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rGno�Ji�l�º�rElx�J|�~CwUs

Ci ∈ Rm×m
w¢|¾kmq1rGlono�JrE�GrGq=km¡2p�k9nxlowbÂC~

nx�Ji'q�|�w¢�Gq=kG¡¢|
x

º	w¢¡b¡�qJrGn�jJlor9�{w¥�7i�w¢q7svrElop�k9nxwbrEq�wbs�nx�JiArGlxw¢�m³
w¢q=kG¡=|�rE�Jl��#i�|��#rElolxi�|oj�rGq=��nor

yi
rEl�nxr

Ciy
i
�2tuq���h�~mno�Jw¥|�w¥|

i*@d�Jwb�mkm¡¢i'qdn�nor�no�=i��Jq=�'i'l�n�kmw¢qEn}z�rms"no�Ji¾|�w¢�Gq�rGs
yi

À
Ci = 1rEl

Ci = −1
Á#��¶��{�=|�~Jº	wUnx�JrG�Jn�¡brd|o|�rms��Gi�qJi'l�km¡¢wUn}zG~7º�i��'kGq

lxi�|�nolxw¥� n�no�Ji¤|�i§kml��x��svrGl�p,wUÂ7w¢qJ��p�k9nxlxwUÂ
A

kGq=�5|oi'jLkml�k9now¢rGq
p�kmnolxwUÂ

W
~7nxr5no�=i¾|oi#n�rms2rEl�nx�JrG�ErGq=km¡Rp,kmnolxw¥�#i�|��

K	ÈGFIHKJ ÉML ¨ML�Ë�«E¬ON�Í Ê ¯�¬JÎ�Ë Ê
R1i�|��=kG¡b¡Ú�Ji'low¢�Gi,no�Ji��#rd|}n¾sv�Jq=�#now¢rGq¹svrGl�t�y7¦ nxkE|�·æ�Jq=�Ji'l
nx�JiA�#rGq=|�nol�kmw¢qdn

WT W = Imd

svrGl�no�JiA|�i�j=kml�k9nxwbrEq5p,kmnolxwUÂ
W

�� �¡¢rG´=kG¡�p,w¢qJwbp�k�rGs�nx�Jw¥|��'rE|�n�sv�Jq=�#now¢rGqÄº	wb¡¢¡�w¢q=�'¡b�=�Ji
|oi'jLkml�k9now¢rGq£p�kmnolxwUÂ

W
�¾�"i#n��L|Aw¢qEnolxr7�7�L�#i�no�Ji�svrG¡¢¡¢r�º	w¢qJ�

q=rmnxkmnow¢rGq=|�����i#n
I(y1, . . . ,yd)

�Ji'qJrGnoi�no�Ji�p��Jno�=kG¡\w¢q7svrGlo³
p�kmnow¢rGq�´�i#n}º�i'i�q��Gi�� nxrGl�|

y1, . . . ,yd ∈ Rm
C

I(y1, . . . ,yd) =

∫

p(y) log
p(y)

p(y1) . . . p(yd)
dy

ÀÃÖdÁ

º	�=i'lxi
p(y) = p(y1, . . . ,yd)

�7i�qJrmnxi�|�nx�Ji�Ü}rGw¢qEnÚjJlxrG´Lkm´Jw¢¡U³
wbn}zæ�Ji'q=|owUn}z¸sv�Jq=� nxwbrEq1rGs�|�nor7���=kE|}nxw¢���9kGlow¥km´=¡bi§|

y1, . . . ,yd

kGq=�
p(yj)

�7i'q=rmnoi§|�nx�Ji¾p,kGlo�EwbqLkm¡C�7i'qL|�wbnuz
rms
yj

�
¿¤r�º¾~JsvrGl�k,loi§km¡C�mkm¡¢�Ji���|�norJ�x�=kE|}nxw¢���Gi§� norEl	�9kGlow¥km´J¡¢i

y
¡bi'n

nx�Ji��7wb½�i�loi�qEnow¥kG¡Ci�qEnolxrGj{z?´�i��7i'qJrGnoi���´dz
H(y)

~7nx�=k9n�w¥|

H(y) = −

∫

p(y) log p(y)dy
À`ÝEÁ

ê=�Jlono�Ji�l�~=kG|x|��Jp,i
y = Wx

��¶��=i'q

I(y1, . . . ,yd) = −H(x) + log |W| +

d
∑

i=1

H(yi)
À`èEÁ

´�i§�'km�L|�i
H(Wx) = H(x) + log |W|

����r9º�i��Gi'l§~
H(x)

w¢|
�'rGq=|�nxkGqEn�kmqL�

log |W| = 0
|ow¢q=�#i

WT W = I
��¶��d�=|�~{rG�=l

n�kG|o·?w¥|�nxr,p,wbq=wbp,w¢�'i

J(W)
.
= H(y1) + . . . + H(yd)

À¼�mÁ
nx�=k9n�w¥|�~�nx�Ji�|orG¡¢�7now¢rGq�rGsJno�Ji�t�y7¦Ðn�kG|o·�w¥|2i�@d�Jw¢�9km¡¢i'qdn\norAno�=i
p,w¢qJw¢p5w¢��kmnow¢rGq,rmsLnx�Ji	p��J¡bnowb³¼�7w¢p,i'q=|ow¢rGq=kG¡7i�qEnolxrGj=wbi§|�rmsLno�=i
p�kGlo�Ewbq=kG¡¢|�rms\nx�Ji��#rElolxi�|oj�rGq=�7w¢qJ���Gi§� norEl��mkmlxw¢kG´J¡bi§|'�
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y7�=kmqJqJrEq[Z |��7wb½�i�loi�qEnow¥km¡�i'qdnolxrGj{z1rms	nx�Ji
H(yi)

noi'lxp�|�rGs
�S@L��ÀØ�GÁ2qJi�i��J|�nxr¾´�i�i�|�now¢p,kmnoi§�C��ê2w¢lx|�n�~Eº�i¤|��=kG¡b¡=i�|�now¢p,kmnoi
���'qdz{w>Z |

α
³¼i'qdnolxrGj{zArms=|}nxr7�x�LkG|�now¥���mkmlxw¢kG´J¡¢i

y
�=k��{w¢qJ��jJlorE´7³

kG´Jw¢¡bwbnuz
�7i�q=|owUn}z?sv�Jq=�#now¢rGq
f
~Jº	�Jw¥����w¥|	�Ji#á=qJi§��kE|

Hα
.
=

1

1 − α
log

∫

fα(y)dy
ÀÃädÁ

t¼n w¥| ·{qJr�º	q nx�=k9n w¢q no�Ji ¡¢w¢p5wbn
lim
α→1

Hα =

−
∫

f(y) log f(y)dy
�	��qdz{wFZ |»i'qEnxlorEjdz �'rGqd�Gi�lo�Ei�|�nxr

y7�=kmqJqJrEq[Z |¤i'qdnolxrGj{zG���	�'q{z{wFZ |Ai'qEnxlxrGjdz��=kG|�km¡¢loi§kG�7z
´�i�i'q
�L|�i§�5svrGlÚto��¦ÞjJlxrG´J¡¢i'p�|¤ÀÃ�¤w¢¡¢��i'n�km¡Ø�b~{ëGìGì=�§Á �2¶\r�rG�JlÚ´�i�|�n
·{qJr9º	¡¢i��7�EiG~{wbn��=kE|�qJrmn�´�i'i'q��=|oi���svrEl�no�Ji¾t�yJ¦ nxkG|o·R�
�"i#n

{yi(1), . . . ,yi(n)}
�7i�qJrmnxi

n
w¢q=�7i'j�i�q=�7i'qdn�kmq=��w¥�7i'qJ³

nxw¢��km¡¢¡bzæ�Jw¢|�nolxwb´=�7noi§�ÅÀvwØ� wØ� �C� ÁÏ|xkmp,jJ¡¢i�|��Jlxk�º	qæsvlorEp&�Jw¢|�nolxwb³
´=�7now¢rGq

yi ∈ Rm
��¶��Ji

γ \ 36=]C�B�9R3�^`_a8#b6Ec=@^�3d:(AeC(5D:�24B¸´�i#³
¡¢rGq=�Gw¢qJ��nor�no�Ji§|�i¤j�rGw¢qEn�|�w¥|�k�|�j=kGqJqJw¢qJ�¾nolxi'i�rGsRno�Ji¤j�rEwbqdnx|
�Lk§�{w¢qJ�5i��7�Ei�|

E = {e : e = yi(p) − yi(q) ∈ Rm, p 6= q}´�i'nuº�i'i'q nx�Ji j�rGw¢qEn�|²kmq=� �=k§�{w¢qJ� i��7�Eiª¡¢i'qJ�mnx�=|Äi�@d�=kG¡
nxræno�=i

γth
j�r9º�i�l�rms�nx�Ji����=�'¡bw¥�7i�kGqÏ�Jw¢|�nxkGq=�#i1À

lγ(e) =
‖e‖γ

Á ��¦×�Gl�kmj=��w¢|��'km¡¢¡¢i��e7�=!A�=!7`:(Egf
γ \ 36=]ChBi9;3d^�j&_a8#b6Ec=@^<k3�:<AlC)5D:d2#B{~=wbs2no�Ji�|��=pírGs"nx�Ji¾i��7�Ei�¡¢i'q=�mno�L|�rms\no�Ji¾�Gl�kmj=�

w¥|	p5w¢qJw¢p�km¡Ø~Jw`� iG�¢~

Lγ(yi) = min
T∈T

∑

e∈T

‖e‖γ À`ÔEÁ

º	�=i'lxi
T

�7i�qJrmnxi�|¾nx�Ji�|oi#n�rGs	|oj=kGqJqJw¢qJ��nxloi�i�|�´�i'¡¢rGqJ�Gw¢qJ�
nxr qJr7�7i²|oi#n

{yi(1), . . . ,yi(n)}
�ç��i'n

γ = m − mα
�
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R wbno�1rG�=l�qJrmn�k9now¢rEq=|'~CkGq=�¸�=q=�7i'l¾�'i'lonxkmw¢q¸noi����JqJw¥�'kG¡��#rEq7³
�JwUnxwbrEq=|'~�no�=i²��i�kE�7º�rGl��{³u�¤km¡bnorGqJ³¼�¤kGp5p,i'l�|�¡¢i'zÞ¶��Ji'rEloi�p
�=rG¡¥�J|¾À;BÚ�J·{w¢����~��§ÔGÔEäEÁ ~7kGq=�
rGq=i¾�'kmq�|o�Jr�º×no�Lk9n

m

γ
log

Lγ(yi)

nα
→ Hα(yi) + c

~=kE|
n → ∞

À���ìEÁ

º	wbno�¸�'rGq=|�nxkGqEn
c
´�i�wbq=��wbqL�7i'j�i'qL�7i'qdn¤rGs2no�Ji��Jw¢|�nolxwb´=�7now¢rGq

rGs
yi
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ãAq=i¹kmjJjJlxrEkE�x�à�7i'¡¢i#nxi�|�no�Ji¹¡¢rGqJ�Ei�|�n

k
i§�7�Gi§|
svlorEp no�=i

|oj=kGqJqJw¢qJ��nxloi�i¾kmq=���'rGq=|ow¢�Ji'l�|�no�Ji¾lxi'p�kmw¢qJw¢qJ�,|o�JpÛrms\no�=i
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lxi'j=¡¢kE�#i�|�no�Ji1|oi#n
rms�j�rGw¢qEnx|

yi(1), . . . ,yi(n)
´{zÏnx�Ji
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k
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q=r7�7i�|�rEl�nx�Ji¤qJr7�Ji�|�º	wbno�Jw¢q?l�kG�7w¢�=|
ε
nxr�i�kE�x��qJr7�Ji

yi(p)
�
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B#? ? ^ C)5D:d2#B{�
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svrEloi§|}n\p�kG�7iÚrms=|��L�x��|o�J´J�Gl�kmj=�=|���km¡¢¡bi§��nx�JiaC
3d?�^)30G�=@b G>24:(A#k
A�=!A
C H0?(5D3�G�9�rGs�no�Ji5|�i#n§��¶��Ji��Ei'r7�7i§|�w¥�¾�7w¥|}n�kmq=�'i�´�i#n}º�i�i'q
n}º�r¾j�rEwbqdnx|�w¢|Ú�7i#áLqJi���kG|�no�=i�¡bi�qJ�mnx�,rms�nx�Ji¤|��JrEl�nxi�|�n�j=kmno�
rEqÄno�Ji
�Ei'r7�Ji�|ow¢�?|oj=kmq=qJwbq=�£svrEloi§|}n§��¶��Ji§|�i
p5i'no�Jr7�=|�kGloi
�L|�i§�
wbq�p�kGqJwUsvrE¡¢�
¡¢i�kGloq=wbqJ�5jJlxrG´=¡bi�p,|�~J|��=����kG|�t�y=ã�å¸¦¤�
À`¶\i'qJi'q{´=km�=p±i'n
km¡Ø�¢~�ëmìEìGìEÁ,kG|�º�i'¡¢¡AkG|,svrEl�nx�Ji¸i§|}nxwbp�km³
nxwbrEqµrGs�wbqdnolxwbq=|ow¥�Ï�7w¢p,i'q=|owbrEq=|ÅÀ¼��rE|�nxkàÒ/��i'lxr=~�ëmìEìmÖdÁ#�
¿¤i'w¢�G�{´�rGlx�Jr{r7���ElxkGjJ�=|2º	wbno�,qJi�wb�E�d´�rGl�|

k = 10
º�i'lxi	�#rGq7³

|�nolx�=�#noi���~mnx�Ji��Gi�r7�7i�|ow¢��|oj=kGqJqJw¢qJ��svrEloi§|}n�|�º�i'lxi	�'rGp,jJ�7nxi��
svrEl,w¢¡b¡¢�=|�nol�k9now¢�Gi�jJ�Jlxj�rE|oi�|�C
ê2w¢�G�Jlxi1�EÀ`kEÁ�kGq=�×�EÀÃ´LÁ5|��=r�º
nx�Ji��Ei'r7�7i§|�w¥�¸|oj=kmqJq=wbqJ�²svrEloi§|}n�|�svrEl
¡¢i#nonoi'l�� ¦�Z	|okGp,jJ¡bi§�
�=qJwUsvrElop,¡¢z
kmq=��nx�=k9n�rGs�k�no�Jlxi'i��7wbp,i�q=|�w¢rGqLkm¡��#�=´Jw¢��º	w¢lxi#³
svl�kmp,i�|xkmp,jJ¡¢i����Jq=wUsvrElop,¡¢z
kGq=��º	wbno�¸kG�=�7i���q=rGw¥|�i¾rms

2%|�nxkGq=�JkGlx�
�7i��{w¢kmnow¢rGq�~7lxi�|oj�i��#now¢�Gi'¡¢zG�
¶��=i
¡¢wbp,wbn

α → 1
wbqÏ� @��	À}�§ìEÁ�¡¢i�kE�J|�nor¹kmqÐi�|�now¢p�k9nxwbrEq

rGs�y7�=kmqJqJrEq[Z |�i�qEnxlorEjdzG�,¶\low¢�{w¥km¡¢¡bzE~
α → 1

i#ÂJkG�#no¡¢z£º	�=i'q
γ → 0

�×tuq jJlxkE� nxw¢�'iG~�¡bw¢p,wbn
n → ∞

�'kmqªrGq=¡bzÐ´�iækmj7³
j=lor�Â7wbp�k9nxi��C����rGp,jJ�Jnxk9nxwbrEq1rGs�nx�Ji?¡bw¢p,wUn

γ → 0
w¥|�km¡¥|�r

nxlorE�J´J¡¢i�|orGp,i�kmqL�×|�p�km¡¢¡�´J�Jn�áJÂ7i��
γ

�9km¡¢�Ji§|
kGloiæ�L|�i§�C�
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|okGp,jJ¡bi§|
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nxlow¢´J�7nxwbrEq=|�~Ei§kG�����=k��{w¢qJ��lxkGq=�7rEp5¡¢z5���JrE|oi'q�q=rGq7³u�7w¥km�GrEq=km¡
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´{z�lorGnxk9nxwbrEq�p�kmnolxwUÂ

G(θ) ∈ R(6×6) ~Jº	�Ji'lxi�j=kml�kmp,i#nxi'l
θº�i'lxi¾�x�=rE|oi'q
svlxrGpÛwbqdnoi�lo�mkm¡
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A � �öôC�$�öôöõdñ >�ô 1$0��EôUò�# ��õ*�7:GD�ñ :�1}ô #�ò91}ñ��¤ñ�õ&1uó$��ð&% 6�:uôöõE÷5HJI
,78K8 )'<

 ��ó

γ = 0.01
ò�õ��

k = 20
,5L�0EñK1 >��F� 6EóNM§ñ :O�EôQPJñxó23&%�ò�õ 8fôöó�/

ó}ñG�öñGM�ò�õ&1�<�ò����Gô 1}ôCM§ñR� ��õ�:�1�ò'õ&1�,

��rEp,jJ�7nxkmnow¢rGqµrGs?no�Jiª���=�#¡¢w¥�7i�kGqµq=i'w¢�G�d´�rElo�Jr7r7� �Gl�kmj=�
q=i'i��J|

O(n2)
|�noi�j=|'~Jº	�Ji�loi

n
w¢|�no�Ji�qd�Jp�´�i'l�rGs�|xkmp,jJ¡¢i�|��

tuq�rE�Jl���kG|oiG~7no�Ji�p,wbqJw¢p�km¡"�Gi'rJ�7i�|ow¢��|oj=kmqJqJw¢qJ�,svrGlxi�|�n��'kGq
´�i
svrG�Jq=�Ðw¢q

O(n log n)
|�noi'jL|�º	wbno�Åâ�lo�=|o·9kG¡FZ |�p,i#nx�Jr7�C�

¶��Lk9n�w¥|�~"no�=i��#rGp,jJ�7n�k9nxwbrEq=km¡Ú�#rd|}n�|¾rms�no�=i?i'qEnxlorEjdzæi§|}nxwU³
p�kmnow¢rGq�w¢q�� @��"À���ìdÁ�|o��km¡¢i�|�kE|

O(n2)
�

S	ÈUT V�¬JÎTS ÎNVC®\¬JÎ}Ë Ê
ê2w¢lx|�n�~Rº�i�|o�=km¡¢¡2�7w¥|x�#�=|x|¤�Jr9º nxr�rEj7now¢p,wb��i�no�=i5�#rE|�n¤sv�Jq=� ³
nxwbrEqçÀØ�GÁ²´dz p,i�kmq=|ÏrGsæÑdkG�'rG´Jwb³Ølxrmnxk9nxwbrGqL|'� ¶��=i'qíno�=i
jL|�i��=�7rm³u�#r7�Ji�rGs7rG�Jl\km¡¢�GrElowbno�=p×º	wb¡¢¡E´�i�jJlxr9�dw¥�7i§�C�"ê2w¢q=km¡¢¡¢zG~
º�i�|��=kG¡b¡��Gi�qJi'l�km¡¢w¢�'i�nx�Ji�¦¤p�kmlxwU³u�7w¥|}n�kmq=�'i�À`¦�p�kmlxw�i#n�km¡Ø�b~
�§ÔGÔEèEÁ�nor�jJlxr9�dw¥�7i	k�j�i'losvrGlxp,kGq=�#i�p,i�kE|��=loi�svrEl�t�y7¦Ån�kG|o·{|��
�"i#n1�=|�lxi'º	lxwbnoiÐ� @��,À¼�mÁ¸w¢qÓk×�7wb½�i�loi�qEn1svrGlxp*´{z nxkG·d³
w¢qJ�µkG�7�9kGqEn�km�Giªrms£loi�¡¢kmnow¢rGq

H(yj) =
∑m

i=1 H(yj
i ) −



���������	�
����������
����������
���������
����������� ���!�#"%$&�('����)���*�+
#���������!��"-,/.0�)�)�

I(yj
1, . . . , y

j
m)

��¶��d�=|	º�i¾�=k§�Gi

J(W) =
d

∑

j=1

m
∑

i=1

H(yj
i ) −

d
∑

j=1

I(yj
1, . . . , y

j
m)

À��G��Á

ãAq=i�p�k§z�jJlorJ�#i'i§��w¢q¾p,w¢qJw¢p5w¢�'w¢qJ�
J(W)

´{zAá=l�|}n"i§|}nxwbp�kmn�³
w¢qJ��nx�Ji¾�7wb½�i�loi'qdn�noi�lop�|�rGs"no�Ji¾�#rd|}n�sv�JqL� now¢rGq
svrEl	k��Gw¢�Gi'q
W

~"nx�=k9n�w¢|¾no�Ji?p��J¡Unxwb³¼�7w¢p,i'q=|owbrEq=km¡
H(yj)

i'qEnxlorEjJw¢i�|�w¢q
�S@L�7ÀØ�GÁ�rGl"no�=i�rGqJi��7w¢p5i�q=|�w¢rEq=km¡

H(yj
i )

i'qEnxlorEjJw¢i�|\kmqL��no�=i
p��Jno�=kG¡Jw¢q7svrGlxp�k9nxwbrEq

I(yj
1, . . . , y

j
m)

w¢q,� @��LÀ}�G��Á2kGq=��no�Ji�q
p,w¢qJw¢p5w¢�'w¢qJ�
no�Ji§|�i @E�LkmqEnxwUnxwbi§|A´{z£���=kmqJ�Ew¢qJ�

W
����rGq=|ow¥�{³

i�low¢qJ�¤� @��7À}�E�§Á#~9k�nuº�rm³¼|�nxi'j��Ji��Jlow¥|�now¥�'|"no�=kmn2jJlxr9�dw¥�7i§|�¡¢r7��km¡
p,w¢qJw¢p,k��'kGq�´�i¾�7i�low¢�Gi�����¿�rGnoi�no�=kmn

min
W

d
∑

j=1

m
∑

i=1

H(yj
i )

À��§ëEÁ

w¥|çi*@E�=wb�9kG¡¢i'qEnçnor nx�JiÆ�'¡¢kE|o|ow¥�'km¡%��h to��¦ jJlxrG´J¡¢i'p
À`��i§kmlxqJi��{³uå£w¢¡b¡¢i'l�Ò ê\w¥|o�Ji'l§~CëGìGì7?dÁ�kGq=�£w¢q¸no�=i�� 5�G�9aG�9;3R2R~
rEqJi �'kGq |�rE¡b�GiÅno�JiªnxlxkE�7wbnow¢rGq=kG¡��§h to��¦Æn�kG|o·R~�º	�Jw¢���
p,w¢qJw¢p5w¢�'i§|�no�Ji�i'Â{j=loi§|o|owbrEq ∑d

j=1

∑m
i=1 H(yj

i )
�Ótuq no�=i

|oi��'rGq=�Ï|�noi�j�~Únx�Ji @d�=kGqEnxwUn}z ∑d
j=1 I(yj

1, . . . , y
j
m)

~�º	�Jw¢���
w¥|�no�=i�|��=p rms"no�Ji�p��7no�Lkm¡Rw¢q7svrElop�k9nxwbrEq�rms�nx�Ji�|o�J´=|oj=kG�'i�|
|o�JrE�J¡¢� ´�i�p�k9Â7wbp,w¢�'i§�C�Ó¦¤¡Unx�JrG�J�E� no�=i'lxi�kmlxi¸p,i#no�=r7�J|
svrEl�nx�Ji�i�|�now¢p�k9nxwbrEqÞrms�no�Ji1p��7no�=kG¡�w¢q7svrGlxp�k9nxwbrEq À`��kG���
Ò ÑGrElx�JkGq�~�ëGìGìdë7Õ� �lxi#nonorEq£i'n�kG¡`�¢~RëGìGìA?EÁ ~Lº�i��=k��Gi¾svrE�Jq=�
nx�=k9n��Er{r7��loi§|��J¡bn�|�p,k�z?´�i�kG���Jw¢i'�Gi��
´{z?i§|}nxwbp�kmnow¢qJ�,rGq=¡bz
nx�Ji5p��J¡bnowb³¼�Jwbp,i'qL|�w¢rGq=kG¡2i�qEnolxrGj{z�w¢qæ�S@L��ÀØ�mÁAkGq=�¸�=|owbq=��k
|ow¢p5j=¡bi¾�Ji'�=low¥|}nxw¢��|'~JkGq�wbp,jJlxr9�Gi'p,i'qdn	rms\no�=i�j�i�lop��7n�k9nxwbrEq
p,i'no�Jr7�æp,i'qEnxwbrEqJi��æw¢qÏÀ¼��kml��7rE|or=~2��ÔEÔGäEÁ#�4R1i�q=rmnoi�no�=kmn
q=rÄj�i'lxp��7nxkmnow¢rGqªrGs�no�=i¸to��¦&�#rEp5j�rEqJi'qdnx|�º	w¢¡¢¡¤p,r7�7wbsvz
nx�Jiªnoi�lop ∑d

j=1

∑m
i=1 H(yj

i )
kmqL� |��=��� j�i'lxp��7n�k9now¢rGqL|

º	w¢¡¢¡7wbp,jJlxr9�GiÚnx�Ji	�'rE|�n2sv�Jq=� nxwbrEq5� @���À}�E�§Á\wUsLnx�Ji'z�wbq=�'loi§kG|oi
nx�Ji�@d�=kGqEnxwUn}z ∑d

j=1 I(yj
1, . . . , y

j
m)

��¶��Ji¤w¥�7i§k¾w¥|�nor��GlxrG�=j
�'rGp,j�rGqJi�qEn�|�nx�=k9n¤´�i'¡¢rGqJ�,nor�i�kE�x��rmnx�Ji'l§��tuq�nx�Ji¾�Ei'qJi�lxkG¡
��kG|oiG~��Jr9º�i��Gi'l§~2nx�Ji�to��¦%�'rGp,j�rGqJi�qEn�|�p�k�z¹qJi�i��Änxr�´�i
p,r7�JwUá=i§�¹svrGl�j=lorEj�i'l��GlxrG�JjJw¢qJ�¸kGq=�1nx�Ji
kGjJjJlxr§Â7w¢p�k9now¢rGq
q=i'i��J|²nxrµ´�i×i#Â{noi�q=�7i���� ¶��Jw¥|Ði#Â{noi�q=|owbrEq w¢|Ï�7i'nxkGwb¡¢i��
´�i�¡br9º¾�

�������	� 4JBGFL:2_�

�
F��§4���_ÃF�82<
�"i#n

W∗ ∈ Rmd×md
�7i�qJrmnxi�kGq�rGj7nxwbp��Jpµrms

J(W)
��ãAqJi

�Jr{i�|5qJrmn,q=i'i��Ðnor1i#Â7jJ¡¢rGlxi�no�Ji�sv�J¡¢¡
Rmd×md

|oj=kG�'i�svrEl
áLq=�7w¢qJ�ÞkGq rGj7nxwbp��=p�~�´�i��'kG�=|�i

W
w¥|¸rGlono�JrE�GrGq=km¡�kmq=�

nx�d�=|�nx�Ji1|oj=kG�'i£nxrÐ´�i�|oi�kGlx���Ji§�ªw¢|�|�rEp5i�º	�=k9n�|op,kG¡b¡¢i'l§Õ
wbnÚ�LkG|

md(md − 1)/2
�7w¢p,i'q=|owbrEq=|��2¿¤r9º¾~G¡¢i#n��=|Ú�#rEq=|ow¢�7i�l

ÑdkG�'rG´Jwb³¼lormnxk9nxwbrEqÐÀ`km¡¥|�r�·{qJr9º	q1kG|� �wb�Gi�q=|}³¼lxrmnxkmnow¢rGqLÁ#���"i#n
1 ≤ p < q ≤ md

~¤kmq=� ¡¢i#n
θ

�Ji'qJrmnxi�kÄlxrmnxkmnow¢rGqÞkmq7³
�E¡biE��ÑdkG�'rG´Jwb³¼lormnxk9nxwbrEq¹rms¤kGqJ�G¡¢i

θ
rGs¤�#rEp,jLrEqJi'qdnx|

p
kmq=�

q
w¥|?�Ji'qJrmnxi��ª´dz

G(p, q, θ) ∈ Rmd×md
� ¶��Jw¥|?p,kmnolxwUÂ

w¥|
�7i'lxw¢�Gi��ÅsvlxrGpÆw¢�7i�qEnxwUn}zªp�k9nxlowbÂ
Imd

´{zÅp,r7�7wbsvzdw¢qJ�ÐÖ
rGs¤wbnx|5i�¡bi�p,i'qEn�|�C

G(p, q, θ)pp = G(p, q, θ)qq = cos(θ)
~

G(p, q, θ)qp = −G(p, q, θ)pq = sin(θ)
�¸¶��d�=|

G
w¥|�rGlo³

nx�JrG�ErGq=kG¡JkGq=��svrGl�kmq{z��Gi§� norEl
y ∈ Rmd

lxrmn�k9nxwbrEq5´dz�p�km³
nxlowbÂ

G(p, q, θ)
p,wbÂ7i�|�rGqJ¡¢z5no�=i

pth kGq=�,nx�Ji
qth i�¡bi�p,i'qEn�|

rGs��Ei�� nxrGl
y
��tuqærE�Jl�kGjJjJlxrEkG���£º�i5|o�=kG¡b¡�k��GrGw¥��nx�Ji5rGj7nxwU³

p,w¢��kmnow¢rGq�rms�nx�Ji�rGlono�JrE�GrGqLkm¡=p�k9nxlowbÂ�w¢q?nx�JiAsv�J¡b¡
Rmd×md

|oj=kE�#iG~d´�i���km�=|oi¤|o�=���?�E¡brE´=km¡LrGj7nxwbp,w¢��k9nxwbrEq?w¢|�wbqdnol�kG�#nxkm´=¡biE�
tuqL|}nxi�kG��~Rº�i,|��Lkm¡¢¡2j�i'losvrGlxp�k
|�i�low¢i�|Arms¤�§h rGj7nxwbp,w¢��k9nxwbrEq
���=kGlxkE� noi�low¢�'i§��´dz�kmq=�G¡¢i

θ
��¿¤rmnxi�no�=kmn�no�Ji�loi�w¥|�qJr�q=i'i���nor

�'rGq=|ow¥�7i'l�kG¡b¡Rj=kmw¢lx|
1 ≤ p < q ≤ md

w¢q?nx�Ji�rGj7nxwbp,w¢��k9nxwbrEq��
ãAjJnow¢p5w¢��kmnow¢rGq5p�k§z�´�i�lxi�|�nolxw¢�#noi§��nor�nx�JrE|oi

p, q
jLkmw¢lx|2no�=kmn

´�i�¡brEqJ�5nor��7wb½Ri'lxi'qEn¤|o�J´=|oj=kE�#i�|��
tuq,no�Ji�G63db�?<A�^&G�9;3;2�º�i�|��=kG¡b¡Ji'Â7i��#�7nxi�k¾|�i�low¢i�|�rGs�wbnoi�lxkmnow¢rGq
�'z7�#¡¢i�|��ÏãAqJi��#z7�#¡¢i
rGs�nx�Ji�wbnoi�lxkmnow¢rGqÐ�=kG|

m2d(d − 1)/2|oi'jLkml�k9noi��§híÑdkG�'rG´Jwb³¼lormnxk9nxwbrEq�rGj7nxwbp,w¢��kmnow¢rGq1nxkE|�·7|��
¶��Ji
lxrmn�k9nxwbrEq=|�º	w¢¡b¡Ri'wbno�Ji�l��Ji'p,wUÂ�nuº�r��'rGp,j�rGqJi�qEn�|

(0 < |θ| <
π/2)

~"rGl�p�k�z¸¡bi§k§�Gi�nx�JrE|oi,�Jq=�x�LkmqJ�Ei��
(θ = 0)

~"rGl�p�k�z
i'ÂJ�x�=kGqJ�Gi¾no�=i'p

(|θ| = π/2)
�¤t¼noi'l�k9nxwbrEq£º	wb¡¢¡2|�nxrGj£wbs�q=i'º

�'z7�#¡¢i�|"��kmq¾qJrGn\wbp,jJlxr9�Gi�nx�JiÚlxi�|o�J¡bnx|��QR�iÚq=rmnoi�nx�=k9n\�E¡brE´=km¡
p,w¢qJw¢p��Jpµp�k�z¾qJrGn�´�i�loi§kG���Ji���´dz¾nx�Jw¥|�km¡¢�GrElowbno�=p��2��r9º�³
i��Gi'l§~mlxkGq=�7rGp lorGnxkmnow¢rGq=|2rmsLno�=i	|o�J´=|oj=kG�'i�|2´�i'nuº�i'i'q,wUnxi'l�k9³
nxwbrEq��#z7�#¡¢i�|��7w¢p5w¢qJw¥|��=i�|�nx�Ji¾�x�=kGq=�#i§|�rms\´�i'w¢qJ��nxlxkGjJj�i��?w¢q
¡¢r7��km¡dp5w¢qJw¢p�kJ~9j=lor9�{w¢�7i§��nx�=k9n�|owbp��J¡¥k9nxi���kGqJqJi§km¡¢wbqJ��|}nxlxkmn�³
i��Gz£w¢|�kGjJjJ¡¢wbi§�C��y{�=����lxkGq=�7rEp�lorGnxkmnow¢rGq=|¤º�i'lxi�qJrmn��=|oi��
�=i'lxiG�

������� Z���� FL69_������
¶\l�kG�7wbnow¢rGqLkm¡�to��¦»jJlxi'jJlxr7�#i§|o|owbqJ�ÐrEq×no�JiÄ�JkmnxkÏº�kE|�svrE¡U³
¡¢r9º�i��?´dz?k�|oi'lxwbi§|ÚrGs\ÑEkE�#rG´=wU³¼lormnxk9nxw¢rGq=|'�2ê=rGl�km¡¢¡�lxrmn�k9now¢rEq=|
nx�Ji��G¡¢rG´=kG¡Cp5w¢qJw¢p��JpÙrms��#rd|}n	sv�Jq=� nxw¢rGq

J
º�kE|	�'rGp,jJ�7nxi��

´{z,|ow¢qJ�G¡¢iA�7wbp,i�q=|�w¢rGq=kG¡2À
θ ∈ [−π

2 , π
2 ]

Á�i'Â7�=km�=|�now¢�Gi¤|oi�kGlx����~
º	�=i'lxi�i'qEnxlorEjdz�º�kG|¾i§|}nxwbp�kmnoi��1no�JlxrG�=�G�¹� @���À���ìEÁ#��¶��Ji
jL|�i��=�7rm³u�#r7�Ji�w¢|	jJlxr��{w¥�7i���´�i�¡br9º C

�������! !"#�%$& '���%(%�
)!*&+!,�-&.0/�132!+%4�5�.6,

d 798�: 4�.%2�/ : *%2 m
x(1), . . . ,x(n) ∈ Rmd

C�p5i§kG|o�Jloi§�
|owb�Eq=km¡¥|
;!<!=!;!<0(&>'= )') �?�!@

y ∈ Rmd 1 ��>' .�/�A : 4�B&A : *&2�/DC',0*�4
xE! ����F;!<�(&@'<! 'E

� A0.6,0B&A�.G+!2!A :&H -&*&2�I0.&,!J�.%2�-&.
C�*6,

p = 1 : md − m, q = mb p−1
m

c + m + 1 : dm

>6K *!*�/%.
θ∗ := arg max

θ∈[−π

2
, π

2
]
Jp,q(θ)

L K .6,0.
Jp,q(θ) := H(ŷ1(θ)) + . . . + H(ŷd(θ)),
[ŷ1(θ)T , . . . , ŷd(θ)T ]T := G(p, q, θ)y,B&2 8
H : /M-&*?4�N!+�A�. 8 5�O =�PRQGS�T�U#V�Q

)!.6A
y := G(p, q, θ∗)y

.&2 8 C�*6,(XW0�!;6W��
= /XA : 4�B&A0. 8 /&*&+�,�-%.0/Y1

y∗ := y
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�����	����� 8 � 694 � _`D � [ Z �²4769_ 
��
_Ã<���4=8\B �
R1i�·{qJr9º svrGl¤to��¦ nx�=k9nAno�Ji�j=lor7�J�=� nArms�k?�Gr{r7��i§|}nxwbp�km³
nxwbrEq
svrEl�|oi'j=kGlxkmnow¢rGq
p,kmnolxwUÂ

W
kGq=��nx�Ji¾rGlxw¢�Gw¢q=km¡Rp,wbÂ7wbqJ�

p�kmnolxwUÂ
A

w¥|�kÄj�i'lxp��7nxkmnow¢rGq p�k9nolxwbÂR� hAi'�{w¥k9nxwbrEqÅsvlxrGp
nx�Ji1j�i'lxp��7n�k9nxwbrEq×p,kmnolxwUÂÞw¢|�p,i�kE|��Jlxi��Þ´dzªnx�Ji¹¦�p�kGlowb³
�Jw¢|�nxkGq=�#i�À`¦�p�kmlxw"i#n�kG¡`�¢~"�§ÔGÔEèEÁ ��¶��Jw¢|¤p,i�kE|��Jlxi¾w¥|�º	w¥�7i'¡¢z
�L|�i§�ÅsvrGl
j�i'losvrGlxp,kGq=�#i£i§|}nxwbp�kmnow¢rGq rms�to��¦°km¡¢�GrGlxwbno�Jp�|��
�"i#n

WA = B
��¶��Ji'q�nx�Ji�¦¤p�kmlxwU³u�7w¥|}n�kmq=�'i

ρ(A,W)
rms

nx�Ji�i§|}nxw¢p,kmnoi§��|oi'j=kGlxkmnow¢rGq¾p�k9nxlowbÂ
W

kGq=��p,wUÂ7w¢qJ�Ap,kmnolxwUÂ
A

w¥|	�Ji#á=qJi§��kE|�C

ρ(A,W) =
1

2d

d
∑

i=1

(

∑d
j=1 |bij |

maxj |bij |
− 1

)

+

+
1

2d

d
∑

j=1

(∑d
i=1 |bij |

maxi |bij |
− 1

) À���?dÁ

å¸�J¡UnxwU³u�7w¢p,i'q=|owbrEq=km¡/�Gi�qJi'l�km¡¢wb�§k9now¢rGq rms nx�Ji ¦�p�kGlowb³
�Jw¢|�nxkGq=�#i w¢| |�nol�kmw¢�G�EnosvrGlxº�kmlx�C� ��i�loiE~ p,kmnolxwUÂ
WA ∈ Rmd×md

w¥|Ûk�j�i�lop��Jnxk9nxwbrEq p�k9nxlowbÂÆj�i'lo³
p��Jnow¢qJ�

m × m
´=¡br7��·Ðp�k9nxlow¥�#i�|��×h¤i'�{w¥k9nxwbrEqÏsvlxrGp-nx�Jw¥|

p�kmnolxwUÂª��kmq ´�iæ�#rEp,jJ�7noi§� kG|�svrE¡b¡¢r�º�|�� �"i#n
bij

�7i'qJrGnoi
nx�Jiª|o�Jp rms�no�JiªkG´=|orG¡¢�7noiÏ�mkm¡¢�Ji�|�rGs�i�¡bi�p5i�qEn�|¹k9n1no�=i
w¢qEnxi'l�|�i§� nxwbrEqírms¸no�Ji

i(m − 1) + 1, . . . , im
lxr9º�|ÐkGq=�

nx�Ji
j(m − 1) + 1, . . . , jm

�#rE¡¢�Jp5qL|1rGs
p�kmnolxwUÂ
WA

�
ê=rGlxp�km¡¢¡bzE~{¡¢i#n

C = WA
kmqL��svrGl

1 ≤ i, j ≤ d
¡bi'n

bij =

im
∑

p=i(m−1)+1

jm
∑

q=j(m−1)+1

|Cpq|
À��'Ö{Á

t¼n�w¥|Úi§kG|oz�nxr�|�i�i�no�=kmn
ρ(A,W) ≥ 0

kmq=��wbn�w¢|��'i�lor�wbs\kmq=�
rEqJ¡¢z�wbsRp�k9nxlowbÂ

WA
w¥|�k�j�i'lxp��7nxkmnow¢rGq,p,kmnolxwUÂ�j�i'lxp��7now¢qJ�

m × m
´J¡¢r7��·?p�k9nxlow¥�#i§|'�
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	 Í S J ­=Î�¯R® PDL ÎTS Í P ®2¬JÎuË Ê «
tuqÄnx�Jw¥|�|oi��#now¢rGqÄq{�Jp,i'lxw¢��km¡�|�w¢p��J¡¥k9now¢rGqL|�º	w¢¡b¡�´�i��=|oi��¹nor
�Ji'p,rGq=|�nol�k9nxiAnx�Ji��#rGq{�Gi'lx�Gi�q=�#i�rms\no�=i¾t�y7¦ km¡¢�GrElowbno�Jp��
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�*??À`èEÁ�jJw¢i��'i�|�rms\ë?À ?EÁÚ�7w¢p,i'q=|owbrEq=km¡�wbq=�Ji'j�i'q=�Ji'qEn	|orG�Jl��#i§|
º�i'lxi,���Jrd|�i'q"~�qJrEqJi,rGs�no�Ji�p°º�i�loi,¡¢wbq=i�kmlx¡¢z¸|oi'j=kGlxkG´J¡¢i�w¢q
ëÅÀ ?EÁ5�7w¢p,i'q=|ow¢rGq=kG¡	|oj=kG�'i�|��Åê=rGl,no�Ji¸|xkm·Gi�rms��{w¥|��=kG¡bw¢��km³
nxwbrEq�~9|orG�=lx�'i�|CsvrGlxp,i���|�w¢p,jJ¡bi�ë�À ?dÁ��7w¢p,i'q=|owbrEq=km¡Ej=kmn�nxi'lxq=|'�
ê2w¢lx|�n�~dno�JiAj�rEwbqdnx|�rGq�nx�Ji�|oiAj=k9nonoi'lxq=|Úº�i'lxiA|okGp5j=¡bi§��wbq=�Ji#³
j�i�q=�7i'qdno¡¢zG� ëmh&|okGp,jJ¡bi§|,º�i'lxi��Gi�qJi'l�k9nxi��²svlxrGp ¡bi'n�nxi'l�|'~
kG¡bw¢·Gi²wbqµê\w¢�=���EÀ`kEÁ � ê=rGl¸no�Ji ?Gh±�'kE|�iE~�|xkmp,jJ¡¢i�|¸º�i'lxi
�Ei'qJi�lxkmnoi§�1svlxrGp qJrGw¥|�i'³`svlxi'i�?GhÙº	w¢loi#sÃkGp,i�|��¹¶��Ji��Gi'qJi�l�³
kmnoi§�¹|okGp5j=¡bi�j�rGw¢qEn�|?À`ëGìGìEì
w¢q¹qd�Jp�´�i�l�Á�º�i�loi�º	�Jwbnoi'q=i��C�
¶��=i�|oi�ë,À ?EÁ��7wbp,i�q=|�w¢rGqLkm¡J|orG�=lx�'i�|�kGloi	|o�Jr9º	q5wbq�ê2w¢�=�7?LÀÃkdÁ
À`ê2wb�L��?LÀvi�Á�Á#�-��kmq=�JrGp p�kmnolxwUÂ rGs?�7w¢p5i�q=|owbrEq

26 × 26

À
18 × 18

Á�º�kG|��=|�i§�ænor�p,wUÂæno�Ji?|�rE�Jl��#i�|��
��?1ÀÃèdÁAjJw¢i��'i�|
rGs�ë¸À ?EÁ¤�Jwbp,i'qL|�w¢rGq=kG¡2jJlormÜ}i§� now¢rGqL|¤rms�nx�Ji�p,wbÂ7i��æ|orG�Jl��#i§|
kGloi�|o�Jr�º	q
w¢q�ê\w¢�=�M?LÀv´LÁ�À`ê\w¢�=�M?LÀfs�Á�Á#��¶��Ji�t�y7¦ km¡¢�GrGlxwbno�Jp
º�kG|¾kGjJjJ¡¢wbi§��nor�nx�Ji�p,wbÂ7i��¹|owb�Eq=km¡¥|�º	wUnx�

k = 20
qJi'w¢�G�7³

´�rElx|�kGq=�²º	wUnx�
γ

�mkm¡¢�Ji�i*@E�Lkm¡�nor
0.01

�Ä�	i�|o�J¡bnx|5rms�no�Ji
|oi'jLkml�k9now¢rGq,kGloi�|o�Jr9º	q,w¢q?ê2w¢�=�A?LÀÃ�§Á	ÀÃê2w¢�=��?=Àv�{Á�Á#��¶��Ji�t�yJ¦
kG¡b�ErGlxwUnx�Jpµ�#rE�J¡¢�5loi§�#r9�Gi'l2nx�Ji�|orG�Jl��#i§|2�Jj5nxr�j�i�lop��7n�k9nxwbrEq
kGq=��no�Ji��7w¢loi§� nxwbrEq=|	º	wbno�=wbq£no�=i�|o�J´=|oj=kG�'i�|���¶��=w¢|�svi�k9nx�Jloi
w¥|�wb¡¢¡¢�=|}nxlxkmnoi§�ªwbq×ê2wb�L�S?LÀÃ�=Á¸À`ê2wb�L�2?=ÀÃ�LÁ�Á�´{zÏno�Ji�j�i'l�svrEl�³
p�kGq=�#i,p�k9nxlxwUÂC~"º	�Jw¢���¹w¢|�no�Ji�j=lor7�J�=� n¾rGs�no�Ji,nxlo�=i,p,wUÂ{³
w¢qJ�5p�k9nxlowbÂ�kmq=�?no�=i�i�|�now¢p�k9nxi��
|oi'j=kGlxkmnow¢rGq?p�k9nxlowbÂC��¶��Jw¥|
p�kmnolxwUÂC~�kG|�i'Â7j�i�� nxi��C~�w¥|¤�'¡brd|�i¾nor
k�j�i'lxp��7n�k9now¢rEq£p,kmnolxwUÂ
p�kE�7i¤rGs

m×m
³u|�w¢�'i§��´J¡¢r7�x·7|���ê2wb�d|'�dÖLÀ`kEÁÚkmq=�?ÖLÀv´�ÁÚ|��Jr9º

nx�Ji�¦¤p�kmlxwÚ�7w¥|�nxkmqL�#i�|�Àv� @���À���?EÁoÁ�rms�no�Ji�i�|�now¢p,kmnoi§�1p�km³
nxlow¥�#i§|�kGq=��no�=i�|oi'j=kml�k9nxw¢rGq�p�kmnolxw¢�'i�|��7�Jlxw¢qJ��no�=i��#rG�=lx|oi�rGs
nx�Ji�wUnxi'l�k9nxwbrEq=|�svrEl�no�Ji¾ëmh kmq=� ?Eh �'�Jlx�Gi�|�~dloi§|�j�i��#now¢�Gi'¡¢zG�
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tuq�no�Ji,º�i�¡b¡�·{qJr�º	q1�#rJ�x·dnxkGw¢¡2j=kGl�n}z£jJlorE´J¡¢i'p

n
wbqL�7i'j�i'qJ³

�Ji'qEn¹|orG�Jl��#i§|ÐÀÃ|ojLi§km·Gi�lx|�Á£kmq=�
n

p,w¢�'lorEjJ�JrGq=i�|ækmlxiÐkG|�³
|o�Jp,i��Þw¢q×kÐlor{rEp��µ¶��=i¸n�kG|o·Åw¥|?nxrÐlxi��'r��Gi�l�nx�Ji�rGlxw¢�m³
w¢q=kG¡¤wbqL�7i'j�i'qL�7i'qdn�|orG�Jl��#i�|,svlxrGp nx�Ji¸p,wbÂ7i�� |owb�Eq=km¡¥|�lxi#³
�'i'w¢�Gi��£´dz�nx�Ji�p5w¥�#lxrGj=�JrGqJi§|'�¤�¤i'lxi�º�i�p,r7�7wbsvz�no�Ji�rGlxw¢�m³
w¢q=kG¡Új=lorE´J¡bi�p��æ¦¤|x|��Jp,i

d
w¢q=�7i�j�i'q=�7i�qEn,|orG�Jl��#i§|�kmq=�¹nor

i§kG���Å|orG�Jl��#i�kG|x|o�Jp,i
m

j=wbi§�#i�|,rGs�qJrGq7³¼¡¢wbqJi§kml�|�j�i§km·Gi�lx|��
¶��=i	lxr{rEpµkG¡¢|or��=kE|

md
p,w¢�'lorEjJ�JrEqJi�|��2¶��Ji	nxkG|o·�w¥|�nor�loi'³

�'r��Gi�l�no�Ji¾rGlxwb�Ewbq=kG¡R|owb�Eq=km¡¥|�svlorEp no�Ji�|�w¢�GqLkm¡¥|��7i'noi§� noi§�
´{z
nx�Ji¾p,w¢�'lorEjJ�JrGq=i�|���¶\lxkE�7wbnow¢rGq=kG¡Rto��¦ km¡¢�GrGlxwbno�Jp�|��'kGq
q=rmn
�Lkmq=�7¡¢i�no�Jw¥|¾nxkE|�·R~\´�i§�'km�L|�i,nx�Ji

md
|�rE�Jlx�'i�|¾kGloi�qJrmn�w¢q7³

�Ji'j�i'q=�Ji'qEn§ÕCº�i��=k§�Gi�rGqJ¡¢z
d

wbqL�7i'j�i'qL�7i'qdn¾|�rE�Jlx�'i�|��A¶��Ji
q=rGq7³¼¡bw¢qJi§kml�|oj�i�km·Ei'lx|,�Jw¢|�norEl�n,nx�Ji£jJlxrG´J¡¢i'p±kmq=�ÏnorÄi�kG���
|orG�=lx�'i�º�i¾�=k��Gi�kmq

m
³¼�Jwbp,i'qL|�w¢rGq=kG¡C¡¢w¢qJi�kGlo¡¢z�wbq=|oi'jLkml�km´J¡¢i

|o�J´=|oj=kE�#iG�,��¡bi§kmlx¡bzE~�svrEl
m = 1

no�=i5j=lorE´J¡bi�p�loi§�7�=�'i�|Anor
nx�Ji¸rGlxw¢�Gw¢q=km¡��#rJ�x·dnxkGwb¡�j=kmlon}zÐjJlxrG´J¡¢i'p��×tuqªno�Ji¸q{�Jp,i'lxwU³
��km¡A|}nx�=�7w¢i�|

d = 4
kGq=�

m = 2
º�i�loi£�=|oi��C� ê=rGl?i§kG���

|orG�=lx�'iG~2rGq=i?rGs�nx�Ji
|oj�i�kG·Gi'l�|¾�=kE�Äkæ�#�=´Jw¢��À
f(x) = x3 Á

q=rGq7³¼¡bw¢qJi§kmlxwUn}zG��êJrEl�no�Ji?|xkm·Ei5rms��dw¥|o�=km¡¢wb�§k9nxwbrEq�~�j�rGw¢qEnx|¾rGs
nx�JiArGlxwb�EwbqLkm¡=|ow¢�Gq=kG¡¢|ÚkGloi¤�Ji'jJw¥� nxi���kG|�svrG¡¢¡br9º�|��2�¤rGlxwb��rGqdnxkm¡
�'r{rGl��7w¢q=k9nxi¾lxi'jJlxi�|oi'qdnx|	no�=i�|owb�Eq=km¡¥|�i'p,wbn�noi§�¸´dz�no�Ji�qJrGq7³
¡¢w¢qJi�kGl�|oj�i�kG·Gi'l§~Lº	�=i'loi§kG|¤�Gi�l�nxw¢��km¡��#r{rGl��7w¢q=k9nxi�lxi'jJlxi�|oi'qdnx|
wbnx|��#rE�JqEnxi'lojLkmlon¤i�p,wUnonoi��æ´dz�no�Ji5¡¢wbqJi§kml�|oj�i�kG·Gi'l§�Aê2w¢�G�Jlxi
Ý=ÀÃkdÁ�|��=r�º�|�no�Ji,ë9³¼�Jwbp,i'qL|�w¢rGq=kG¡"w¢q=�7i'j�i�q=�7i'qdn�|orG�=lx�'i�|¤k9sf³
nxi'l¾º	�=wUnxi'qJw¢qJ�=�?¶��Ji�|orG�=lx�#i§|�º�i'lxi5p,wbÂ7i���´{zæk�l�kmq=�7rEp
p�kmnolxwUÂ�rms�|owb��i

md×md
p,r7�Ji'¡¢¡bw¢qJ�

md
p5w¥�#lxrGj=�JrGqJi§|2�7w¢|�³

j�i�lx|oi��æwbq�no�Ji,lor7rGp��¾�ÚlormÜ}i��#now¢rGq=|�rGs�nx�Ji,p,wUÂ7i��1|�w¢�Gq=kG¡¢|
kGloiA�7i�jJw¥� noi§�?w¢q
ê2wb�L�7ÝJÀÃ´LÁ ��å£wUÂ7i§�?|ow¢�Gq=kG¡¢|Úº�i�loi¤no�Ji�q
kmqJ³
kG¡bz{��i���´{z1km¡¢�GrGlxwbno�Jp ÀØÝ7� ëGÁAsvrEl�qJi'w¢�G�{´LrEl¾q{�Jp�´�i'l�·#1�ëmì
kGq=�ÄsvrGl5i��J�Gi�i'Â7j�rGqJi�qEn

γ = 0.01
�¹��|}nxwbp�k9nxi��Ï|�rE�Jl��#i�|

kGloi��7i'jJw¥� nxi��£w¢q¸ê2w¢�=�RÝJÀÃ�§Á ��¶��Ji�jJlxr7�7�=�#n¤rms�nx�Ji�rGlxwb�Ewbq=kG¡
p,wbÂ7wbqJ�,p�k9nolxwbÂ�kmq=��no�Ji�i§|}nxwbp�kmnoi���|oi'j=kml�k9nxw¢rGq?p�kmnolxwUÂ?w¥|
|o�Jr9º	q�w¢q£ê2w¢�=��ÝJÀ`�=Á ��¶��=w¢|�p�k9nxlowbÂ��#¡¢rE|oi'¡¢z
kmjJjJlxr§Â7w¢p�k9nxi�|
k5j�i�lop��7n�k9nxwbrEq�´J¡brJ�x·�p,kmnolxwUÂC�
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ãAq=i��'kmq��#rEq=|ow¢�7i�l�no�=i�|�nol�kmw¢�G�dn�svrEloº�kGlx���Gi'q=i'l�km¡¢wb�§k9now¢rGq�rGs
nx�Ji��#r7��·dnxkGwb¡Lj=kmlon}z5jJlorE´J¡¢i'p�~Eº	�=i'lxi	nx�JiAw¢q=�7i'j�i�q=�7i'qdn�w¢q7³
�Jwb�{w¥�7�=km¡\|oj�i�kG·Gi'l�|	kmlxi�lxi'jJ¡¥kG�'i���´dz
w¢q=�7i'j�i�q=�7i'qdnA�GlxrG�JjL|
rGs�|ojLi§km·Gi�lx|�� R1i��=k§�Gi5n�km·Gi�q ?��7wb½�i'lxi'qdn���i�kmno¡¢i�|¾|�rEqJ�E|
p,r7�Ji'¡¢¡bw¢qJ�ªno�=kmn£no�=loi�i¹�ElorE�Jj=|£kmlxi¹jJ¡¥k§z{w¢qJ�=�°ê=rGl¸i�kG���
|orGq=�E|�no�Ji�loiAkGloi�Ö�|orG�Jq=�,nxlxkE�x·7|¤ÀvÖ�|orG�=lx�'i�|�Á �\tuq�rGl��7i'l�nor
|�nolxi'q=�mno�=i'q�nx�Ji�w¢q=�7i'j�i�q=�7i'qL�#i�rGs�nx�Ji.?£|�rEqJ�E|�~�º�i��=k��Gi
|o�d���,i§�1i§kG���¹|orG�Jl��#i,w¢q1nxw¢p5i�|oi'j=kGlxkmnoi�¡bzE�?¶��=i'q1nx�Ji¸�§ë
|orG�=lx�'i�|\º�i'lxi�p5wbÂ7i���´dz�kAlxkGq=�7rGp p�k9nxlowbÂ�rms�|ow¢�'i
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¶��=i�|oi�p,wUÂ7i��æ|�w¢�GqLkm¡¥|	svrGlxp,i���no�=i�wbqJjJ�Jnx|ArGs�no�=i�t�yJ¦Ókm¡b³
�ErGlxwUnx�Jp��£t¼s	nx�Ji'lxi�º�i'lxi�kæ|�w¢qJ�G¡¢i�|orG�=q=�1nxlxkE�x·æsvrEl�i�kG���
|orGq=�,no�Ji�q�nx�Ji�nxkE|�·
º�rG�J¡¥��loi§�7�=�#i¾nxr�no�=i�rElow¢�Gw¢q=kG¡��'r7�x·d³
n�kmw¢¡7j=kmlon}z¾jJlxrG´J¡¢i'p��2¶��Ji�jJlxr7�7�L� n�rGs=nx�Ji�rGlxw¢�Gw¢q=km¡dp,wbÂ7wbqJ�
p�kmnolxwUÂ�kGq=��no�Ji	|�i�j=kml�k9nxwbrEq�p�k9nolxwbÂ�i�|�now¢p,kmnoi§��´dz�t�y7¦ªkm¡b³
�ErGlxwUnx�Jp°À`ÝJ� ëEÁÚw¥|	|o�Jr9º	q
w¢q�ê2w¢�=�Jè=��¶��Ji¾jJlorJ�7�=� n	w¥|	�#¡¢rd|�i
nxrAk�jLi�lop��Jnxk9nxw¢rGq¾´=¡br7��·�p�k9nxlowbÂ�j�i'lop��7now¢qJ�¤´J¡¢r7��·{|"rms=|�w¢�'i
4 × 4
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rElow¢�Gw¢q=kG¡=w¢q=�7wb�{w¥�7�=kG¡Lnol�kG��·7|'~dw¢|���kmj=kG´J¡bi¤nor�loi§�#r9�Gi'l�nx�JiAw¢q7³
�Jwb�{w¥�7�=km¡\|�rEqJ�E|���¶��Ji��§h to��¦ km¡¢�GrGlxwbno�Jp�|	�'kmq�qJrmnA|�rE¡b�Gi
nx�Jw¥|��Gi'q=i'l�km¡¢wb��i���nxkG|o·R� R1i�qJrGnoi	�Jr9º�i��Gi'l§~9nx�=k9n�noi�p,j�rGl�km¡
�'rGlxloi�¡¢kmnow¢rGq=|�kGloi�|�nolxrGq=�£kmq=�1t�y7¦ lxi�|o�J¡bnx|�kmlxi�kG¡¢|or�j�r{rEl
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