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Primal Problem: ERM

1/’7 - smooth
& convex

min = —Z@ AT

wERT

d = # features n = # samples
(parameters)

regularization
parameter

) + Ag(w)

1 - strongly convex
function (regularizer)



Is the difficulty in n or d?

* Bign
— Work in the primal
— Process one loss function (= one example) at a time

— Type of methods: stochastic gradient descent (modern variants: SAG, SVRG,
S2GD, mS2GD, SAGA, S2CD, MISO, FINITO, ...)

 Bigd

— Work in the primal

— Process one primal variable at a time

— Type of methods: randomized coordinate descent (e.g., Hydra, Hydra2)
* Bign

— Work in the dual

— Process one dual variable (=one example) at a time

— Type of methods: randomized coordinate descent (modern variants: RCDM,
PCDM, Shotgun, SDCA, APPROX, Quartz, ALPHA, SDNA, SPDC, ASDCA, ...)

— E.g. SDCA = run coordinate descent on the dual problem



Dual Problem
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Coordinate Descent in 2D

ours of a func
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Randomized Coordinate Descent in 2D
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Randomized Coordinate Descent in 2D
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Coordinate Descent Tricks

Trick
Trick
Trick
Trick
Trick
Trick
Trick
Trick
Trick

Trick 10:

e U A R

Arbitrary Sampling

Acceleration

Duality

Curvature

Parallelization / Minibatching

Distributed Implementation

Line-search RCDM [Nesterov 10]

Inexactness ICD [Tappenden, R & Gondzio 13]
Asynchronicity AsySCD [Liu et al 13]
Adaptivity AdaSDCA [Csiba, Qu and R 15]
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min f(z)




Coordinate Descent with
Arbitrary Sampling

i.i.d. subsets of [n] ={1, 2, ..., n}
(arbitrary distribution is allowed!)

Choose a random set S; of coordinates
For + € 5; do

e gl (V) e,
U;
For 2 g St do
t“ — x SYNC

[R & Takac 13b]




Complexity Result

Theorem [R & Taka¢ 13b]

t> o
max
- i Ds A




Key Assumption

Parameters vq, ..., v, satisty:

E f(ac—kthez)} < f ‘|‘sz z.f h'_l'zpivz’hzz

1€Sy 1=1




Proof

Theorem 3. Let Assumptions 1 and 2 be satisfied. Choose x° € R", 0 < € < ¢(2") — ¢* and
0 < p < 1, where ¢* := min, ¢(z). Let

A= max e )

If {z*} are the random iterates generated by ‘NSync, then

K> 2log (ﬂf—;&) =  Prob(o(zK)—¢* <€) >1—p. )
Moreover, we have the lower bound A > (37, **+) /E[lS’ [].
Proof. We first claim that ¢ is yi-strongly convex with respect to the norm || - || ,,,-1, L.,
Oz +h) > 8(x) + (Vo(@), h) + §l1AlGep-1, (©)

where p1 := ~/A. Indeed, this follows by comparing (3) and (6) in the light of (4). Let 2* be such
that ¢(2") = ¢". Using (6) with h = z* — z,

¢ —6(@) > min (V6(x), K) + EIWPuys = ~ V6@ 2. @)

Let h* := —(Diag(w))_IV(,b(z ). Then z*¥+1 = 2% + (h ')[31’ and utilizing Assumption 1, we get
E[p(s**) | 2] = E[6(a* + () g)] < 6(=*) + (Vo) ¥y + HIH* 12 @)

= o(z*) - HVMI)Mmf1<¢@W-#dMIW— ¢"). ©

Taking expectatlons in the last mcquahty and rearranging the terms, we obtain E[¢(2*t1) — ¢*] <
(1—p)E[p(2*)—9¢*] < (1 —u)"“( d(2?) — o). Usm(g this, Markov mequallty and the dcﬁnmon
of K, we finally get Prob(a ™) —o* =€) < Elp(x ;

Eipl E Z?rESpg_Z Ztteﬂ'pg_quqlsl E“SI] (]O)

Letting A := {p' e R": p/ > 0,%, p! = E[|S]]}, we have
@0
> Inin max A = gy

where the last equality follows since optimal p! is propomonal to v; /w;. J

Copy-paste
from the

paper



HOW tO COmpute the Theorem [Qu & R 143]
Mj ZR” Rm
parameters? v;-smooth 7

f(z) =>_; ¢;(M;z)
Theorem [Qu & R 14a] ATA =S~ MT M,

The assumption holds if for some matrix A, f satisfies

flx+h) < flx)+Vflx) h+ %hTATAh
and v satisfies

PoA"A < Diag(pov)

Pz’j = P({’i,j} C St) Hadamard (element-wise) product

[Qu & R 143a] give formulas for v as a function of the data matrix A and sampling S,



Insight 1: Importance Sampling Helps

P(|S|=1)=1 MM ov=Diag(A”A)

* |f we update a single coordinate in each iteration, P is diagonal, and we
get a simple formula for v (independent of the probability vector p)

* In particular, we can choose p which optimizes the complexity, which
leads to importance sampling:

U; Uy
Importance sampling: Pi = S, » max i\
7

1 Vi
Uniform sampling: pi = — » A
n v P

Average can be much smaller than max !




Bibliographic Remarks

[Leventhal & Lewis 08] were first to study randomized CD methods
(for linear systems & least squares). Moreover, they proposed
nonuniform probabilities.

— Convenient; not optimal

— Optimal probabilities for linear systems can be computed via SDP:
[Gower & R 15]

[Nesterov 10] considered probabilities proportional to powers of
coordinate-wise Lipschitz constants (for smooth convex
minimization)

— Not interpreted as optimal

[R & Takac 11b] gave complexity results for an arbitrary probability
vector p

[R & Takac 13b] introduced arbitrary sampling (NSync)

— Importance sampling as a corollary

— Also studied importance sampling over subsets of coordinates (leads
to LP)

[Zhao & Zhang 14] studied stochastic optimization (I-Prox SGD and
I-Prox SDCA) with importance sampling



Further Bibliographic Remarks

[Qu, R & Zhang 14] were first to study ERM with
arbitrary sampling (Quartz)

[Qu & R 14a] studied standard and accelerated
methods for convex composite problems with arbitrary
sampling (ALPHA)

[Csiba & R 15] extended the dual-free analysis of SDCA
[S-Shwartz 15] to arbitrary sampling (dfSDCA)

— analysis works also for non-convex loss functions as long
as the average loss is convex

[Konecny, Qu & R 14] studied a semi-stochastic
coordinate descent method (S2CD) utilizing
importance sampling



Insight 2: CD is faster than GD
Se=[n] W v = Anax(ATA)

Standard condition number

Gradient Descent = maX TA
CD with deterministic sampling:
ATA

CD with importance
sampling: \

1 iteration of CD is often n times cheaper than 1 iteration of GD.
However, complexity of CD can be as good as complexity of GD,
and is always at most n times as bad. So, CD is better.



Insight 3: Speedup and Flexibility

* Speedup. Complexity improves with the size of
the mini-batch|S,|, but less than linearly

— The amount of speedup depends on

* data sparsity [R & Takac 12], [Fercog & R 13b], [Qu & R 14b]

* spectral properties of the data [Bradley et al 11], [Takac et al
13], [R & Takac 13a], [Fercoq et al 14], [Qu & R 14b]

— Hence mini-batching helps if there are gains from
parallelism or reduction of memory transfers
* Flexibility. Sometimes we may be forced to
sample in a certain way (e.g., distributed
implementation)

— Results with arbitrary sampling say it’s OK to sample
as we like



Zheng Qu and P.R.
Coordinate descent with arbitrary sampling I: algorithms and
Adobe complexity arXiv:1412.8060, 2014




L1 R

egularized L1 Regression

800%;;-"-~-
700+ ":‘ L. i
) Proximal Gradient Descent

600} . .
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3 !
*-400f % - E
-‘|3 H Accelerated Proximal Gradient Descent
X 300f @ . [Fercoq & R 13b]
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% ApPROX 50 100 150 200
time (s)

Dorothea dataset:

N = 100, 000 m = 800

w = 6,061



Problem

Smooth & convex Convex

min f(x +Z¢z ;)



ALPHA (for smooth minimization)

STEP O:

STEP 1:

STEP 2:

STEP 3:

< =T

yt <— (1 — Ht)a:t —+ Qtzt

i.i.d. random subsets of
coordinates

For 7 € 5} (any distribution allowed)
R Vif(yt)
UU¢
For 1 ¢ St
Same as in NSync
2t At

’L

ot y' + 0, Diag™" (p) ("' - 2)



Complexity Theorem

\VOF 4 407 — 62
2

00 — 17 Ht—i-l —
Same as in NSync

Blf(«")] ~ /() <

22?:1(339 — yi)Q;_%
(t+1)2

=P(iel)

Arbitrary point Dq



Insights

* The result makes sense: If a coordinate is
optimal — do not update it!

* Unification:
— Stochastic (CD, ACD) and deterministic (GD, AGD)
methods
— Single analysis recovers the best bounds



Bibliographic Remarks

UCDM, RCDM, ACDM [Nesterov 10]
— First combination of acceleration & randomized coordinate descent
— Inefficient in both theory and practice

ASDCA [S-Shwartz & Zhang 133]

— Interpolates between SDCA and Accelerated Gradient Descent

Acc Prox-SDCA [S-Shwartz & Zhang 13b]

APPROX [Fercoqg & R 13b]
— Efficient version of accelerated coordinate descent
— Arbitrary uniform sampling

— Incorporates accelerated coordinate descent & accelerated gradient descent as
special cases

APCG [Lin, Lu & Xiao 14]

— Extension of APPROX to strongly convex functions & application to ERM
SPDC [Zhang & Xiao 14]

— Mini-batching, importance sampling, designed for ERM
ALPHA [Qu & R 1443]

— Extension of APPROX to arbitrary samplings

— Unified analysis of non-accelerated and accelerated methods



Zheng Qu, P.R. and Tong Zhang
Randomized dual coordinate ascent with arbitrary sampling
arXiv:1411.5873, 2014
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Primal Problem: ERM

1/’7 - smooth
& convex

min = —Z@ AT

wERT

d = # features n = # samples
(parameters)

regularization
parameter

) + Ag(w)

1 - strongly convex
function (regularizer)



Assumption 1

Loss functions have Lipschitz gradient

IVoi(a) = Voi(a)| <| = lla—d'll, a,a” €R™

Lipschitz constant



Assumption 2

Regularizer is 1-strongly convex

1
g(w) = g(w') + (Vg(w'),w —w') + S lw = w'|*,  w,w € R

subgradient



Dual Problem
E,_Em
) — %Zﬁbj(—%)

* 1 -
D(a) = —\g (% Z Ay
i=1

\ )

1 — smooth '
& convex - R¢ Y - strongly convex
o' () = max {(w)Tw o)} i) = max {(a)Ta— ou(a)
max D(«)
a=(aq,...,an ) ERN =Rn™
-






Fenchel Duality RS

> (0 4=m Weak duality = > (

Optimality conditions

w = Vg (&) a; = =V (A} w)



The Algorithm




Quartz: Bird’s Eye View

STEP 1: PRIMAL UPDATE
wi < (1 — 0w +6Vg*(a')
STEP 2: DUAL UPDATE

Choose a random set S; of dual variables

For ¢ € S; do pi =P €5)

0 0
af“ — (1 — 27> S p'( quz-(AithH))



Randomized Dual Coordinate Ascent Methods

for ERM

Algorithm

1-nice

1-optimal

T-nice

arbitrary

additional
speedup

direct
p-d
analysis

acceleration

SDCA

mSDCA

ASDCA

AccProx-SDCA

DisDCA

Iprox-SDCA

APCG

SPDC

Quartz

SDCA:

mSDCA

ASDCA:
AccProx-SDCA:
DisDCA:
Iprox-SDCA:
APCG:

SPDC:

Quartz:

Q Lin,
Y Zhang & L Xiao,

Z Qu, PR & T Zhang,

2013

SS Shwartz & T Zhang, 09/2012
M Takac, A Bijral,
SS Shwartz & T Zhang, 05/2013
SS Shwartz & T Zhang,
T Yang,
P Zhao & T Zhang, 01/2014
Z Lu & L Xiao,

P R &N Srebro,
10/2013
07/2014

09/2014
11/2014

03/2013







Assumption 3
(Expected Separable Overapproximation)

Parameters v1, ..., v, satisty:
2

mn
E ZA:;C% < ZPz’%’H%HQ
i=1

icS




Complexity o
Theorem [Qu, R & Zhang 14] i v+ Ayn

E[P(w") — D(a")] < (1 — 0)*(P(w”) — D(a"))

Example

Data: n =7 x 10° (1—6)" =0.8187
Y = % V;, = )\max(A;rAi) S 1
Method: |S;| =1 p; = L a=1 (1= 6 = 00907 < 15
. p— 1 T -

n n



UPDATING 1 DUAL

~ VARIABLEATATIME




Complexity of Quartz
specialized to serial sampling

1 n
_ . L/L
Optimal sampling | n + & Zz_l
Ay
i L
Uniform sampling | n A ma,)}\c
N

Li = Amax (4; As)




Experiment: Quartz vs SDCA,
uniform vs optimal sampling

* Prox-SDCA
-- Quartz-U (100)
—Iprox-SDCA
o Quartz-IP (106)
107
(@)
'©
-
©
g
F107°
-15 ‘ ‘
10 0 50 100

nb of epochs

Data = covl, n =2522,911, A=10"°



Zheng Qu, P.R., Martin Takac and Olivier Fercoq
SDNA: Stochastic Dual Newton Ascent for empirical risk minimization
arXiv:1502.02268, 2015




The Power of Curvature

min
rERS3

f(z)

1

—
2

™Mz +b'z+c

1.0000 0.9900 0.9999

M = | 0.9900 1.0000 0.9900

H iterations

0.9999 0.9900 1.0000

condition number ~ 3 x 10%

e Phenom. described in [Qu et al 15]

 Two points of view: “Exact line
search in higher dimensional
subspaces” or “inversion of random

submatrices of the Hessian”
* Applied to ERM dual: SDNA

(Stochastic Dual Newton Ascent)

# coordinates updated



Real Dataset:
mushrooms

=112 n-81248




Duality Gap

10

o

oI

10

|
@]

o

15

Sampling “Smallish” Submatrices of

the Hessian Helps

mushrooms mushrooms
| |

| 0 | | | |
<}FSDNA1 10
T}SDNA 4 ¥
FESDNA 16 o
SDNA 32
() SDNA 64 I
= - 107 A C s
Q ,
) aE
O, i
>
)
-
@)
§ -0 . -
JFSDCAT e
gSDCASQ A SRS
SDCA256 4% v v
<'SDNA'1 : Q{b B R
TISDNA 32 | 1 :
S5 | WESDNA 256, v}
| : : 10 T T T T
0 2 3 4 5 10° 10' 10° 10° 10° 10°
Elapsed Time (s) Epochs

# features: d =112
# examples: n = 8124



Real Dataset:
COV

g =54 n= 581;0_




Duality Gap

10 =
ANl TFSDNA 2 i
{O'SDNA 16
107 -
107" -
107"

I I I I
0 200 400 600 800 1000
Elapsed Time [s]









Failure of naive parallelization

fla!,2?) = (2! +2° - 1)°

1b

f(1,1) =1

1a

f<0,0>1|\0 \



Failure of naive parallelization

1b

.
.
.
.
3
.
. A
“ a
. L}
. L}
Y L}
. L]
. L ]
. L]
. L ]

£(0,0) =1 |\ \\\\\\\\ > )

0



Failure of naive parallelization

fla!,2?) = (2! +2° - 1)°

f(1,1) =1

2a



Failure of naive parallelization

flat,a®) = (z' +2° = 1)7
2b

1 F,1) =1

.
.
v
’
.
. A
.
. L
. L}
. L}
Y L}
. L]
. L ]
. L]
. L ]




Failure of naive parallelization

fla!,2?) = (2! +2° - 1)°

f(1,1) =1




ldea: averaging updates may help

/

2
/

77

e\

1
0 a



Averaging can be too conservative
fata?) = (@t = 1)+ (22— 1)°




Averaging may be too conservative

f@) = (@' =12+ (@2 = 1) o4 (27 = 1)




- Experiment with a "
1 billion-by-2 billion

LASSO problem




Coordinate Updates

b i i ~B-2 Cores |
ey iiiiiiiiiiiiiiiiil-e-4 Cores

-&-8 Cores

ERERE -%¥-16 Cores
e -'?-24 Cores*

0 10 20 30 40
# coordinate updates normalized [(kt)/n]

LASSO problem with A € R™*™, where|n = 10° and m = 2 x 10°




Ilterations

e B i i -B-2 Cores |
el W i l-esaCores
RSN Ry il 1-9-8 Cores
by 16 Gores
UL = P A A A S _?_2400res-

# iterations normalized [k/n]

LASSO problem with A € R™*", where n = 10? and m = 2 x 10°



Wall Time

---------

-|-8-2 Cores |
:|-©-4 Cores
. :|-9-8 Cores
-%-16 Cores
- -7-24 Coresy

ohL

: : : : . . l»&t':':':':“
e e
ERLHEREEIERRRERERR 1R R
T S Y
I
.,............v......',...;....;....:....'...:...:...',...:....;..l\.'....'...',... ....
P ;b oo

40 50

wall time [hours]

LASSO problem with A € R™*", where n = 10? and m = 2 x 10°



Minibatching

for ERM







Quartz [Qu, R & Zhang 14]

Complexity of Quartz

Fully sparse data n  max; L;
~ — +
(w=1) T AYT
Fully dense data n  max; L;
~ — +
(w=mn) T Ay

(0—1)(7—1)
Any data an (1 T ) max; L

(1<®<n) T AyT




Assume the data is normalized:  Li = Amax(4; 4;) < 1

Then: (1+ T(ch_l)(T_lZL
T(r) = (n—1)(1+Avyn)

) x T'(1)

T

Linear speedup up to a certain data-independent minibatch size:

2
T <24 Myn T(r) < 2 x T(1)
T

Further data-dependent speedup, up to the extreme case:

&= O(\yn) ﬂﬂ:@(ﬂ”)

T




speed up factor

# examples:

Quartz [Qu, R & Zhang 14]

Quartz: Parallelization Speedup

n = 10°

Smoothness of loss functions: v = 1

Low regularization:

High regularization:
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Primal-dual methods with tau-nice sampling

Algorithm [teration complexity g
SDCA nt — L2
Ay 2
[S-Shwartz & Zhang 12]
n n 1 n3
ASDCA | 4 x max{ —,,/ : : =12
TN AT AT (A7)
[S-Shwartz & Zhang 13a]
SPDC n -+ o general
T YT
[Zhang & Xiao 14]
o—1)(1T—1 1
Quartz 1+ @-Dr=1) general
n—1 AYT




Accelerated

For sufficiently sparse data, Quartz wins even when
compared against accelerated methods

Algorithm | YAn = 0O(=) | YAn=0(1) | YAn = 0O(7) | vAn = O(y/n)
K=nT K=n kK=n/T K=+n
-
-
T T







Distributed Quartz: Perform the Dual
Updates in a Distributed Manner

Quartz STEP 2: DUAL UPDATE

Choose a random set S; of dual variables

For 1 € St do

altl (1 - ﬁ) of + - (~Vor(A] w'))

! Pi Pi T

Data required to compute the update



Distribution of Data




Distributed sampling




Distributed sampling

Each node independently picks 7 dual variables
from those it owns, uniformly at random

%Cb 77 ‘ I
ol

I TS S
S ={3,7,10} U {11, 15,18} U {25,27,29} U - -

Random set of
dual variables

Also see: CoCoA+ [Ma, Smith, Jaggi et al 15]



Complexity of Distributed Quartz

n Something that looks complicated
cr AYCT

d (T—l)(tuj—l) Tc —1 (,u;.—l T
n Amax (ijl (1 + max{n/c—1,1} + (7 - max{n/c—l,l}) W} wj) A]’LA]'I/)

—+max
cT i Ayer



achine: 128 nodes of Hector Supercomputer (4096 core )

Problem: LASSO, n = 1 billion, d = 0.5 billion, 3 TB

Algorithm: o with c=512



LASSO: 3TB data + 128 nodes

+ASL-FP
«~RA-FP

1000 1500 2000
Elapsed Time [s]



Machine: 128 nodes of Archer Supercomputer

Problem: LASSO, n =5 million, d = 50 billion, 5 TB
(60,000 nnz per row of A)

T

~ Algorithm :{*ﬁu with ¢ = 256

HYDRA? |

.
! ’

[Fercoq et al 14]




LASSO: 5TB data (d = 50b) + 128 nodes

= hydra® ~=hydra’

10 10° 10° 10° 10°
lterations Elapsed time [sec.]






