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Abstract

Dimensionality reduction is the problem of find-
ing a low-dimensional representation of high-
dimensional input data. This paper examines
the case where additional information is known
about the data. In particular, we assume the data
are given in a sequence with action labels asso-
ciated with adjacent data points, such as might
come from a mobile robot. The goal is a varia-
tion on dimensionality reduction, where the out-
put should be a representation of the input data
that is both low-dimensional and respects the ac-
tions (.e., actions correspond to simple transfor-
mations in the output representation). We show
how this variation can be solved with a semidef-
inite program. We evaluate the technique in a
synthetic, robot-inspired domain, demonstrating
gualitatively superior representations and quanti-
tative improvements on a data prediction task.

1. Introduction

Dimensionality reduction and manifold learning are pop-
ular topics in machine learning.  Traditionally, lin-
ear dimensionality-reduction techniques, such as princ

ple components analysis, have been used to find low;

dimensional linear subspaces in high-dimensional dat
Manifolds in natural data are rarely linear, however, leadin

Historically, the two main ideas for discovering low-
dimensional manifolds in high-dimensional data have bee
to find a mapping from the original space to a lower-
dimensional space that: (i) preserves pairwise distance
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e.g, multidimensional scaling (Cox & Cox, 2001); or
(i) preserves mutual linear reconstruction ability,g,
principle components analysis (Jolliffe, 1986). In each
case, globally optimal solutions are linear manifolds.
The more recent techniques for manifold discovery,
Isomap (Tenenbaum et al., 2000), LLE (Saul & Roweis,
2003), and SDE (Weinberger & Saul, 2004b), are based on
these same two principles, with the generalization that the
new methods only seek low-dimensional representations
thatlocally preserve distances or linear reconstructions. In
this way, they avoid recovering globally linear solutions.

Although these techniques produce non-linear manifolds
in different ways, they all share one feature. All knowl-
edge about the input data, and therefore the desired low-
dimensional manifold, must be encoded in the similarity
function. Not all such knowledge can be so easily encoded.
Consider sensor readings, such as images, taken from a
mobile robot. The most natural representation of the ob-
servations would be the robot’'s posed, for a wheeled
robot: z, y andf describing the robot’s position and orien-
tation), which allows the high-dimensional sensor data to
be described with only a few dimensions. This represen-
tation is desirable not only because it is low-dimensional,
but because within it the robot’s actioresd, forward and

i rotation) correspond to simple transformations. This objec-

tive pose is an ideal representation for robot planning and

localization. There is no natural way, though, to encode ei-

ather the robot’s actions nor the desire that the representation

X

to a variety of research in discovering non-linear manifolds.

espect these actions through a simple similarity function.

This paper introduces a new algorithm, Action Respect-

ri}ng Embedding (ARE), to address this variation on tradi-
tional manifold learning. Specifically, we examine situa-

tions where the input data are given in sequence, along with

S, . . . . .
Uninterpreted action labels that are associated with adja-

1This means that the action labels themselves have no implied
meaning. We may refer to actions as ‘go left’ or ‘go right’ but the
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cent pairs of data points. ARE learns a low-dimensionalone degree of freedom is being altered, and thus the images
representation of the data, in which the actions are simplée along a continuous curve through image space.
transformations. For ARE to extract such a representatio

it exploits the knowledge of action labels in two key ways: 'R/Iany algorithms for dimensionality reduction have been

developed, beginning with PCA. Principal components

analysis (PCA) (Jolliffe, 1986) is a classical method which

1. It uses the action-labeled pairs of data points to bU"dprovides a sequence of best linear approximations to a
a non-uniform neighborhood graph The graph is  given high-dimensional observation. It is a popular tech-
constructed using the assumption that pairs of dat@jque for dimensionality reduction, but its effectiveness
points that can be reached in a small number of acis |imited by its global linearity. Multidimensional scal-
tions should be nearby in the learned representa’[ior]ng (MDS) (Cox & Cox, 2001), closely related to PCA,
Other non-linear manifold-learning techniques use asyffers from the same drawback. In order to resolve the
k-nearest neighbor graph with a globally unifodm  nroplem of dimensionality reduction in non-linear cases,
which can create overly dense neighborhood graphs.many techniques including Kernel PCA (Sttkopf et al.,

. o o 1998; Mika et al., 1999; Sdétkopf & Smola, 2002), lo-

- The action labels individually have no implied mean- . jinear embedding (LLE) (Roweis & Saul, 2000; Saul
Ing. Howevgr, every time an action is repeated it Pro-g Roweis, 2003), Isomap (Tenenbaum, 1998; Tenenbaum
vides more implicit information about the data. From ¢ o "5000), and Semidefinite Embedding (Weinberger &
these repetitions we can buidttion-respecting con- Saul, 2004b) have been proposed. Motivating our algo-

straintsthat ensure that each action corresponds to Fithm requires a brief overview of Kernel PCA and SDE.
simple transformation in the learned representation.

Kernel PCA is a non-linear generalization of PCA. In Ker-

Using non-uniform neighborhoods and action-respectind'® ZC': _usmlg_k?]r_nilsd,_ principle lcfomponents arehcom-
constraints, ARE constructs a semidefinite program to learfUte eh|C|gnty|n '9 —blmensmna ?ature spaces that re-
a kernel that describes the desired low-dimensional reprdt€ 0 the input space by some non-linear mapping. PCA

sentation. The result is a very natural representation of thgnds an orthogonal transformation of the coordmate_sy.s-
tem which describes the data. Kernel PCA finds princi-

original high-dimensional data, with a strong correspon- | hich i v rel he |
dence to the actual low-dimensional process that generatdtf! components which are non-linearly related to the input

the data. Although manifold-learning techniques often relySPace- The key observation is that PCA can be formulated
on qualitative evaluation, our knowledge of the actions in-ENtirély in terms of dot products between data points. In

volved in generating the data allows for a more objectiveKerm?I Pcﬁ‘t') this dot product is Ireplaced b]}' the inner prod-
evaluation. Therefore, along with traditional qualitative uct of a Hilbert space—equivalent to performing PCA in

comparisons we introduce a data-prediction task as a quafl® SPace produced by the non-linear mapping, where the

titative measure of the success of a learned representatiof®VV-dimensional latent structure is easier to discover.

In Section 2 of this paper, we review previous relevant=Onsider a feature spageé such thatd . X — H. Let

manifold-learning techniques. The focus is on Semidefi-zz':1 ®(z;) = 0 (since a S"!“p'e transformation ofi can
nite Embedding, which is the foundation for our new al- center the data). The solution for PCA could be found by

gorithm. The Action Respecting Embedding algorithm is @king the singular value decomposition:
introduced in Section 3. We extract a non-uniform neigh- (X)) = UxvT 1)

borhogd graph based on the fac't.that the dgta are conngctg\ﬁ]ereU contains the eigenvectors (X )& (X)7, 3 is a
by actions, and we create additional manifold constraints,. . . ;
which respect the action labeling. We also introduce thedlagonal matrix containing the square roots of the eigenval-
P C g . ues of®(X)®(X)T and®(X)T®(X), andV contains the

task of data prediction and show how ARE can solve this_. e : .
X .. eigenvectors ofp(X)* ®(X). The primal PCA solution

problem. Experimental results of the proposed algorlthn%

. AT . .
are presented in Section 4 before we conclude in Section o' encod!ng the datq I = U B(X). Slnce@(X) m|.ght
e very high-dimensional, simply applying PCA might be

impractical. From equation I/7®(X) = V7. This
2. Background is the dual form of PCA which allows us to employ the

Dimensionality reduction or manifold learning can be seen S/l functionk(., ) to compute the kernel matrik’ =

- - D(X)T®(X)whereK;; = k(z;,z;). Note that this matrix
as the process of deriving a set of degrees (.)f fr_e_edom whic oes not depend on the dimensionality of the feature space.
can be used to reproduce most of the variability of a datal’he Kernel PCA procedure is summarized in Table 1. The
set. For example, consider a set of images produced be( :

. . hoice of kernel plays an important role—linear, polyno-
rotating a camera through different angles. Clearly Onlymial and Gaussian kernels are widely used kernels which

algorithm gets the actions as simply ‘Action 1’ and ‘Action 2. reveal different types of low-dimensional structure.
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Algorithm: Kernel PCA

Recover basis: Calculate®(X) ®(X) = K and let
V' be the eigenvectors df corresponding to the tog
eigenvalues. LeX = diagonal matrix obquare rootof
the topd eigenvalues.

Encode training data: Y = U " ®(X) = V" where
Y is ad x n matrix of encodings of the original data.

Table 1. Kernel PCA Algorithm.

3. Action Respecting Embedding

Action respecting embedding takes a sequence of high-
dimensional datacy,...,x,, along with associated dis-
crete actionsuy,...,a,_1. The data are assumed to be
in some order, where actiom; was taken between data
pointsz; andz; ;. The final piece of input is a similar-

ity function, ||z; — x;||, defining a distance over the high-
dimensional data points. For vector data, Euclidean dis-
tance is often sufficient, but other similarities can be used.

The overall structure of the algorithm follows the same

In 2004 Weinberger and Saul introduced SDE (Weinbergel;hree steps of SDE. (i) construct a neighborhood graph, (i)

& Saul, 2004b; Weinberger & Saul, 2004a), which IearnsSOIVe a sem|c!ef|n|te program to fm_d the"maxmum vart-
a kernel matrix instead of choosing a kernel function a pri_ance embedding subject to constraints, (iif) extract a low-

ori. They formulated the problem of learning the kerneldlmen5|onal embedding from the dominant eigenvectors of

matrix as an instance of semidefinite programming. Sinc Eg laes(;ﬁ;dngﬁzs)lrgzgéxﬁ A;S\I/_:iag:jogght,hzezt;otr? E;(bpei(ljslt
the kernel matrixK represents inner products of vectors P y

in a Hilbert space it must be positive semidefinite. Also.Of the data. We exploit this information through two key

the kernel should be centered., Zi_j Ki; = 0. Lastly, insights. The first modifies step (i) by constructing non-

SDE imposes constraints on the kernel matrix to ensure tha;n;form. r:elg_lq? orhoodsd basde_s on tactu_).né)lab(cejlgd pa|rt§ of
the distances and angles between points and their neighbo gla points. 1he second modities step (."). y adding action-
are preserved under the neighborhood grapfihat is, if respecting constraints into the semidefinite program.
bothz; andx; are neighborsif., n;; = 1) or are common

neighbors of another inpuité., [n77];; > 0), then: 3.1. Non-Uniform Neighborhoods

Many of the current non-linear manifold-learning tech-
nigues seek to preserve local properties of the original data.
They often require a neighborhood graph over the original
data points to define a notion of locality. As we've seen,
SDE creates this graph by connecting each data point to its
k-nearest neighbors for some chosen valug.dsince the

By adding an objective function to maximize(T¢), which  neighborhood graph must be fully connected for SDE to
represents the variance of the data points in the learneblave a bounded solution, this choicetofan be forced to
feature space, SDE constructs a semidefinite program fdve quite large and may over-constrain the learned manifold.
learning the kernel matri¥s. The last detail of SDE is the Another possibility would be to choose a distance thresh-
neighborhood graphy;;, constructed by connecting ttie  old § and connect any two data points within that threshold
nearest neighbors using a similarity function over the dataas neighbors. Again, this may result in an over-constrained
||z; — «;||. The algorithm is summarized in Table 2. manifold asd must be set large enough to make the graph
fully connected. The key drawback in these techniques is
that they require a globally uniforior §.

1@(2:) — ®(a)[1* = ||z — 25>
In terms of the kernel matrix, this can be written as:

K — 2K;5 + Kjj = ||z — ]

Algorithm: SDE

Since we are given additional information relating the
points in our setj.e, that certain pairs of data points are
connected by an action, we can build a more intuitive, non-
uniform neighborhood graph. The idea is based on the as-
sumption that data points connected by an action are nearby
and should be considered neighbors. We use these assumed
neighbors to define a neighborhood ball around each data
point, whose radius is large enough to encompass all data
points connected by an action. We then include an edge
The manifolds learned by SDE are comparable to those dh the neighborhood graph between two images if they are
other non-linear dimensionality-reduction methods. Also,bothineach other’s neighborhood ball. We can increase the
at its core is a semidefinite optimization. The next sectionconnectivity of the neighborhood graph by increasing the
demonstrates that our variant on dimensionality reductioraiction window,i.e., requiring data points withi” actions

can be solved by adding appropriate constraints to this cor@f each other to be neighbors. Since our data is generated

Construct neighbors,n, using k-nearest neighbors.

Maximize Tr(K) subjectto K = 0, 3, K;; = 0, and
Vg Nij > oV [T]Tn]ij >0=
Kii — 2K;5 + Kjj = ||z — ]|

Kernel PCA with learned kernel, K.

we Run

Table 2. SDE Algorithm.
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oo —’f:: RN o This constraint can be formalized by first observing that
N / rotation-plus-translation is exactly the spacedaftance-

[ preservingtransformations. Transformatiofiis distance

! Na \ Y preserving, thus a rotation-plus-translation, if and only if:

, Vo, o' ||f(z) — f@)]] = ||z — 2||.
I \ K Consider this in the context of an action-labeled data se-
Lo -7 y guence. All actions must be distance-preserving transfor-
\ SN mations in the learned representation. Therefore, for any
N . two data pointsy; andx;, the same action taken at each
R data point must preserve the distance between them. Let

®(z;) denote data point; in the the learned space, then

Figure 1. An example of the use of action labels to find non- 5ationag’s transformation f,, must satisfy:
uniform neighborhoods. The arrows show the points that are con- @

nected by an action. The circles show the neighborhood for the Vi, j [ fa(®(2:)) — fo(@(z)))|| =
points labeled ‘a’ and ‘b’ witHl" = 1. Black points are in both, 1D (z:) — ®(z;)]| ©)
white points in neither. Shaded points are in ’b’ but not 'a’. ! s

Now, leta = a; and consider the case wheig = a;.
from a sequence of actions, we can define the neighborfhen, f,(®(z;)) = ®(z;41) and fo(®(z;)) = P(xj41),
hood graph as follows. Let;; be the adjacency matrix of so Constraint 3 becomes:
the neighborhood graph. Given an action window of

? e 19(2i1) = D(wjen)l| = ||0(z:) — B(z)]| (@)

ni; =1 <« 3k,I suchthat
lk—il<T, [l—jl<T We don’t want to pose this as a constraint on distances, but

rather as a constraint on inner produéts.(on the learned
kernel matrix,K). Squaring both sides of the equation and
llzj — 2] > [|lzi — z]- (2)  rewriting in terms ofK results in the following constraints:

l|xi — wx|| > |[x; —x5]] and

Figure 1 shows some two-dimensional points connected by Vi.joai=a; =
actions, and the resulting neighborhood balls wifes 1. Kv1ya+1) = 2K G+1) + Ky =
Note that since the data come from a sequence of actions, Kii — 2K35 + K5 ®)

the neighborhood grapt’(> 1) is fully connected. This , . , )
satisfies a critical requirement that the semidefinite opti-We. can add Co_n;tramt > Into SDES usual copstramts o
mization be bounded (or a solution may not exist). arrive at the_optlmlzat!on _and algorithm shown_ln Table 3.
There is a slight modification to SDE’s usual neighbor con-
straint, changing strict equality into an upper bound. This
modification insures that the constraints are feasible by al-
The second, and more important, contribution of ARE islowing the zero matrix to be a feasible solution. Notice that
the addition of action-respecting constraints. The evaluathe additional action-respecting constraints are still linear
tion of learned manifolds is often subjective and usuallyin the optimization variabledy;;, and so the optimization
amounts to demonstrating that a manifold corresponds teemains a semidefinite program. Since the neighborhood
a known data generator's own underlying degrees of freegraph;; is fully connected, the optimization is bounded,
dom. Action labels, even without interpretation or implied convex, and feasible, and therefore can be solved efficiently
meaning, provide more information about the underlyingwith various general-purpose toolboxes. The results in this
generation of the data. Itis natural to expect that the actionpaper were obtained using CSDP (Borchers, 1999) in MAT-
correspond to some simple operator on the generator’'s owhAB. Our results also used highly-penalized slack vari-
degrees of freedom. For example, a camera that is beingbles in SDE'’s neighborhood constraint to help improve
panned left and then right, has actions that correspond to golution stability. This was recommended by Weinbegger
simple translation in the camera’s actuator space. We there&l. in the original SDE paper (Weinberger & Saul, 2004b).
fore want to constrain the learned representation so that la-
beled actions correspond to simple transformations in it. Ir8.3. Data Prediction

particular, an action should correspond to a rotation-plus- . . . .
translatior? in the low-dimensional representation. As manifold learning is an unsupervised learning problem,

evaluation of algorithms is often qualitative. We now intro-
The subset of linear transforms that don't involve scaling.  duce the task adlata predictionwhich (i) can be measured

3.2. Action-Respecting Constraints
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Algorithm: ARE 4. Results

Construct neighbors, 7, according to Equation 2. We now examine the effect of ARE’s non-uniform neigh-
Maximize Tr(K) subject to & = 0: Zij Kij =0, borhqods a}nd acthn-respectmg constraints on learning
Vij m; >0V [Tl > 0 = low-dimensional action-respecting representations. Our re-
¥ 7.;? 2K-7-7 77;(3“ g 12 d sults are in a synthetic, robot-inspired, image manipulation
i = 2K + Kjj < [lzi — 25]° . an domain called MAGEBOT. We first present this domain.

Vij ai=a; = We then show manifolds produced by ARE and SDE from
K+ = 2K+ + K+ = data generated in this domain. In addition to the compelling
Kii = 20K + K5 qualitative comparisons, we also present quantitative evalu-
Run Kernel PCA with learned kernel, K. ation using the data prediction task described in Section 3.3
Table 3. ARE Algorithm. 4.1.IMAGEBOT Domain

Given an image, one can imagine a virtual robot that ob-
quantitatively and (ii) seeks to evaluate how well a low-Serves a small patch on that image and can take actions
dimensional representation has captured the actions. Datghich move that observable patch around on the image.

prediction is: given a data point and an action, predict the' Nis “image robot” provides an excellent domain for test-
resulting data point. In general, this is a very challengingnd ARE, with obvious connections to robotic applications.

task. Manifolds learned with ARE can be used to tackle a-gr these experimentsyhGEBOT is always viewing 200
partial version of this task: given a data point and actionyy 20 patch of a2048 by 1536 image. MAGEBOT is re-
from the training sety; anda (wherea is not necessarily  stricted to eight distinct actions: four translation actions,
a;), predict the next data point assuming it is also in theyyg rotation actions and two zoom actions. The transla-
training set. Here we describe how ARE can be used tgjons are ‘forward’, ‘backward’, ‘left’ and ‘right’, each by
solve this task, and in Section 4 we present results of thigs pixels. The rotation actions are ‘turn left’ and ‘turn
quantitative evaluation of accuracy of ARE’s predictions. (ight' each by22%°. The zoom actions are ‘zoom in’ and

ARE learns a space where actions correspond to distanc&oom out', each changing the scale by a factokd (i.e.,
preserving operators. By Constraint 3, this implies: eight zoom actions double the image scale).

Vi, j | fa(@(i)) = fa(®@(2)))]] = [[®(2i) — D(z;)]]-

Considering only’s such that;; = a, results in the follow-
ing constraint on the result of the action’s transformation:

Vi oaj=a=|[fa(®(@:) - P(zjt)l| =
1@ (i) — @(x)]]- (6)

If action a appears in the training set times, then this
givesm constraints orf, (®(x;))’s distance to other known
points,®(x;1). Infact, if the learned manifold has dimen-
sionalityd, d+ 1 independent distance constraints uniquely|
determinef, (®(x;)). In this case, it is a simple matter to
find point ®(z,) nearest the constrained poifif(®(z;)),
and user,, as our prediction. If a point is under-constrained
(m <= d), then the indexyp, is selected by:

Figure 2. IMAGEBOT’s world.

Figure 2 shows the image used for the experiments, while
( [ fo(®(z:)) — ®(xj1)]|— )2 7) Figure 3 shows an example trajectory fromaAGEBOT
[|®(zx) — P(zj41)]] ' (Figure 3 is an enlargement of the long, thin highlighted
rectangular section in Figure 2.) The trajectory starts on
the far left with IMAGEBOT facing right. MAGEBOT then
In other words,®(z,) is the embedded point whose dis- takes0 steps forward (to the right) and the steps back-
tances to other points most closely agrees Wiitt¥(x;))’s ~ ward. Figure 4 shows a more complicated ‘A-shaped tra-
distance constraints. We then usgas our prediction. jectory that MAGEBOT followed (Figure 4 is a blow up of

p =argmax »

k=1...n j:aj=a
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Figure 3. A sample 60-action trajectory frooMhGEBOT.

SDE
——ARE

position on manifold

time

Figure 5. Manifolds from trajectory shown in Figure 3. Lines
show the distance along the manifold over time.

Figure 4. A more complicated 45-action trajectory fromAGE-
BoT.

making the backward action move twice as far as the for-
o o ward one. Figure 6 demonstrates that ARE is capable of
the other highlighted rectangular section in Figure 2.)  |earning a manifold that can capture this property as well.

IMAGEBOT's observations as it follows these paths, alongARE can correctly handle periodic actions, such as rota-
with the actions associated with the paths, gives a perton, as well. Figure 7 shows the first two dimensions of a
fect domain for testing ARE—ordered high-dimensional manifold corresponding to a trajectory consisting of sixteen
data with each consecutive pair related by an action. Not&urn right' and eight ‘turn left’ actions. ARE essentially
that while IMAGEBOT knows what action it takes at every discovers the representatiofsin () , cos (9)), as well as

step there is no semantic information associated with thagiscovering that the actions are opposites and are periodic.
knowledgej.e., the labels are uninterpreted. ) ) )
ARE continues to yield good results in the face of more

complicated collections of transformations. ARE and SDE
were both run with the more complex example shown in
Both SDE and ARE were applied to th®AGEBOT data  Figure 4. The resulting manifolds are displayed in Fig-
from the trajectory in Figure 3. As might be expected, theure 8. SDE, as with the previous example, fails to generate
resulting manifold for both algorithms is not surprising— a manifold in which the actions have a simple interpreta-
essentially one-dimensional as the first eigenvalue of the retion. Notice that again, ARE’s manifold has a strong corre-
sulting kernel dominates the others. Of interest, however, ispondence withMAGEBOT's actual trajectory. ARE again
a plot of the trajectory on this manifold over time, which is captures the expected relationships between the 'forward’
shown in Figure 5. Note that the result from SDE indicatesand 'back’ actions, as well as the 'right’ and 'left’ actions.
that IMAGEBOT doubled back on itself seven times. The Even more impressive, the manifold has captured the 'for-
result from ARE is markedly smoother and correspondsvard’/’back’ actions independence and orthogonality from
almost exactly to MAGEBOT'’s actual manifold. Despite the right'/'left’ actions—despite the fact that none of this
not having any meaning attached to the actions, ARE hameaning was explicitly coded in the problem input.
e oy e At St exmpl, B folows  varaton

) ' N3he A trajectory. Instead of the actions ‘left’, ‘right’,

the two different actions are opposites of each other in , ) ; -
. : . forward’ and ‘backward’ MAGEBOT uses the actions
terms of direction and have the same magnitude. . N . ; . . .
zoom in’, ‘zoom out’, ‘forward’ and ‘backward’. In this

We can subtly change the actions which generate the dataase it is no longer true that the two pairs of actions—

4.2. Manifold Learning
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Figure 6. Manifolds from a trajectory similar to that from Figure 3 Figure 8. Manifolds corresponding to Figure 4.
but with slightly different actions. Lines show the distance along
the manifold over time.
SDE
SDE [~>—ARE
——ARE

2nd dimension of manifold

2nd dimension of manifold

1st dimension of manifold

1st dimension of manifold Figure 9. Manifolds learned on data generated with zoom actions.

Figure 7. Manifolds learned on data generated by rotation.

applied the data prediction algorithm to the four trajecto-
$orward’/‘backward’ and ‘zoom in’/’zoom out—are in- €S from the previous section. Since data prediction is a
dependent, as the distanceAdGEBOT moves when imple- form of supervised learning, we wanted to only measure
menting the first pair is dependent onAGEBOT's zoom accuracy on queries outside of the training data. Queries of
level. Nonetheless, as Figure 9 demonstrates, ARE agaitll?e_ form, “Wh"?‘t tra|n|ng"|mage WO.U|d result from taking
learns a manifold that captures this relationship. The lef@ctiona: from imagez,;?", can easily be answered;,
leg of the ‘A’ corresponds to images gathered when | from the original data stream. Other queries, such as, “In
AGEBOT was zoomed in, the right leg corresponds to im-Fi9ure 4, what training image would resuit from taking ac-
ages gathered whemhGEBOT was zoomed out. Note that 10N @11 fromimager,s?”, are not so easily answered. This
distance between consecutive points is less on the left e§Uery can only be answered by understanding that some
than on the right. On this example ARE has successfullyictions are inverses of each othee.( when the extracted
learned the radial relationship between the two sets of ad€Presentation appropriately respects the action labels).

tions without knowing the relationship ahead of time. We generated all possible image-action pairs resulting in

Finally, ARE is flexible in choice of image-similarity func- 2" Image in the training data, then excluded pairs of the
tion. All though not shown here, similar results can be ob-O'M (2, a;) as these are queries answered directly in the

tained using distance metrics other than Euclidean distanc#&ining data. The remaining queries were used to evaluate
ARE’s data prediction algorithm. For a comparison base-

line, we also performed the same evaluation using SDE’s
learned manifolds. To be as fair as possible, we examined
Section 3.3 introduced the task of data prediction and detwo prediction techniques for SDE. First, we used ARE’s
scribed how ARE could be used to solve this problem. Wedata-prediction algorithm with SDE’s manifold. Second,

4.3. Data Prediction
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