6zQmXoTGnI4oRtpIvn00DAQLVRqZK0tzP2ufu7lv152GMwNcJm5J6qBEy7e/hqHASUS4xgwpNXCdWHsZkppiRvLaMFEkRniKxmRgKEcRUV42S5/DU6OEcCSkOVzDmfp7I0ORKgKayQjpiVr0CvE/b5Do0bWXUR4nmnA8f2iUMKgFLKqAIZUEa5YagrCkJivEEyQR1qawminBXfzyMuleNFyn4d5f1ps3ZR1VcAxOwBlwwRVogjvQAh2AwSN4Bq/gzXqyXqx362M+WrHKnUPwB9bnD+p5lYA=</latexit><latexit sha1_base64="KP1H9uYh4TbfMniqLyy+pUduQqo=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgEL45WBD0OvXicsC/YSknTbAtLk5KkQi3Ff8WLB0W8+n94878x3XrQzQchj/d+P/LygphRpR3n26qsrK6tb1Q3a1vbO7t79v5BV4lEYtLBggnZD5AijHLS0VQz0o8lQVHASC+Y3hZ+74FIRQVv6zQmXoTGnI4oRtpIvn00DAQLVRqZK0tzP2ufu7lv152GMwNcJm5J6qBEy7e/hqHASUS4xgwpNXCdWHsZkppiRvLaMFEkRniKxmRgKEcRUV42S5/DU6OEcCSkOVzDmfp7I0ORKgKayQjpiVr0CvE/b5Do0bWXUR4nmnA8f2iUMKgFLKqAIZUEa5YagrCkJivEEyQR1qawminBXfzyMuleNFyn4d5f1ps3ZR1VcAxOwBlwwRVogjvQAh2AwSN4Bq/gzXqyXqx362M+WrHKnUPwB9bnD+p5lYA=</latexit><latexit sha1_base64="KP1H9uYh4TbfMniqLyy+pUduQqo=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgEL45WBD0OvXicsC/YSknTbAtLk5KkQi3Ff8WLB0W8+n94878x3XrQzQchj/d+P/LygphRpR3n26qsrK6tb1Q3a1vbO7t79v5BV4lEYtLBggnZD5AijHLS0VQz0o8lQVHASC+Y3hZ+74FIRQVv6zQmXoTGnI4oRtpIvn00DAQLVRqZK0tzP2ufu7lv152GMwNcJm5J6qBEy7e/hqHASUS4xgwpNXCdWHsZkppiRvLaMFEkRniKxmRgKEcRUV42S5/DU6OEcCSkOVzDmfp7I0ORKgKayQjpiVr0CvE/b5Do0bWXUR4nmnA8f2iUMKgFLKqAIZUEa5YagrCkJivEEyQR1qawminBXfzyMuleNFyn4d5f1ps3ZR1VcAxOwBlwwRVogjvQAh2AwSN4Bq/gzXqyXqx362M+WrHKnUPwB9bnD+p5lYA=</latexit><latexit sha1_base64="KP1H9uYh4TbfMniqLyy+pUduQqo=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgEL45WBD0OvXicsC/YSknTbAtLk5KkQi3Ff8WLB0W8+n94878x3XrQzQchj/d+P/LygphRpR3n26qsrK6tb1Q3a1vbO7t79v5BV4lEYtLBggnZD5AijHLS0VQz0o8lQVHASC+Y3hZ+74FIRQVv6zQmXoTGnI4oRtpIvn00DAQLVRqZK0tzP2ufu7lv152GMwNcJm5J6qBEy7e/hqHASUS4xgwpNXCdWHsZkppiRvLaMFEkRniKxmRgKEcRUV42S5/DU6OEcCSkOVzDmfp7I0ORKgKayQjpiVr0CvE/b5Do0bWXUR4nmnA8f2iUMKgFLKqAIZUEa5YagrCkJivEEyQR1qawminBXfzyMuleNFyn4d5f1ps3ZR1VcAxOwBlwwRVogjvQAh2AwSN4Bq/gzXqyXqx362M+WrHKnUPwB9bnD+p5lYA=</latexit>



Sequential Facility Location
•      (Source): items with transition scores 

•      (Target): sequential dataset 

•          : pairwise similarity 

•         (unknown) representative of 

…

…
x1 xM

y1 yT

Y
X

xrt
<latexit sha1_base64="8lOtSDrfYWvsemMzTlwP7BZ+2Vw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cVbCu0IUwm03boZBJmbsQagr/ixoUibv0Pd/6NkzYLbT0wzOGce5kzJ0gE1+A431ZlaXllda26XtvY3NresXf3OjpOFWVtGotY3QVEM8ElawMHwe4SxUgUCNYNxleF371nSvNY3sIkYV5EhpIPOCVgJN8+6AexCPUkMlf2kPuZ8iH37brTcKbAi8QtSR2VaPn2Vz+MaRoxCVQQrXuuk4CXEQWcCpbX+qlmCaFjMmQ9QyWJmPayafocHxslxINYmSMBT9XfGxmJdBHQTEYERnreK8T/vF4Kgwsv4zJJgUk6e2iQCgwxLqrAIVeMgpgYQqjiJiumI6IIBVNYzZTgzn95kXROG67TcG/O6s3Lso4qOkRH6AS56Bw10TVqoTai6BE9o1f0Zj1ZL9a79TEbrVjlzj76A+vzB8jKlhI=</latexit><latexit sha1_base64="8lOtSDrfYWvsemMzTlwP7BZ+2Vw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cVbCu0IUwm03boZBJmbsQagr/ixoUibv0Pd/6NkzYLbT0wzOGce5kzJ0gE1+A431ZlaXllda26XtvY3NresXf3OjpOFWVtGotY3QVEM8ElawMHwe4SxUgUCNYNxleF371nSvNY3sIkYV5EhpIPOCVgJN8+6AexCPUkMlf2kPuZ8iH37brTcKbAi8QtSR2VaPn2Vz+MaRoxCVQQrXuuk4CXEQWcCpbX+qlmCaFjMmQ9QyWJmPayafocHxslxINYmSMBT9XfGxmJdBHQTEYERnreK8T/vF4Kgwsv4zJJgUk6e2iQCgwxLqrAIVeMgpgYQqjiJiumI6IIBVNYzZTgzn95kXROG67TcG/O6s3Lso4qOkRH6AS56Bw10TVqoTai6BE9o1f0Zj1ZL9a79TEbrVjlzj76A+vzB8jKlhI=</latexit><latexit sha1_base64="8lOtSDrfYWvsemMzTlwP7BZ+2Vw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cVbCu0IUwm03boZBJmbsQagr/ixoUibv0Pd/6NkzYLbT0wzOGce5kzJ0gE1+A431ZlaXllda26XtvY3NresXf3OjpOFWVtGotY3QVEM8ElawMHwe4SxUgUCNYNxleF371nSvNY3sIkYV5EhpIPOCVgJN8+6AexCPUkMlf2kPuZ8iH37brTcKbAi8QtSR2VaPn2Vz+MaRoxCVQQrXuuk4CXEQWcCpbX+qlmCaFjMmQ9QyWJmPayafocHxslxINYmSMBT9XfGxmJdBHQTEYERnreK8T/vF4Kgwsv4zJJgUk6e2iQCgwxLqrAIVeMgpgYQqjiJiumI6IIBVNYzZTgzn95kXROG67TcG/O6s3Lso4qOkRH6AS56Bw10TVqoTai6BE9o1f0Zj1ZL9a79TEbrVjlzj76A+vzB8jKlhI=</latexit><latexit sha1_base64="8lOtSDrfYWvsemMzTlwP7BZ+2Vw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cVbCu0IUwm03boZBJmbsQagr/ixoUibv0Pd/6NkzYLbT0wzOGce5kzJ0gE1+A431ZlaXllda26XtvY3NresXf3OjpOFWVtGotY3QVEM8ElawMHwe4SxUgUCNYNxleF371nSvNY3sIkYV5EhpIPOCVgJN8+6AexCPUkMlf2kPuZ8iH37brTcKbAi8QtSR2VaPn2Vz+MaRoxCVQQrXuuk4CXEQWcCpbX+qlmCaFjMmQ9QyWJmPayafocHxslxINYmSMBT9XfGxmJdBHQTEYERnreK8T/vF4Kgwsv4zJJgUk6e2iQCgwxLqrAIVeMgpgYQqjiJiumI6IIBVNYzZTgzn95kXROG67TcG/O6s3Lso4qOkRH6AS56Bw10TVqoTai6BE9o1f0Zj1ZL9a79TEbrVjlzj76A+vzB8jKlhI=</latexit>

yt
<latexit sha1_base64="5PXDg8scgz/zH695EaezKN4Zm8Y=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRIRdFl047KCfUAbwmQyaYdOZsLMpBBC/8SNC0Xc+ifu/BsnbRbaemCYwzn3MmdOmDKqtOt+W7WNza3tnfpuY2//4PDIPj7pKZFJTLpYMCEHIVKEUU66mmpGBqkkKAkZ6YfT+9Lvz4hUVPAnnafET9CY05hipI0U2PYoFCxSeWKuIp8HOrCbbstdwFknXkWaUKET2F+jSOAsIVxjhpQaem6q/QJJTTEj88YoUyRFeIrGZGgoRwlRfrFIPncujBI5sZDmcO0s1N8bBUpUGc5MJkhP1KpXiv95w0zHt35BeZppwvHyoThjjhZOWYMTUUmwZrkhCEtqsjp4giTC2pTVMCV4q19eJ72rlue2vMfrZvuuqqMOZ3AOl+DBDbThATrQBQwzeIZXeLMK68V6tz6WozWr2jmFP7A+fwBi9JQi</latexit><latexit sha1_base64="5PXDg8scgz/zH695EaezKN4Zm8Y=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRIRdFl047KCfUAbwmQyaYdOZsLMpBBC/8SNC0Xc+ifu/BsnbRbaemCYwzn3MmdOmDKqtOt+W7WNza3tnfpuY2//4PDIPj7pKZFJTLpYMCEHIVKEUU66mmpGBqkkKAkZ6YfT+9Lvz4hUVPAnnafET9CY05hipI0U2PYoFCxSeWKuIp8HOrCbbstdwFknXkWaUKET2F+jSOAsIVxjhpQaem6q/QJJTTEj88YoUyRFeIrGZGgoRwlRfrFIPncujBI5sZDmcO0s1N8bBUpUGc5MJkhP1KpXiv95w0zHt35BeZppwvHyoThjjhZOWYMTUUmwZrkhCEtqsjp4giTC2pTVMCV4q19eJ72rlue2vMfrZvuuqqMOZ3AOl+DBDbThATrQBQwzeIZXeLMK68V6tz6WozWr2jmFP7A+fwBi9JQi</latexit><latexit sha1_base64="5PXDg8scgz/zH695EaezKN4Zm8Y=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRIRdFl047KCfUAbwmQyaYdOZsLMpBBC/8SNC0Xc+ifu/BsnbRbaemCYwzn3MmdOmDKqtOt+W7WNza3tnfpuY2//4PDIPj7pKZFJTLpYMCEHIVKEUU66mmpGBqkkKAkZ6YfT+9Lvz4hUVPAnnafET9CY05hipI0U2PYoFCxSeWKuIp8HOrCbbstdwFknXkWaUKET2F+jSOAsIVxjhpQaem6q/QJJTTEj88YoUyRFeIrGZGgoRwlRfrFIPncujBI5sZDmcO0s1N8bBUpUGc5MJkhP1KpXiv95w0zHt35BeZppwvHyoThjjhZOWYMTUUmwZrkhCEtqsjp4giTC2pTVMCV4q19eJ72rlue2vMfrZvuuqqMOZ3AOl+DBDbThATrQBQwzeIZXeLMK68V6tz6WozWr2jmFP7A+fwBi9JQi</latexit><latexit sha1_base64="5PXDg8scgz/zH695EaezKN4Zm8Y=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRIRdFl047KCfUAbwmQyaYdOZsLMpBBC/8SNC0Xc+ifu/BsnbRbaemCYwzn3MmdOmDKqtOt+W7WNza3tnfpuY2//4PDIPj7pKZFJTLpYMCEHIVKEUU66mmpGBqkkKAkZ6YfT+9Lvz4hUVPAnnafET9CY05hipI0U2PYoFCxSeWKuIp8HOrCbbstdwFknXkWaUKET2F+jSOAsIVxjhpQaem6q/QJJTTEj88YoUyRFeIrGZGgoRwlRfrFIPncujBI5sZDmcO0s1N8bBUpUGc5MJkhP1KpXiv95w0zHt35BeZppwvHyoThjjhZOWYMTUUmwZrkhCEtqsjp4giTC2pTVMCV4q19eJ72rlue2vMfrZvuuqqMOZ3AOl+DBDbThATrQBQwzeIZXeLMK68V6tz6WozWr2jmFP7A+fwBi9JQi</latexit>

s1,1
<latexit sha1_base64="UF5zP8cf2QKaqRxLyyYRsVJM9AA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKOCHoMevEYwTwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7wkRJi77/7RXW1jc2t4rbpZ3dvf2D8uFR08ap4aLBYxWbdsisUFKLBkpUop0YwaJQiVY4vpv5rSdhrIz1I04SEURsqOVAcoZOatleRi/otFeu+FV/DrJKaE4qkKPeK391+zFPI6GRK2Zth/oJBhkzKLkS01I3tSJhfMyGouOoZpGwQTY/d0rOnNIng9i40kjm6u+JjEXWTqLQdUYMR3bZm4n/eZ0UBzdBJnWSotB8sWiQKoIxmf1O+tIIjmriCONGulsJHzHDOLqESi4EuvzyKmleVqlfpQ9XldptHkcRTuAUzoHCNdTgHurQAA5jeIZXePMS78V79z4WrQUvnzmGP/A+fwCjAI8Y</latexit><latexit sha1_base64="UF5zP8cf2QKaqRxLyyYRsVJM9AA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKOCHoMevEYwTwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7wkRJi77/7RXW1jc2t4rbpZ3dvf2D8uFR08ap4aLBYxWbdsisUFKLBkpUop0YwaJQiVY4vpv5rSdhrIz1I04SEURsqOVAcoZOatleRi/otFeu+FV/DrJKaE4qkKPeK391+zFPI6GRK2Zth/oJBhkzKLkS01I3tSJhfMyGouOoZpGwQTY/d0rOnNIng9i40kjm6u+JjEXWTqLQdUYMR3bZm4n/eZ0UBzdBJnWSotB8sWiQKoIxmf1O+tIIjmriCONGulsJHzHDOLqESi4EuvzyKmleVqlfpQ9XldptHkcRTuAUzoHCNdTgHurQAA5jeIZXePMS78V79z4WrQUvnzmGP/A+fwCjAI8Y</latexit><latexit sha1_base64="UF5zP8cf2QKaqRxLyyYRsVJM9AA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKOCHoMevEYwTwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7wkRJi77/7RXW1jc2t4rbpZ3dvf2D8uFR08ap4aLBYxWbdsisUFKLBkpUop0YwaJQiVY4vpv5rSdhrIz1I04SEURsqOVAcoZOatleRi/otFeu+FV/DrJKaE4qkKPeK391+zFPI6GRK2Zth/oJBhkzKLkS01I3tSJhfMyGouOoZpGwQTY/d0rOnNIng9i40kjm6u+JjEXWTqLQdUYMR3bZm4n/eZ0UBzdBJnWSotB8sWiQKoIxmf1O+tIIjmriCONGulsJHzHDOLqESi4EuvzyKmleVqlfpQ9XldptHkcRTuAUzoHCNdTgHurQAA5jeIZXePMS78V79z4WrQUvnzmGP/A+fwCjAI8Y</latexit><latexit sha1_base64="UF5zP8cf2QKaqRxLyyYRsVJM9AA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKOCHoMevEYwTwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7wkRJi77/7RXW1jc2t4rbpZ3dvf2D8uFR08ap4aLBYxWbdsisUFKLBkpUop0YwaJQiVY4vpv5rSdhrIz1I04SEURsqOVAcoZOatleRi/otFeu+FV/DrJKaE4qkKPeK391+zFPI6GRK2Zth/oJBhkzKLkS01I3tSJhfMyGouOoZpGwQTY/d0rOnNIng9i40kjm6u+JjEXWTqLQdUYMR3bZm4n/eZ0UBzdBJnWSotB8sWiQKoIxmf1O+tIIjmriCONGulsJHzHDOLqESi4EuvzyKmleVqlfpQ9XldptHkcRTuAUzoHCNdTgHurQAA5jeIZXePMS78V79z4WrQUvnzmGP/A+fwCjAI8Y</latexit>

sM,T
<latexit sha1_base64="U/hnd1TXK7XS2ww0TTVcnN6WqGQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXgRKvQL2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H47uZ337i2ohYNXCScD+iQyVCwShaqW362cNFY9ovV9yqOwdZJV5OKpCj3i9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMbPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2oZINwVt+eZW0LqueW/Ueryq12zyOIpzAKZyDB9dQg3uoQxMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBAwKPVw==</latexit><latexit sha1_base64="U/hnd1TXK7XS2ww0TTVcnN6WqGQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXgRKvQL2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H47uZ337i2ohYNXCScD+iQyVCwShaqW362cNFY9ovV9yqOwdZJV5OKpCj3i9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMbPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2oZINwVt+eZW0LqueW/Ueryq12zyOIpzAKZyDB9dQg3uoQxMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBAwKPVw==</latexit><latexit sha1_base64="U/hnd1TXK7XS2ww0TTVcnN6WqGQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXgRKvQL2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H47uZ337i2ohYNXCScD+iQyVCwShaqW362cNFY9ovV9yqOwdZJV5OKpCj3i9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMbPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2oZINwVt+eZW0LqueW/Ueryq12zyOIpzAKZyDB9dQg3uoQxMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBAwKPVw==</latexit><latexit sha1_base64="U/hnd1TXK7XS2ww0TTVcnN6WqGQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXgRKvQL2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H47uZ337i2ohYNXCScD+iQyVCwShaqW362cNFY9ovV9yqOwdZJV5OKpCj3i9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMbPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2oZINwVt+eZW0LqueW/Ueryq12zyOIpzAKZyDB9dQg3uoQxMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBAwKPVw==</latexit>

si,t
<latexit sha1_base64="s2v0VXu2ITgUpsFcbc3Gmv/TyVo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bN20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv9zhPXRsTqEacJ9yM6UiIUjKKVOmaQiQucDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5ufOyNnVhmSMNa2FJK5+nsio5Ex0yiwnRHFsVn2cvE/r5dieONnQiUpcsUWi8JUEoxJ/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC85ZdXSfuy7rl17+Gq1rgt4ijDCZzCOXhwDQ24hya0gMEEnuEV3pzEeXHenY9Fa8kpZo7hD5zPH15mj5M=</latexit><latexit sha1_base64="s2v0VXu2ITgUpsFcbc3Gmv/TyVo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bN20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv9zhPXRsTqEacJ9yM6UiIUjKKVOmaQiQucDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5ufOyNnVhmSMNa2FJK5+nsio5Ex0yiwnRHFsVn2cvE/r5dieONnQiUpcsUWi8JUEoxJ/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC85ZdXSfuy7rl17+Gq1rgt4ijDCZzCOXhwDQ24hya0gMEEnuEV3pzEeXHenY9Fa8kpZo7hD5zPH15mj5M=</latexit><latexit sha1_base64="s2v0VXu2ITgUpsFcbc3Gmv/TyVo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bN20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv9zhPXRsTqEacJ9yM6UiIUjKKVOmaQiQucDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5ufOyNnVhmSMNa2FJK5+nsio5Ex0yiwnRHFsVn2cvE/r5dieONnQiUpcsUWi8JUEoxJ/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC85ZdXSfuy7rl17+Gq1rgt4ijDCZzCOXhwDQ24hya0gMEEnuEV3pzEeXHenY9Fa8kpZo7hD5zPH15mj5M=</latexit><latexit sha1_base64="s2v0VXu2ITgUpsFcbc3Gmv/TyVo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bN20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv9zhPXRsTqEacJ9yM6UiIUjKKVOmaQiQucDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5ufOyNnVhmSMNa2FJK5+nsio5Ex0yiwnRHFsVn2cvE/r5dieONnQiUpcsUWi8JUEoxJ/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC85ZdXSfuy7rl17+Gq1rgt4ijDCZzCOXhwDQ24hya0gMEEnuEV3pzEeXHenY9Fa8kpZo7hD5zPH15mj5M=</latexit>



Sequential Facility Location
•      (Source): items with transition scores 

•      (Target): sequential dataset 

•          : pairwise similarity 

•         (unknown) representative of  

• Find a subset of      of size     that best encodes     and sequence               

       of assignments                    obeys the transition dynamic on 

…

…
x1 xM

y1 yT

(r1, . . . , rT )

(r1, r2, r3) = (1, 1, 2) (r1, r2, r3) = (1, 1, 3)

x1

y1 y2 y3

x2 x3
x1

y1 y2 y3

x2 x3

X k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit> Y

X

Y
X

xrt
<latexit sha1_base64="8lOtSDrfYWvsemMzTlwP7BZ+2Vw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cVbCu0IUwm03boZBJmbsQagr/ixoUibv0Pd/6NkzYLbT0wzOGce5kzJ0gE1+A431ZlaXllda26XtvY3NresXf3OjpOFWVtGotY3QVEM8ElawMHwe4SxUgUCNYNxleF371nSvNY3sIkYV5EhpIPOCVgJN8+6AexCPUkMlf2kPuZ8iH37brTcKbAi8QtSR2VaPn2Vz+MaRoxCVQQrXuuk4CXEQWcCpbX+qlmCaFjMmQ9QyWJmPayafocHxslxINYmSMBT9XfGxmJdBHQTEYERnreK8T/vF4Kgwsv4zJJgUk6e2iQCgwxLqrAIVeMgpgYQqjiJiumI6IIBVNYzZTgzn95kXROG67TcG/O6s3Lso4qOkRH6AS56Bw10TVqoTai6BE9o1f0Zj1ZL9a79TEbrVjlzj76A+vzB8jKlhI=</latexit><latexit sha1_base64="8lOtSDrfYWvsemMzTlwP7BZ+2Vw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cVbCu0IUwm03boZBJmbsQagr/ixoUibv0Pd/6NkzYLbT0wzOGce5kzJ0gE1+A431ZlaXllda26XtvY3NresXf3OjpOFWVtGotY3QVEM8ElawMHwe4SxUgUCNYNxleF371nSvNY3sIkYV5EhpIPOCVgJN8+6AexCPUkMlf2kPuZ8iH37brTcKbAi8QtSR2VaPn2Vz+MaRoxCVQQrXuuk4CXEQWcCpbX+qlmCaFjMmQ9QyWJmPayafocHxslxINYmSMBT9XfGxmJdBHQTEYERnreK8T/vF4Kgwsv4zJJgUk6e2iQCgwxLqrAIVeMgpgYQqjiJiumI6IIBVNYzZTgzn95kXROG67TcG/O6s3Lso4qOkRH6AS56Bw10TVqoTai6BE9o1f0Zj1ZL9a79TEbrVjlzj76A+vzB8jKlhI=</latexit><latexit sha1_base64="8lOtSDrfYWvsemMzTlwP7BZ+2Vw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cVbCu0IUwm03boZBJmbsQagr/ixoUibv0Pd/6NkzYLbT0wzOGce5kzJ0gE1+A431ZlaXllda26XtvY3NresXf3OjpOFWVtGotY3QVEM8ElawMHwe4SxUgUCNYNxleF371nSvNY3sIkYV5EhpIPOCVgJN8+6AexCPUkMlf2kPuZ8iH37brTcKbAi8QtSR2VaPn2Vz+MaRoxCVQQrXuuk4CXEQWcCpbX+qlmCaFjMmQ9QyWJmPayafocHxslxINYmSMBT9XfGxmJdBHQTEYERnreK8T/vF4Kgwsv4zJJgUk6e2iQCgwxLqrAIVeMgpgYQqjiJiumI6IIBVNYzZTgzn95kXROG67TcG/O6s3Lso4qOkRH6AS56Bw10TVqoTai6BE9o1f0Zj1ZL9a79TEbrVjlzj76A+vzB8jKlhI=</latexit><latexit sha1_base64="8lOtSDrfYWvsemMzTlwP7BZ+2Vw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cVbCu0IUwm03boZBJmbsQagr/ixoUibv0Pd/6NkzYLbT0wzOGce5kzJ0gE1+A431ZlaXllda26XtvY3NresXf3OjpOFWVtGotY3QVEM8ElawMHwe4SxUgUCNYNxleF371nSvNY3sIkYV5EhpIPOCVgJN8+6AexCPUkMlf2kPuZ8iH37brTcKbAi8QtSR2VaPn2Vz+MaRoxCVQQrXuuk4CXEQWcCpbX+qlmCaFjMmQ9QyWJmPayafocHxslxINYmSMBT9XfGxmJdBHQTEYERnreK8T/vF4Kgwsv4zJJgUk6e2iQCgwxLqrAIVeMgpgYQqjiJiumI6IIBVNYzZTgzn95kXROG67TcG/O6s3Lso4qOkRH6AS56Bw10TVqoTai6BE9o1f0Zj1ZL9a79TEbrVjlzj76A+vzB8jKlhI=</latexit>

yt
<latexit sha1_base64="5PXDg8scgz/zH695EaezKN4Zm8Y=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRIRdFl047KCfUAbwmQyaYdOZsLMpBBC/8SNC0Xc+ifu/BsnbRbaemCYwzn3MmdOmDKqtOt+W7WNza3tnfpuY2//4PDIPj7pKZFJTLpYMCEHIVKEUU66mmpGBqkkKAkZ6YfT+9Lvz4hUVPAnnafET9CY05hipI0U2PYoFCxSeWKuIp8HOrCbbstdwFknXkWaUKET2F+jSOAsIVxjhpQaem6q/QJJTTEj88YoUyRFeIrGZGgoRwlRfrFIPncujBI5sZDmcO0s1N8bBUpUGc5MJkhP1KpXiv95w0zHt35BeZppwvHyoThjjhZOWYMTUUmwZrkhCEtqsjp4giTC2pTVMCV4q19eJ72rlue2vMfrZvuuqqMOZ3AOl+DBDbThATrQBQwzeIZXeLMK68V6tz6WozWr2jmFP7A+fwBi9JQi</latexit><latexit sha1_base64="5PXDg8scgz/zH695EaezKN4Zm8Y=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRIRdFl047KCfUAbwmQyaYdOZsLMpBBC/8SNC0Xc+ifu/BsnbRbaemCYwzn3MmdOmDKqtOt+W7WNza3tnfpuY2//4PDIPj7pKZFJTLpYMCEHIVKEUU66mmpGBqkkKAkZ6YfT+9Lvz4hUVPAnnafET9CY05hipI0U2PYoFCxSeWKuIp8HOrCbbstdwFknXkWaUKET2F+jSOAsIVxjhpQaem6q/QJJTTEj88YoUyRFeIrGZGgoRwlRfrFIPncujBI5sZDmcO0s1N8bBUpUGc5MJkhP1KpXiv95w0zHt35BeZppwvHyoThjjhZOWYMTUUmwZrkhCEtqsjp4giTC2pTVMCV4q19eJ72rlue2vMfrZvuuqqMOZ3AOl+DBDbThATrQBQwzeIZXeLMK68V6tz6WozWr2jmFP7A+fwBi9JQi</latexit><latexit sha1_base64="5PXDg8scgz/zH695EaezKN4Zm8Y=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRIRdFl047KCfUAbwmQyaYdOZsLMpBBC/8SNC0Xc+ifu/BsnbRbaemCYwzn3MmdOmDKqtOt+W7WNza3tnfpuY2//4PDIPj7pKZFJTLpYMCEHIVKEUU66mmpGBqkkKAkZ6YfT+9Lvz4hUVPAnnafET9CY05hipI0U2PYoFCxSeWKuIp8HOrCbbstdwFknXkWaUKET2F+jSOAsIVxjhpQaem6q/QJJTTEj88YoUyRFeIrGZGgoRwlRfrFIPncujBI5sZDmcO0s1N8bBUpUGc5MJkhP1KpXiv95w0zHt35BeZppwvHyoThjjhZOWYMTUUmwZrkhCEtqsjp4giTC2pTVMCV4q19eJ72rlue2vMfrZvuuqqMOZ3AOl+DBDbThATrQBQwzeIZXeLMK68V6tz6WozWr2jmFP7A+fwBi9JQi</latexit><latexit sha1_base64="5PXDg8scgz/zH695EaezKN4Zm8Y=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRIRdFl047KCfUAbwmQyaYdOZsLMpBBC/8SNC0Xc+ifu/BsnbRbaemCYwzn3MmdOmDKqtOt+W7WNza3tnfpuY2//4PDIPj7pKZFJTLpYMCEHIVKEUU66mmpGBqkkKAkZ6YfT+9Lvz4hUVPAnnafET9CY05hipI0U2PYoFCxSeWKuIp8HOrCbbstdwFknXkWaUKET2F+jSOAsIVxjhpQaem6q/QJJTTEj88YoUyRFeIrGZGgoRwlRfrFIPncujBI5sZDmcO0s1N8bBUpUGc5MJkhP1KpXiv95w0zHt35BeZppwvHyoThjjhZOWYMTUUmwZrkhCEtqsjp4giTC2pTVMCV4q19eJ72rlue2vMfrZvuuqqMOZ3AOl+DBDbThATrQBQwzeIZXeLMK68V6tz6WozWr2jmFP7A+fwBi9JQi</latexit>

s1,1
<latexit sha1_base64="UF5zP8cf2QKaqRxLyyYRsVJM9AA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKOCHoMevEYwTwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7wkRJi77/7RXW1jc2t4rbpZ3dvf2D8uFR08ap4aLBYxWbdsisUFKLBkpUop0YwaJQiVY4vpv5rSdhrIz1I04SEURsqOVAcoZOatleRi/otFeu+FV/DrJKaE4qkKPeK391+zFPI6GRK2Zth/oJBhkzKLkS01I3tSJhfMyGouOoZpGwQTY/d0rOnNIng9i40kjm6u+JjEXWTqLQdUYMR3bZm4n/eZ0UBzdBJnWSotB8sWiQKoIxmf1O+tIIjmriCONGulsJHzHDOLqESi4EuvzyKmleVqlfpQ9XldptHkcRTuAUzoHCNdTgHurQAA5jeIZXePMS78V79z4WrQUvnzmGP/A+fwCjAI8Y</latexit><latexit sha1_base64="UF5zP8cf2QKaqRxLyyYRsVJM9AA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKOCHoMevEYwTwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7wkRJi77/7RXW1jc2t4rbpZ3dvf2D8uFR08ap4aLBYxWbdsisUFKLBkpUop0YwaJQiVY4vpv5rSdhrIz1I04SEURsqOVAcoZOatleRi/otFeu+FV/DrJKaE4qkKPeK391+zFPI6GRK2Zth/oJBhkzKLkS01I3tSJhfMyGouOoZpGwQTY/d0rOnNIng9i40kjm6u+JjEXWTqLQdUYMR3bZm4n/eZ0UBzdBJnWSotB8sWiQKoIxmf1O+tIIjmriCONGulsJHzHDOLqESi4EuvzyKmleVqlfpQ9XldptHkcRTuAUzoHCNdTgHurQAA5jeIZXePMS78V79z4WrQUvnzmGP/A+fwCjAI8Y</latexit><latexit sha1_base64="UF5zP8cf2QKaqRxLyyYRsVJM9AA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKOCHoMevEYwTwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7wkRJi77/7RXW1jc2t4rbpZ3dvf2D8uFR08ap4aLBYxWbdsisUFKLBkpUop0YwaJQiVY4vpv5rSdhrIz1I04SEURsqOVAcoZOatleRi/otFeu+FV/DrJKaE4qkKPeK391+zFPI6GRK2Zth/oJBhkzKLkS01I3tSJhfMyGouOoZpGwQTY/d0rOnNIng9i40kjm6u+JjEXWTqLQdUYMR3bZm4n/eZ0UBzdBJnWSotB8sWiQKoIxmf1O+tIIjmriCONGulsJHzHDOLqESi4EuvzyKmleVqlfpQ9XldptHkcRTuAUzoHCNdTgHurQAA5jeIZXePMS78V79z4WrQUvnzmGP/A+fwCjAI8Y</latexit><latexit sha1_base64="UF5zP8cf2QKaqRxLyyYRsVJM9AA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKOCHoMevEYwTwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7wkRJi77/7RXW1jc2t4rbpZ3dvf2D8uFR08ap4aLBYxWbdsisUFKLBkpUop0YwaJQiVY4vpv5rSdhrIz1I04SEURsqOVAcoZOatleRi/otFeu+FV/DrJKaE4qkKPeK391+zFPI6GRK2Zth/oJBhkzKLkS01I3tSJhfMyGouOoZpGwQTY/d0rOnNIng9i40kjm6u+JjEXWTqLQdUYMR3bZm4n/eZ0UBzdBJnWSotB8sWiQKoIxmf1O+tIIjmriCONGulsJHzHDOLqESi4EuvzyKmleVqlfpQ9XldptHkcRTuAUzoHCNdTgHurQAA5jeIZXePMS78V79z4WrQUvnzmGP/A+fwCjAI8Y</latexit>

sM,T
<latexit sha1_base64="U/hnd1TXK7XS2ww0TTVcnN6WqGQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXgRKvQL2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H47uZ337i2ohYNXCScD+iQyVCwShaqW362cNFY9ovV9yqOwdZJV5OKpCj3i9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMbPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2oZINwVt+eZW0LqueW/Ueryq12zyOIpzAKZyDB9dQg3uoQxMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBAwKPVw==</latexit><latexit sha1_base64="U/hnd1TXK7XS2ww0TTVcnN6WqGQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXgRKvQL2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H47uZ337i2ohYNXCScD+iQyVCwShaqW362cNFY9ovV9yqOwdZJV5OKpCj3i9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMbPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2oZINwVt+eZW0LqueW/Ueryq12zyOIpzAKZyDB9dQg3uoQxMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBAwKPVw==</latexit><latexit sha1_base64="U/hnd1TXK7XS2ww0TTVcnN6WqGQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXgRKvQL2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H47uZ337i2ohYNXCScD+iQyVCwShaqW362cNFY9ovV9yqOwdZJV5OKpCj3i9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMbPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2oZINwVt+eZW0LqueW/Ueryq12zyOIpzAKZyDB9dQg3uoQxMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBAwKPVw==</latexit><latexit sha1_base64="U/hnd1TXK7XS2ww0TTVcnN6WqGQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXgRKvQL2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H47uZ337i2ohYNXCScD+iQyVCwShaqW362cNFY9ovV9yqOwdZJV5OKpCj3i9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMbPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2oZINwVt+eZW0LqueW/Ueryq12zyOIpzAKZyDB9dQg3uoQxMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBAwKPVw==</latexit>

si,t
<latexit sha1_base64="s2v0VXu2ITgUpsFcbc3Gmv/TyVo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bN20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv9zhPXRsTqEacJ9yM6UiIUjKKVOmaQiQucDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5ufOyNnVhmSMNa2FJK5+nsio5Ex0yiwnRHFsVn2cvE/r5dieONnQiUpcsUWi8JUEoxJ/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC85ZdXSfuy7rl17+Gq1rgt4ijDCZzCOXhwDQ24hya0gMEEnuEV3pzEeXHenY9Fa8kpZo7hD5zPH15mj5M=</latexit><latexit sha1_base64="s2v0VXu2ITgUpsFcbc3Gmv/TyVo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bN20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv9zhPXRsTqEacJ9yM6UiIUjKKVOmaQiQucDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5ufOyNnVhmSMNa2FJK5+nsio5Ex0yiwnRHFsVn2cvE/r5dieONnQiUpcsUWi8JUEoxJ/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC85ZdXSfuy7rl17+Gq1rgt4ijDCZzCOXhwDQ24hya0gMEEnuEV3pzEeXHenY9Fa8kpZo7hD5zPH15mj5M=</latexit><latexit sha1_base64="s2v0VXu2ITgUpsFcbc3Gmv/TyVo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bN20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv9zhPXRsTqEacJ9yM6UiIUjKKVOmaQiQucDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5ufOyNnVhmSMNa2FJK5+nsio5Ex0yiwnRHFsVn2cvE/r5dieONnQiUpcsUWi8JUEoxJ/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC85ZdXSfuy7rl17+Gq1rgt4ijDCZzCOXhwDQ24hya0gMEEnuEV3pzEeXHenY9Fa8kpZo7hD5zPH15mj5M=</latexit><latexit sha1_base64="s2v0VXu2ITgUpsFcbc3Gmv/TyVo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bN20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv9zhPXRsTqEacJ9yM6UiIUjKKVOmaQiQucDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5ufOyNnVhmSMNa2FJK5+nsio5Ex0yiwnRHFsVn2cvE/r5dieONnQiUpcsUWi8JUEoxJ/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC85ZdXSfuy7rl17+Gq1rgt4ijDCZzCOXhwDQ24hya0gMEEnuEV3pzEeXHenY9Fa8kpZo7hD5zPH15mj5M=</latexit>



Sequential Facility Location: Formulation

• Cardinality constrained sequential FL:

max
S:|S|k

max
{rt2S}

�enc(r1, . . . , rT )⇥ ��
dyn(r1, . . . , rT )

<latexit sha1_base64="lld9MORsadVJ0vysFr2nf+PoWu4="></latexit><latexit sha1_base64="lld9MORsadVJ0vysFr2nf+PoWu4="></latexit><latexit sha1_base64="lld9MORsadVJ0vysFr2nf+PoWu4="></latexit><latexit sha1_base64="lld9MORsadVJ0vysFr2nf+PoWu4="></latexit>

Encoding  
potential

Dynamic  
potential



Sequential Facility Location: Formulation

• Cardinality constrained sequential FL: 

-           : setting effect of the dynamic term

max
S:|S|k

max
{rt2S}

�enc(r1, . . . , rT )⇥ ��
dyn(r1, . . . , rT )

<latexit sha1_base64="lld9MORsadVJ0vysFr2nf+PoWu4="></latexit><latexit sha1_base64="lld9MORsadVJ0vysFr2nf+PoWu4="></latexit><latexit sha1_base64="lld9MORsadVJ0vysFr2nf+PoWu4="></latexit><latexit sha1_base64="lld9MORsadVJ0vysFr2nf+PoWu4="></latexit>

max
S:|S|k

max
r2ST

TX

t=1

srt,t + �
�
q0r1 +

TX

t=2

qrt�1,rt

�

encoding initial representative 
 score

representative transition 
 score

� � 0
<latexit sha1_base64="LWIlZXrjmlg/Uew5+Rojl1kWWc8=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nCbQRiXrASQpBzIZKRIIztJLvh4CM+kN4pG6/WnPr7hx0lXgFqZECzX71yx8kPItBIZfMmJ7nphjkTKPgEqYVPzOQMj5mQ+hZqlgMJsjnN0/pmVUGNEq0LYV0rv6eyFlszCQObWfMcGSWvZn4n9fLMLoOcqHSDEHxxaIokxQTOguADoQGjnJiCeNa2FspHzHNONqYKjYEb/nlVdK+qHtu3bu/rDVuijjK5IScknPikSvSIHekSVqEk5Q8k1fy5mTOi/PufCxaS04xc0z+wPn8AfB1kPM=</latexit><latexit sha1_base64="LWIlZXrjmlg/Uew5+Rojl1kWWc8=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nCbQRiXrASQpBzIZKRIIztJLvh4CM+kN4pG6/WnPr7hx0lXgFqZECzX71yx8kPItBIZfMmJ7nphjkTKPgEqYVPzOQMj5mQ+hZqlgMJsjnN0/pmVUGNEq0LYV0rv6eyFlszCQObWfMcGSWvZn4n9fLMLoOcqHSDEHxxaIokxQTOguADoQGjnJiCeNa2FspHzHNONqYKjYEb/nlVdK+qHtu3bu/rDVuijjK5IScknPikSvSIHekSVqEk5Q8k1fy5mTOi/PufCxaS04xc0z+wPn8AfB1kPM=</latexit><latexit sha1_base64="LWIlZXrjmlg/Uew5+Rojl1kWWc8=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nCbQRiXrASQpBzIZKRIIztJLvh4CM+kN4pG6/WnPr7hx0lXgFqZECzX71yx8kPItBIZfMmJ7nphjkTKPgEqYVPzOQMj5mQ+hZqlgMJsjnN0/pmVUGNEq0LYV0rv6eyFlszCQObWfMcGSWvZn4n9fLMLoOcqHSDEHxxaIokxQTOguADoQGjnJiCeNa2FspHzHNONqYKjYEb/nlVdK+qHtu3bu/rDVuijjK5IScknPikSvSIHekSVqEk5Q8k1fy5mTOi/PufCxaS04xc0z+wPn8AfB1kPM=</latexit><latexit sha1_base64="LWIlZXrjmlg/Uew5+Rojl1kWWc8=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nCbQRiXrASQpBzIZKRIIztJLvh4CM+kN4pG6/WnPr7hx0lXgFqZECzX71yx8kPItBIZfMmJ7nphjkTKPgEqYVPzOQMj5mQ+hZqlgMJsjnN0/pmVUGNEq0LYV0rv6eyFlszCQObWfMcGSWvZn4n9fLMLoOcqHSDEHxxaIokxQTOguADoQGjnJiCeNa2FspHzHNONqYKjYEb/nlVdK+qHtu3bu/rDVuijjK5IScknPikSvSIHekSVqEk5Q8k1fy5mTOi/PufCxaS04xc0z+wPn8AfB1kPM=</latexit>



Sequential Facility Location: Greedy Alg

• Cardinality constrained sequential FL: 

• To run standard greedy, need to compute marginal gain 

- Given    , finding assignments cannot be done independently over    

- Use dynamic programming to exactly compute marginal gain 

-                      complexity!                reducing                              of

max
S:|S|k

max
r2ST

TX

t=1

srt,t + �
�
q0r1 +

TX

t=2

qrt�1,rt

�

f(S)
<latexit sha1_base64="nHNJZ9F1T7sgHDxQoeTLDngBjQs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh7Dai7AZEczTu+lpv1xxa+4MaJl4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2epp+jEKgMUSmWfMGim/t5IcaT1JArsZJZRL3qZ+J/XTUx46adMxImhgswPhQlHRqKsAjRgihLDJ5ZgopjNisgIK0yMLapkS/AWv7xMWmc1z615t+eV+lVeRxGO4Biq4MEF1OEGGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/ABufkj4=</latexit><latexit sha1_base64="nHNJZ9F1T7sgHDxQoeTLDngBjQs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh7Dai7AZEczTu+lpv1xxa+4MaJl4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2epp+jEKgMUSmWfMGim/t5IcaT1JArsZJZRL3qZ+J/XTUx46adMxImhgswPhQlHRqKsAjRgihLDJ5ZgopjNisgIK0yMLapkS/AWv7xMWmc1z615t+eV+lVeRxGO4Biq4MEF1OEGGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/ABufkj4=</latexit><latexit sha1_base64="nHNJZ9F1T7sgHDxQoeTLDngBjQs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh7Dai7AZEczTu+lpv1xxa+4MaJl4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2epp+jEKgMUSmWfMGim/t5IcaT1JArsZJZRL3qZ+J/XTUx46adMxImhgswPhQlHRqKsAjRgihLDJ5ZgopjNisgIK0yMLapkS/AWv7xMWmc1z615t+eV+lVeRxGO4Biq4MEF1OEGGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/ABufkj4=</latexit><latexit sha1_base64="nHNJZ9F1T7sgHDxQoeTLDngBjQs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh7Dai7AZEczTu+lpv1xxa+4MaJl4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2epp+jEKgMUSmWfMGim/t5IcaT1JArsZJZRL3qZ+J/XTUx46adMxImhgswPhQlHRqKsAjRgihLDJ5ZgopjNisgIK0yMLapkS/AWv7xMWmc1z615t+eV+lVeRxGO4Biq4MEF1OEGGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/ABufkj4=</latexit>

,

O(k2MT ) O(M2
T

2 +M
3
T )

S t

[Elhamifar-Kaluza-NeurIPS’17]



Sequential Facility Location: Theory

• Theorem: Assume there exists                  so that  

       Then, sequential FL utility           is   -approximately submodular.

qi,i0 = q̄i0 i,i0
<latexit sha1_base64="/z7A1/zFy4W4rpkqY5pBHbulxFg=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvoQsqMCLoRim5cVrAP6Awlk2ba0ExmmmSEMswHuPFX3LhQxK0f4M6/MW1noa0HAifnnEtyjx9zprRtf1uFpeWV1bXiemljc2t7p7y711RRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7yZ+K0HKhWLxL0ex9QLcV+wgBGsjdQtV0bdlJ2y4wxdIdfHMh1lRjBXN1Yst0zKrtpToEXi5KQCOerd8pfbi0gSUqEJx0p1HDvWXoqlZoTTrOQmisaYDHGfdgwVOKTKS6fLZOjIKD0URNIcodFU/T2R4lCpceibZIj1QM17E/E/r5Po4NJLmYgTTQWZPRQkHOkITZpBPSYp0XxsCCaSmb8iMsASE236K5kSnPmVF0nzrOrYVefuvFK7zusowgEcwgk4cAE1uIU6NIDAIzzDK7xZT9aL9W59zKIFK5/Zhz+wPn8AciyamA==</latexit><latexit sha1_base64="/z7A1/zFy4W4rpkqY5pBHbulxFg=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvoQsqMCLoRim5cVrAP6Awlk2ba0ExmmmSEMswHuPFX3LhQxK0f4M6/MW1noa0HAifnnEtyjx9zprRtf1uFpeWV1bXiemljc2t7p7y711RRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7yZ+K0HKhWLxL0ex9QLcV+wgBGsjdQtV0bdlJ2y4wxdIdfHMh1lRjBXN1Yst0zKrtpToEXi5KQCOerd8pfbi0gSUqEJx0p1HDvWXoqlZoTTrOQmisaYDHGfdgwVOKTKS6fLZOjIKD0URNIcodFU/T2R4lCpceibZIj1QM17E/E/r5Po4NJLmYgTTQWZPRQkHOkITZpBPSYp0XxsCCaSmb8iMsASE236K5kSnPmVF0nzrOrYVefuvFK7zusowgEcwgk4cAE1uIU6NIDAIzzDK7xZT9aL9W59zKIFK5/Zhz+wPn8AciyamA==</latexit><latexit sha1_base64="/z7A1/zFy4W4rpkqY5pBHbulxFg=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvoQsqMCLoRim5cVrAP6Awlk2ba0ExmmmSEMswHuPFX3LhQxK0f4M6/MW1noa0HAifnnEtyjx9zprRtf1uFpeWV1bXiemljc2t7p7y711RRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7yZ+K0HKhWLxL0ex9QLcV+wgBGsjdQtV0bdlJ2y4wxdIdfHMh1lRjBXN1Yst0zKrtpToEXi5KQCOerd8pfbi0gSUqEJx0p1HDvWXoqlZoTTrOQmisaYDHGfdgwVOKTKS6fLZOjIKD0URNIcodFU/T2R4lCpceibZIj1QM17E/E/r5Po4NJLmYgTTQWZPRQkHOkITZpBPSYp0XxsCCaSmb8iMsASE236K5kSnPmVF0nzrOrYVefuvFK7zusowgEcwgk4cAE1uIU6NIDAIzzDK7xZT9aL9W59zKIFK5/Zhz+wPn8AciyamA==</latexit><latexit sha1_base64="/z7A1/zFy4W4rpkqY5pBHbulxFg=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvoQsqMCLoRim5cVrAP6Awlk2ba0ExmmmSEMswHuPFX3LhQxK0f4M6/MW1noa0HAifnnEtyjx9zprRtf1uFpeWV1bXiemljc2t7p7y711RRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7yZ+K0HKhWLxL0ex9QLcV+wgBGsjdQtV0bdlJ2y4wxdIdfHMh1lRjBXN1Yst0zKrtpToEXi5KQCOerd8pfbi0gSUqEJx0p1HDvWXoqlZoTTrOQmisaYDHGfdgwVOKTKS6fLZOjIKD0URNIcodFU/T2R4lCpceibZIj1QM17E/E/r5Po4NJLmYgTTQWZPRQkHOkITZpBPSYp0XxsCCaSmb8iMsASE236K5kSnPmVF0nzrOrYVefuvFK7zusowgEcwgk4cAE1uIU6NIDAIzzDK7xZT9aL9W59zKIFK5/Zhz+wPn8AciyamA==</latexit>

 i,i0 2 [1� ", 1 + "]
<latexit sha1_base64="CJFWbiDXsHFwXjOqe8+1O70h4HQ=">AAACFnicbVDLSgMxFM34rPU16tJNsIiCbZkRQZdFNy4r2AfMDCWTZtrQTDIkmUIZ+hVu/BU3LhRxK+78G9N2FrX1wIWTc+4l954wYVRpx/mxVlbX1jc2C1vF7Z3dvX374LCpRCoxaWDBhGyHSBFGOWloqhlpJ5KgOGSkFQ7uJn5rSKSigj/qUUKCGPU4jShG2kgdu+IninYyWqZnY+hTDj234g+RJEZmgpfdi7lX0LFLTtWZAi4TNyclkKPesb/9rsBpTLjGDCnluU6igwxJTTEj46KfKpIgPEA94hnKUUxUkE3PGsNTo3RhJKQpruFUnZ/IUKzUKA5NZ4x0Xy16E/E/z0t1dBNklCepJhzPPopSBrWAk4xgl0qCNRsZgrCkZleI+0girE2SRROCu3jyMmleVl2n6j5clWq3eRwFcAxOwDlwwTWogXtQBw2AwRN4AW/g3Xq2Xq0P63PWumLlM0fgD6yvX1vtnuA=</latexit><latexit sha1_base64="CJFWbiDXsHFwXjOqe8+1O70h4HQ=">AAACFnicbVDLSgMxFM34rPU16tJNsIiCbZkRQZdFNy4r2AfMDCWTZtrQTDIkmUIZ+hVu/BU3LhRxK+78G9N2FrX1wIWTc+4l954wYVRpx/mxVlbX1jc2C1vF7Z3dvX374LCpRCoxaWDBhGyHSBFGOWloqhlpJ5KgOGSkFQ7uJn5rSKSigj/qUUKCGPU4jShG2kgdu+IninYyWqZnY+hTDj234g+RJEZmgpfdi7lX0LFLTtWZAi4TNyclkKPesb/9rsBpTLjGDCnluU6igwxJTTEj46KfKpIgPEA94hnKUUxUkE3PGsNTo3RhJKQpruFUnZ/IUKzUKA5NZ4x0Xy16E/E/z0t1dBNklCepJhzPPopSBrWAk4xgl0qCNRsZgrCkZleI+0girE2SRROCu3jyMmleVl2n6j5clWq3eRwFcAxOwDlwwTWogXtQBw2AwRN4AW/g3Xq2Xq0P63PWumLlM0fgD6yvX1vtnuA=</latexit><latexit sha1_base64="CJFWbiDXsHFwXjOqe8+1O70h4HQ=">AAACFnicbVDLSgMxFM34rPU16tJNsIiCbZkRQZdFNy4r2AfMDCWTZtrQTDIkmUIZ+hVu/BU3LhRxK+78G9N2FrX1wIWTc+4l954wYVRpx/mxVlbX1jc2C1vF7Z3dvX374LCpRCoxaWDBhGyHSBFGOWloqhlpJ5KgOGSkFQ7uJn5rSKSigj/qUUKCGPU4jShG2kgdu+IninYyWqZnY+hTDj234g+RJEZmgpfdi7lX0LFLTtWZAi4TNyclkKPesb/9rsBpTLjGDCnluU6igwxJTTEj46KfKpIgPEA94hnKUUxUkE3PGsNTo3RhJKQpruFUnZ/IUKzUKA5NZ4x0Xy16E/E/z0t1dBNklCepJhzPPopSBrWAk4xgl0qCNRsZgrCkZleI+0girE2SRROCu3jyMmleVl2n6j5clWq3eRwFcAxOwDlwwTWogXtQBw2AwRN4AW/g3Xq2Xq0P63PWumLlM0fgD6yvX1vtnuA=</latexit><latexit sha1_base64="CJFWbiDXsHFwXjOqe8+1O70h4HQ=">AAACFnicbVDLSgMxFM34rPU16tJNsIiCbZkRQZdFNy4r2AfMDCWTZtrQTDIkmUIZ+hVu/BU3LhRxK+78G9N2FrX1wIWTc+4l954wYVRpx/mxVlbX1jc2C1vF7Z3dvX374LCpRCoxaWDBhGyHSBFGOWloqhlpJ5KgOGSkFQ7uJn5rSKSigj/qUUKCGPU4jShG2kgdu+IninYyWqZnY+hTDj234g+RJEZmgpfdi7lX0LFLTtWZAi4TNyclkKPesb/9rsBpTLjGDCnluU6igwxJTTEj46KfKpIgPEA94hnKUUxUkE3PGsNTo3RhJKQpruFUnZ/IUKzUKA5NZ4x0Xy16E/E/z0t1dBNklCepJhzPPopSBrWAk4xgl0qCNRsZgrCkZleI+0girE2SRROCu3jyMmleVl2n6j5clWq3eRwFcAxOwDlwwTWogXtQBw2AwRN4AW/g3Xq2Xq0P63PWumLlM0fgD6yvX1vtnuA=</latexit>

f(S)
<latexit sha1_base64="nHNJZ9F1T7sgHDxQoeTLDngBjQs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh7Dai7AZEczTu+lpv1xxa+4MaJl4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2epp+jEKgMUSmWfMGim/t5IcaT1JArsZJZRL3qZ+J/XTUx46adMxImhgswPhQlHRqKsAjRgihLDJ5ZgopjNisgIK0yMLapkS/AWv7xMWmc1z615t+eV+lVeRxGO4Biq4MEF1OEGGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/ABufkj4=</latexit><latexit sha1_base64="nHNJZ9F1T7sgHDxQoeTLDngBjQs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh7Dai7AZEczTu+lpv1xxa+4MaJl4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2epp+jEKgMUSmWfMGim/t5IcaT1JArsZJZRL3qZ+J/XTUx46adMxImhgswPhQlHRqKsAjRgihLDJ5ZgopjNisgIK0yMLapkS/AWv7xMWmc1z615t+eV+lVeRxGO4Biq4MEF1OEGGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/ABufkj4=</latexit><latexit sha1_base64="nHNJZ9F1T7sgHDxQoeTLDngBjQs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh7Dai7AZEczTu+lpv1xxa+4MaJl4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2epp+jEKgMUSmWfMGim/t5IcaT1JArsZJZRL3qZ+J/XTUx46adMxImhgswPhQlHRqKsAjRgihLDJ5ZgopjNisgIK0yMLapkS/AWv7xMWmc1z615t+eV+lVeRxGO4Biq4MEF1OEGGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/ABufkj4=</latexit><latexit sha1_base64="nHNJZ9F1T7sgHDxQoeTLDngBjQs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh7Dai7AZEczTu+lpv1xxa+4MaJl4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2epp+jEKgMUSmWfMGim/t5IcaT1JArsZJZRL3qZ+J/XTUx46adMxImhgswPhQlHRqKsAjRgihLDJ5ZgopjNisgIK0yMLapkS/AWv7xMWmc1z615t+eV+lVeRxGO4Biq4MEF1OEGGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/ABufkj4=</latexit>

"
<latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit>

8i, i0
<latexit sha1_base64="z8cj15S17b4K9UNHiXEbTvbDNjM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ6kJKIoMeiF48V7Ae0oWy2m3bpZhN3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k395ohrI2L1iOOE+xHtKxEKRtFKfieMNZWSiAsizrqlsltxZyDLxMtJGXLUuqWvTi9macQVMkmNaXtugn5GNQom+aTYSQ1PKBvSPm9bqmjEjZ/Njp6QU6v0iN1vSyGZqb8nMhoZM44C2xlRHJhFbyr+57VTDG/8TKgkRa7YfFGYSoIxmSZAekJzhnJsCWVa2FsJG1BNGdqcijYEb/HlZdK4rHhuxXu4Kldv8zgKcAwncA4eXEMV7qEGdWDwBM/wCm/OyHlx3p2PeeuKk88cwR84nz97iJE9</latexit><latexit sha1_base64="z8cj15S17b4K9UNHiXEbTvbDNjM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ6kJKIoMeiF48V7Ae0oWy2m3bpZhN3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k395ohrI2L1iOOE+xHtKxEKRtFKfieMNZWSiAsizrqlsltxZyDLxMtJGXLUuqWvTi9macQVMkmNaXtugn5GNQom+aTYSQ1PKBvSPm9bqmjEjZ/Njp6QU6v0iN1vSyGZqb8nMhoZM44C2xlRHJhFbyr+57VTDG/8TKgkRa7YfFGYSoIxmSZAekJzhnJsCWVa2FsJG1BNGdqcijYEb/HlZdK4rHhuxXu4Kldv8zgKcAwncA4eXEMV7qEGdWDwBM/wCm/OyHlx3p2PeeuKk88cwR84nz97iJE9</latexit><latexit sha1_base64="z8cj15S17b4K9UNHiXEbTvbDNjM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ6kJKIoMeiF48V7Ae0oWy2m3bpZhN3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k395ohrI2L1iOOE+xHtKxEKRtFKfieMNZWSiAsizrqlsltxZyDLxMtJGXLUuqWvTi9macQVMkmNaXtugn5GNQom+aTYSQ1PKBvSPm9bqmjEjZ/Njp6QU6v0iN1vSyGZqb8nMhoZM44C2xlRHJhFbyr+57VTDG/8TKgkRa7YfFGYSoIxmSZAekJzhnJsCWVa2FsJG1BNGdqcijYEb/HlZdK4rHhuxXu4Kldv8zgKcAwncA4eXEMV7qEGdWDwBM/wCm/OyHlx3p2PeeuKk88cwR84nz97iJE9</latexit><latexit sha1_base64="z8cj15S17b4K9UNHiXEbTvbDNjM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ6kJKIoMeiF48V7Ae0oWy2m3bpZhN3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k395ohrI2L1iOOE+xHtKxEKRtFKfieMNZWSiAsizrqlsltxZyDLxMtJGXLUuqWvTi9macQVMkmNaXtugn5GNQom+aTYSQ1PKBvSPm9bqmjEjZ/Njp6QU6v0iN1vSyGZqb8nMhoZM44C2xlRHJhFbyr+57VTDG/8TKgkRa7YfFGYSoIxmSZAekJzhnJsCWVa2FsJG1BNGdqcijYEb/HlZdK4rHhuxXu4Kldv8zgKcAwncA4eXEMV7qEGdWDwBM/wCm/OyHlx3p2PeeuKk88cwR84nz97iJE9</latexit>

" 2 [0, 1)
<latexit sha1_base64="fH5g6Yr6jC1d19VrVMQaA6rY0K8=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRFKQkIuix6MVjBfsBSSib7aZdutmE3U2hhIJ/xYsHRbz6O7z5b9y2OWjrg4HHezPMzAtTzpR2nG+rtLK6tr5R3qxsbe/s7tn7By2VZJLQJkl4IjshVpQzQZuaaU47qaQ4Djlth8O7qd8eUalYIh71OKVBjPuCRYxgbaSufeSPsKSpYjwRyGcCec6Fe961q07NmQEtE7cgVSjQ6Npffi8hWUyFJhwr5blOqoMcS80Ip5OKnymaYjLEfeoZKnBMVZDPzp+gU6P0UJRIU0Kjmfp7IsexUuM4NJ0x1gO16E3F/zwv09FNkDORZpoKMl8UZRzpBE2zQD0mKdF8bAgmkplbERlgiYk2iVVMCO7iy8ukdVlznZr7cFWt3xZxlOEYTuAMXLiGOtxDA5pAIIdneIU368l6sd6tj3lrySpmDuEPrM8fr4CUoA==</latexit><latexit sha1_base64="fH5g6Yr6jC1d19VrVMQaA6rY0K8=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRFKQkIuix6MVjBfsBSSib7aZdutmE3U2hhIJ/xYsHRbz6O7z5b9y2OWjrg4HHezPMzAtTzpR2nG+rtLK6tr5R3qxsbe/s7tn7By2VZJLQJkl4IjshVpQzQZuaaU47qaQ4Djlth8O7qd8eUalYIh71OKVBjPuCRYxgbaSufeSPsKSpYjwRyGcCec6Fe961q07NmQEtE7cgVSjQ6Npffi8hWUyFJhwr5blOqoMcS80Ip5OKnymaYjLEfeoZKnBMVZDPzp+gU6P0UJRIU0Kjmfp7IsexUuM4NJ0x1gO16E3F/zwv09FNkDORZpoKMl8UZRzpBE2zQD0mKdF8bAgmkplbERlgiYk2iVVMCO7iy8ukdVlznZr7cFWt3xZxlOEYTuAMXLiGOtxDA5pAIIdneIU368l6sd6tj3lrySpmDuEPrM8fr4CUoA==</latexit><latexit sha1_base64="fH5g6Yr6jC1d19VrVMQaA6rY0K8=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRFKQkIuix6MVjBfsBSSib7aZdutmE3U2hhIJ/xYsHRbz6O7z5b9y2OWjrg4HHezPMzAtTzpR2nG+rtLK6tr5R3qxsbe/s7tn7By2VZJLQJkl4IjshVpQzQZuaaU47qaQ4Djlth8O7qd8eUalYIh71OKVBjPuCRYxgbaSufeSPsKSpYjwRyGcCec6Fe961q07NmQEtE7cgVSjQ6Npffi8hWUyFJhwr5blOqoMcS80Ip5OKnymaYjLEfeoZKnBMVZDPzp+gU6P0UJRIU0Kjmfp7IsexUuM4NJ0x1gO16E3F/zwv09FNkDORZpoKMl8UZRzpBE2zQD0mKdF8bAgmkplbERlgiYk2iVVMCO7iy8ukdVlznZr7cFWt3xZxlOEYTuAMXLiGOtxDA5pAIIdneIU368l6sd6tj3lrySpmDuEPrM8fr4CUoA==</latexit><latexit sha1_base64="fH5g6Yr6jC1d19VrVMQaA6rY0K8=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRFKQkIuix6MVjBfsBSSib7aZdutmE3U2hhIJ/xYsHRbz6O7z5b9y2OWjrg4HHezPMzAtTzpR2nG+rtLK6tr5R3qxsbe/s7tn7By2VZJLQJkl4IjshVpQzQZuaaU47qaQ4Djlth8O7qd8eUalYIh71OKVBjPuCRYxgbaSufeSPsKSpYjwRyGcCec6Fe961q07NmQEtE7cgVSjQ6Npffi8hWUyFJhwr5blOqoMcS80Ip5OKnymaYjLEfeoZKnBMVZDPzp+gU6P0UJRIU0Kjmfp7IsexUuM4NJ0x1gO16E3F/zwv09FNkDORZpoKMl8UZRzpBE2zQD0mKdF8bAgmkplbERlgiYk2iVVMCO7iy8ukdVlznZr7cFWt3xZxlOEYTuAMXLiGOtxDA5pAIIdneIU368l6sd6tj3lrySpmDuEPrM8fr4CUoA==</latexit>

• Corollary: when                                     ,          is submodular. q1,i = · · · = qM,i , 8i f(S)
<latexit sha1_base64="nHNJZ9F1T7sgHDxQoeTLDngBjQs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh7Dai7AZEczTu+lpv1xxa+4MaJl4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2epp+jEKgMUSmWfMGim/t5IcaT1JArsZJZRL3qZ+J/XTUx46adMxImhgswPhQlHRqKsAjRgihLDJ5ZgopjNisgIK0yMLapkS/AWv7xMWmc1z615t+eV+lVeRxGO4Biq4MEF1OEGGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/ABufkj4=</latexit><latexit sha1_base64="nHNJZ9F1T7sgHDxQoeTLDngBjQs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh7Dai7AZEczTu+lpv1xxa+4MaJl4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2epp+jEKgMUSmWfMGim/t5IcaT1JArsZJZRL3qZ+J/XTUx46adMxImhgswPhQlHRqKsAjRgihLDJ5ZgopjNisgIK0yMLapkS/AWv7xMWmc1z615t+eV+lVeRxGO4Biq4MEF1OEGGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/ABufkj4=</latexit><latexit sha1_base64="nHNJZ9F1T7sgHDxQoeTLDngBjQs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh7Dai7AZEczTu+lpv1xxa+4MaJl4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2epp+jEKgMUSmWfMGim/t5IcaT1JArsZJZRL3qZ+J/XTUx46adMxImhgswPhQlHRqKsAjRgihLDJ5ZgopjNisgIK0yMLapkS/AWv7xMWmc1z615t+eV+lVeRxGO4Biq4MEF1OEGGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/ABufkj4=</latexit><latexit sha1_base64="nHNJZ9F1T7sgHDxQoeTLDngBjQs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh7Dai7AZEczTu+lpv1xxa+4MaJl4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2epp+jEKgMUSmWfMGim/t5IcaT1JArsZJZRL3qZ+J/XTUx46adMxImhgswPhQlHRqKsAjRgihLDJ5ZgopjNisgIK0yMLapkS/AWv7xMWmc1z615t+eV+lVeRxGO4Biq4MEF1OEGGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/ABufkj4=</latexit>
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          Greedy has                                  guarantees [Horel-Singer’16].1� 1/e�O("k)
<latexit sha1_base64="7iJY+Ji1xuhYVAPawATJcwt09KY=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqIfWRAQ9Fr14s4L9gDaUzXbSLt1swu6mUGIP/hUvHhTx6t/w5r9x2+ag1QcDj/dmmJnnx5wp7ThfVm5peWV1Lb9e2Njc2t6xd/caKkokhTqNeCRbPlHAmYC6ZppDK5ZAQp9D0x9eT/3mCKRikbjX4xi8kPQFCxgl2khd+8Atu6dQvi11RkRCrBiPBB6edO2iU3FmwH+Jm5EiylDr2p+dXkSTEISmnCjVdp1YeymRmlEOk0InURATOiR9aBsqSAjKS2f3T/CxUXo4iKQpofFM/TmRklCpceibzpDogVr0puJ/XjvRwaWXMhEnGgSdLwoSjnWEp2HgHpNANR8bQqhk5lZMB0QSqk1kBROCu/jyX9I4q7hOxb07L1avsjjy6BAdoRJy0QWqohtUQ3VE0QN6Qi/o1Xq0nq03633emrOymX30C9bHN7mRlKE=</latexit><latexit sha1_base64="7iJY+Ji1xuhYVAPawATJcwt09KY=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqIfWRAQ9Fr14s4L9gDaUzXbSLt1swu6mUGIP/hUvHhTx6t/w5r9x2+ag1QcDj/dmmJnnx5wp7ThfVm5peWV1Lb9e2Njc2t6xd/caKkokhTqNeCRbPlHAmYC6ZppDK5ZAQp9D0x9eT/3mCKRikbjX4xi8kPQFCxgl2khd+8Atu6dQvi11RkRCrBiPBB6edO2iU3FmwH+Jm5EiylDr2p+dXkSTEISmnCjVdp1YeymRmlEOk0InURATOiR9aBsqSAjKS2f3T/CxUXo4iKQpofFM/TmRklCpceibzpDogVr0puJ/XjvRwaWXMhEnGgSdLwoSjnWEp2HgHpNANR8bQqhk5lZMB0QSqk1kBROCu/jyX9I4q7hOxb07L1avsjjy6BAdoRJy0QWqohtUQ3VE0QN6Qi/o1Xq0nq03633emrOymX30C9bHN7mRlKE=</latexit><latexit sha1_base64="7iJY+Ji1xuhYVAPawATJcwt09KY=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqIfWRAQ9Fr14s4L9gDaUzXbSLt1swu6mUGIP/hUvHhTx6t/w5r9x2+ag1QcDj/dmmJnnx5wp7ThfVm5peWV1Lb9e2Njc2t6xd/caKkokhTqNeCRbPlHAmYC6ZppDK5ZAQp9D0x9eT/3mCKRikbjX4xi8kPQFCxgl2khd+8Atu6dQvi11RkRCrBiPBB6edO2iU3FmwH+Jm5EiylDr2p+dXkSTEISmnCjVdp1YeymRmlEOk0InURATOiR9aBsqSAjKS2f3T/CxUXo4iKQpofFM/TmRklCpceibzpDogVr0puJ/XjvRwaWXMhEnGgSdLwoSjnWEp2HgHpNANR8bQqhk5lZMB0QSqk1kBROCu/jyX9I4q7hOxb07L1avsjjy6BAdoRJy0QWqohtUQ3VE0QN6Qi/o1Xq0nq03633emrOymX30C9bHN7mRlKE=</latexit><latexit sha1_base64="7iJY+Ji1xuhYVAPawATJcwt09KY=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqIfWRAQ9Fr14s4L9gDaUzXbSLt1swu6mUGIP/hUvHhTx6t/w5r9x2+ag1QcDj/dmmJnnx5wp7ThfVm5peWV1Lb9e2Njc2t6xd/caKkokhTqNeCRbPlHAmYC6ZppDK5ZAQp9D0x9eT/3mCKRikbjX4xi8kPQFCxgl2khd+8Atu6dQvi11RkRCrBiPBB6edO2iU3FmwH+Jm5EiylDr2p+dXkSTEISmnCjVdp1YeymRmlEOk0InURATOiR9aBsqSAjKS2f3T/CxUXo4iKQpofFM/TmRklCpceibzpDogVr0puJ/XjvRwaWXMhEnGgSdLwoSjnWEp2HgHpNANR8bQqhk5lZMB0QSqk1kBROCu/jyX9I4q7hOxb07L1avsjjy6BAdoRJy0QWqohtUQ3VE0QN6Qi/o1Xq0nq03633emrOymX30C9bHN7mRlKE=</latexit>



Synthetic Experiments

• Greedy ~2,3 orders of magnitude faster than message passing
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" > 0• Greedy performance is insensitive to 

k = 4
<latexit sha1_base64="hLWLOKWp7e4DYOb/yqDOXJACd80=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O72Z++wmV5ol8NJMUg5gOJY84o8ZK/pjckMt+tebW3TnIKvEKUoMCzX71qzdIWBajNExQrbuem5ogp8pwJnBa6WUaU8rGdIhdSyWNUQf5/NgpObPKgESJsiUNmau/J3Iaaz2JQ9sZUzPSy95M/M/rZia6DnIu08ygZItFUSaIScjsczLgCpkRE0soU9zeStiIKsqMzadiQ/CWX14lrYu659a9h8ta47aIowwncArn4MEVNOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHdSmNyA==</latexit><latexit sha1_base64="hLWLOKWp7e4DYOb/yqDOXJACd80=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O72Z++wmV5ol8NJMUg5gOJY84o8ZK/pjckMt+tebW3TnIKvEKUoMCzX71qzdIWBajNExQrbuem5ogp8pwJnBa6WUaU8rGdIhdSyWNUQf5/NgpObPKgESJsiUNmau/J3Iaaz2JQ9sZUzPSy95M/M/rZia6DnIu08ygZItFUSaIScjsczLgCpkRE0soU9zeStiIKsqMzadiQ/CWX14lrYu659a9h8ta47aIowwncArn4MEVNOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHdSmNyA==</latexit><latexit sha1_base64="hLWLOKWp7e4DYOb/yqDOXJACd80=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O72Z++wmV5ol8NJMUg5gOJY84o8ZK/pjckMt+tebW3TnIKvEKUoMCzX71qzdIWBajNExQrbuem5ogp8pwJnBa6WUaU8rGdIhdSyWNUQf5/NgpObPKgESJsiUNmau/J3Iaaz2JQ9sZUzPSy95M/M/rZia6DnIu08ygZItFUSaIScjsczLgCpkRE0soU9zeStiIKsqMzadiQ/CWX14lrYu659a9h8ta47aIowwncArn4MEVNOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHdSmNyA==</latexit><latexit sha1_base64="hLWLOKWp7e4DYOb/yqDOXJACd80=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O72Z++wmV5ol8NJMUg5gOJY84o8ZK/pjckMt+tebW3TnIKvEKUoMCzX71qzdIWBajNExQrbuem5ogp8pwJnBa6WUaU8rGdIhdSyWNUQf5/NgpObPKgESJsiUNmau/J3Iaaz2JQ9sZUzPSy95M/M/rZia6DnIu08ygZItFUSaIScjsczLgCpkRE0soU9zeStiIKsqMzadiQ/CWX14lrYu659a9h8ta47aIowwncArn4MEVNOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHdSmNyA==</latexit>

k = 3
<latexit sha1_base64="sPQawKtmjNFe06aT1NAUk3y+d3s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0ItQ9OKxgrGFNpTNdtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqd+6wmV5ol8MOMUg5gOJI84o8ZK/ohck/NetebW3RnIMvEKUoMCzV71q9tPWBajNExQrTuem5ogp8pwJnBS6WYaU8pGdIAdSyWNUQf57NgJObFKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/rZCa6CnIu08ygZPNFUSaIScj0c9LnCpkRY0soU9zeStiQKsqMzadiQ/AWX14mj2d1z6179xe1xk0RRxmO4BhOwYNLaMAdNMEHBhye4RXeHOm8OO/Ox7y15BQzh/AHzucPc6WNxw==</latexit><latexit sha1_base64="sPQawKtmjNFe06aT1NAUk3y+d3s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0ItQ9OKxgrGFNpTNdtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqd+6wmV5ol8MOMUg5gOJI84o8ZK/ohck/NetebW3RnIMvEKUoMCzV71q9tPWBajNExQrTuem5ogp8pwJnBS6WYaU8pGdIAdSyWNUQf57NgJObFKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/rZCa6CnIu08ygZPNFUSaIScj0c9LnCpkRY0soU9zeStiQKsqMzadiQ/AWX14mj2d1z6179xe1xk0RRxmO4BhOwYNLaMAdNMEHBhye4RXeHOm8OO/Ox7y15BQzh/AHzucPc6WNxw==</latexit><latexit sha1_base64="sPQawKtmjNFe06aT1NAUk3y+d3s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0ItQ9OKxgrGFNpTNdtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqd+6wmV5ol8MOMUg5gOJI84o8ZK/ohck/NetebW3RnIMvEKUoMCzV71q9tPWBajNExQrTuem5ogp8pwJnBS6WYaU8pGdIAdSyWNUQf57NgJObFKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/rZCa6CnIu08ygZPNFUSaIScj0c9LnCpkRY0soU9zeStiQKsqMzadiQ/AWX14mj2d1z6179xe1xk0RRxmO4BhOwYNLaMAdNMEHBhye4RXeHOm8OO/Ox7y15BQzh/AHzucPc6WNxw==</latexit><latexit sha1_base64="sPQawKtmjNFe06aT1NAUk3y+d3s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0ItQ9OKxgrGFNpTNdtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqd+6wmV5ol8MOMUg5gOJI84o8ZK/ohck/NetebW3RnIMvEKUoMCzV71q9tPWBajNExQrTuem5ogp8pwJnBS6WYaU8pGdIAdSyWNUQf57NgJObFKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/rZCa6CnIu08ygZPNFUSaIScj0c9LnCpkRY0soU9zeStiQKsqMzadiQ/AWX14mj2d1z6179xe1xk0RRxmO4BhOwYNLaMAdNMEHBhye4RXeHOm8OO/Ox7y15BQzh/AHzucPc6WNxw==</latexit>



Real Experiments: Procedure Learning

• Recover key-subactions and ordering from instructional videos  

• Inria instructional dataset [Alayrac et al’16]: 5 tasks, 30 videos/task 

- Incorporating dynamics, SeqFL significantly improves FL 

- Most improvement in videos with repeated steps
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